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Abstract: The efficient transmission of electrical energy depends on amplifying voltage values with power transformers. To obtain 

higher efficiency from transformers, the core and winding type of transformer, the geometric structure of the core, and the shaping 

techniques in the windings are changed. This requires modeling transformer windings with equivalent circuits and calculating the 

inductance and electrical parameters appropriately. In this study, two-dimensional (2D) finite element solutions with energy 

perturbation and flux-coupling methods are used. The correctness of the inductance values of transformer windings was established, 

and the design was performed, by considering the inductance and electrical parameter values, which are comparable to the energy 

perturbation and flux connection. However, when two-dimensional calculated fields are used, the flux coupling method requires less 

computation and gives numerically more accurate results than the energy perturbation method. So, it is concluded that the flux-

coupling approach should be chosen as the preferred method for calculating the inductance and electrical parameters of transformer 

windings. The numerical properties and equivalence of energy perturbation and flux-connection methods, the “apparent” inductance 

value of the primary and secondary field windings of power transformer operating under transient conditions, using the temperature-

time parameter method, are calculated and its accuracy is demonstrated. 
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1. Introduction 
The electrical transmission and distribution system 

includes power transformers as a critical component. 

Losses in power transformers are become more 

significant due to rising energy costs (Metwally, 2011). 

The increase in the use of electronic elements causes the 

formation of current harmonics in the system (Delghavi 

et al., 2021). This increases the losses in power 

transformers. If the losses in the power transformers are 

not kept under control, it causes the temperature in the 

power transformer core to increase and the insulation 

deteriorates (Pamuk, 2017; Mariprasath and Ravindaran, 

2022). Load losses in power transformers are examined 

in three main sections. These are DC losses, eddy current 

losses in the windings, and leakage losses occurring in 

the tank and other conductive parts of the power 

transformer (Ertl and Landes, 2007). The values of DC 

loss are the simplest to compute and quantify. Eddy 

current losses in the power transformer's winding and 

other components cannot be detected during the 

measurement. These values can only be estimated by 

computation or modeling in two-dimensional finite 

element programs (Kwon and Bang, 2018). It has been 

successful to estimate the performance of temperature-

time parameters for electrical power transformer 

equipment in steady-state using 2D finite element 

techniques (2D-FETs) (Mejia-Barron et al., 2018), 

(Shadab et al., 2023) and transient (Oliveira et al., 2012; 

Božidar et al., 2017) conditions. Nevertheless, the 

electrical power transformer model obtained with lots of 

variables is far too detailed for many applications, such 

as power system analysis, and therefore, it is common 

practice to seek comparable circuit simulations with 

resistances and inductors obtained from finite element 

solutions. 

Numerical inductance estimation of physically realizable 

equipment windings, such as the main and secondary 

field core of electrical power transformers, comprises the 

post-processing of nonlinear finite element solutions. 

The energy perturbation (EP) method (He, 2003), and 

the reputable flux-linkage (FL) approach have both been 

used for this purpose (Fornasiero et al., 2014). The first 

involves using the right permeability values from the 

numerical model to calculate co-energies around the 

electrical device under consideration’s operating point. 

The FL method consists of calculating flux linkages 
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created by specific currents. Both approaches yield 

equivalent inductance values. The EP approach is 

laborious and may be numerically unstable because it 

includes the variance among values of identical size 

(Johnson et al., 2014), and to get precise solutions, 

current perturbations must be properly selected. 

Furthermore, because area integrations are required, 

computational expenses are extremely substantial. On 

the other hand, when 2D numerically determined fields 

are used, the FL approach is simpler to use and has 

reduced computing costs. 

A power transformer's load capacity and useful life limit 

values must be estimated, as well as the hot spot limit 

values of the power transformer core windings. Many 

methods have been proposed to determine the hot spot 

limit values under sinusoidal conditions (Kunicki et al., 

2020; Emiroglu et al., 2021). This paper proposes a heat 

transfer theory-based thermal modeling approach for 

equivalent circuit transformers. The degradation time of 

the insulation level in transformer windings is evaluated 

using full simulation and iterative process 

methodologies. The transformer's design stage and the 

likelihood that it will fail within a certain time period 

affect how long it will operate efficiently (Awadallah et 

al., 2014). Many analytical methods have been developed 

to estimate the temperature values and distributions at 

different points of the transformer windings. These 

methods are closed-form methods using the generalized 

heat conduction model and are based on mathematical 

techniques (Lee et al., 2010; Ding and Ning, 2012). 

However, some methods can evaluate the hot spot 

distribution in transformer windings under harmonic 

conditions. To estimate the hot spot distribution and 

lifetime in power transformers, structures similar to the 

conventional transformer equivalent circuit model 

should be used. 

 

2. Calculation of Diverse Inductance Losses 
The energy stored in power transformer windings is 

directly measured by the inductance (Hashemnia et al., 

2015). It also serves as an opposite measurement of the 

current generated in a winding. As a result, precise 

inductance value calculation is required to represent 

electrical power transformers with similar circuits. There 

are several definitions of inductance (Oliveira, 2014). 

However, calculations for electrical power transformer 

windings frequently use the apparent and differential 

values. Due to the notation difference, the differential is 

utilized in this instance instead of incremental. The 

ultimate current and flux values determine the apparent 

inductance. The straight line that connects the origin and 

the operational point on the nonlinear magnetizing 

characteristic serves as its representation. The slope of 

the nonlinear curve at the operational point determines 

the differential inductance. 

 

 

 

2.1. Method for Calculating Apparent Inductance 

Losses Numerically 

The EP method or the FL approach can be used to 

determine the apparent inductance for linearized 

equipment. It is important to use the magnetic co-energy 

that can be proved for a multi-winding system in order to 

employ the complicated procedure that is used to 

determine the apparent values of current perturbations 

and inductance equation 1 (Shirakawa et al., 2016); 
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where e is the voltage, i is the current, and λ is the flux 

linkage. The relationship between i - λ is non-linear. If 

there is a finite change in flux connection from one value 

to another, (λ1 to λ2) it can be calculated as equations 2-6: 
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Equations 4 and 5 are general equations for energy and 

co-energy in the magnetostatic system. In equation 6, the 

electrical input count is Nc, and the position is 

represented by x. It is presumed that this co-energy is a 

part of a magnetic system with no loss. Outside the 

coupling field, losses are taken into account. (Liu et al., 

2016). Self and bilateral inductances equation 7 can be 

calculated by obtaining the derivative of the co-energy 

related to any specific current from equation 6. 
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where by considering the approximate value of equation 

7 with respect to a different currency, we can determine 

that λpt is the overall flux connecting the pth core winding, 

which is created through all circuit currents. As a result, 

equation 8 gives the flux linkage between circuits p and q, 

and the self-inductance is recognized when p and q are 

equivalent. 
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The FL approach can also be used to determine this 

mutual inductance. The rates of flux-linkage change with 
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respect to currents in the situation of a linearized 

machine, where apparent inductances can be utilized, are 

constant and similar to the internal and bilateral 

inductances that are equation 9; 
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where λp is the current flowing through winding iq and p 

is the flux connecting windings p and q. This current 

alone generates the flux p. Equations 8 and 9 provide two 

techniques for calculating inductance that can be applied 

to magnetic fields that have been calculated numerically. 

The FL approach provides a simple procedure for 

equation 9. A non-linear magneto static numerical 

solution can be computed after all of the system’s 

currents are known. From the B-H feature, it is possible 

to determine the conductivity of each component once 

this solution has been obtained equation 10. 

 

B
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It preserved in the grid of finite elements. The magnetic 

flux connections in overall the power transformer core 

windings owing to this current are acquired by uptake in 

the pth winding. Therefore, equation 9 can be used to 

determine the internal and bilateral inductances 

connected to the pth winding. 

The winding vector notion, which attributes the 

fractional number of turns to nodes, allows for the 

efficient calculation of flow connections (Jia et al., 2022). 

Hence, only linear solutions are needed once the non-

linear method has been discovered and each element’s 

permeability has been locked. With just one more 

solution, all the inductances associated with the pth 

winding may be calculated. The operational point’s 

saturated circumstances under examination are 

represented by the values of inductance that were 

derived by substituting the saturated device with 

comparable equipment that includes a “sequential” 

feature through the equilibrium point. The inductance 

values for this analogous machine are correct, however, 

they need to be changed if the power transformer core 

deviates from its operational point. The graphs of 

variation of the irregular magnetization of the flux 

properties in the power transformer core depending on 

the field voltage are shown in Figure 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Field variation of uneven magnetic flux density in power transformer core windings, (a) for 144 equidistant 

air gap segments of the core settings, (b) for 288 equidistant air gap segments of the core settings, (c) for 864 

equidistant air gap segments of the core settings, (d) for 1728 equidistant air gap segments of the core settings. 
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The FL strategy is an equivalent to the EP technique 

equation 11, which is connected to equation 8. However, 

once the FL magnetic solution has been identified this 

method needs more linear solutions. This may be 

observed from the approximate solution of equation 8 

using finite differences; 

This provides values for the mutual inductance (p ≠ q). In 

equation 12, the self-inductance is specified. 
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In equation 12, If all of the currents are present, the co-

energy is W’f, and it is at the desired value, but with a 

partial positive shift in the pth current is W’f (ip + ∆ip). All 

of the “perturbed” co-energies in equations 11 and 12 

have the same interpretations. Since the FE system 

structure does not shift and also its reverse has already 

been established, only reverse replacements are 

necessary to calculate these perturbed co-energies. Keep 

in mind that the FL approach is equally applicable to this 

statement. 

Due to the numerous solutions or back-substitutions 

necessary for their evaluation, it can be observed that 

equations 11 and 12 are awkward. For instance, four 

sequential approaches are necessary, three more than 

using the FL technique, to calculate the eddy current 

between the pth and qth windings. The flux-linkage 

strategy also offers a single sequential solution for the 

device winding under investigation and any associated 

bilateral inductances. Additionally, the post-processing of 

partial differential equation quantitative information 

ought to be considered to avoid evaluating variations 

between quantities of similar magnitude in order to 

prevent shaped faults, which is a disadvantage of the EP 

technique. When the necessary current increments are 

given to the EP approach, the numerical computation of 

the power transformer’s core and magnetic area winding 

apparent inductances clearly demonstrates that the two 

methods are numerically equal. 

The determination of apparent inductances in the field at 

a steady state of a power transformer winding using the 

EP method. The machine’s real winding distribution 

served as a proxy for power transformer windings, and 

while calculating inductance values, it was necessary to 

account for the variance in inductance in relation to the 

winding design position. Utilizing 144 increments over 

360 electrical degrees, inductance samples were 

collected. The self-inductance of a single phase, the 

leakage current between the magnetic and one phase, as 

well as the self-inductance of the primary coil, are all 

factors in the computation of the device inductance 

profiles. All in all, this means that the inductance 

computation process required 1728 linear solutions, but 

the FL technique would have just needed 288 solutions. It 

is obvious that, in terms of computing expenses, the FL 

technique is preferable. 

2.2. Method for Calculating Differential Inductance 

Losses Numerically 

A modified definition of inductance is required if the 

power transformer core cannot be substituted with an 

equivalent one that has apparent inductances. When 

apparent values are invalid, differential inductance is 

frequently used. In this case, the pth winding’s flux change 

rate in relation to the qth current is no longer in effect. 

This changing rate was referred to as “gradual” 

inductance in the method. This is undesirable since the 

additional inductance is connected to minor signal 

changes around a specialist area, in which case magnetic 

materials take a different path than the regular B-H curve 

and instead superimpose incremental loops on the 

normal B-H profile. Since the inductance described by the 

gradient of the non-linear curve is better described by 

the label differential, it is used in this application. Replace 

the permeability definition in equation 10 with equation 

13; 
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which, following the discovery of the power transformer 

core’s quasi-solution, is derived from the standard B-H 

curve. Thus, for the operating situation and the 

calculation of difference inductances, values of 

“differential” leakage, are defined as equation 14; 
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is now possible to calculate the differential inductance by 

suspending the difference admittance in the 

mathematical model and injecting individual currents 

into the windings; 
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where it is presumptively supposed that the system is 

linearized close to its operational point. Equation 15 is 

accurate because equation 13 resembles the differential 

of the flux-linkage in relation to the current. Equation 10 

is replaced by equation 13 for the basic mathematical 

calculation of the “perturbed” energy, while equations 11 

and 12 are still applicable for the computation of 

“difference” values. The following examples make it 
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simple to demonstrate this claim. The differentiated 

electromagnetic co-energy of a dynamic function with Nc 

electricity sources and Nm physical outputs is given by 

equation 16; 
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where, Tr is the power transformer core’s measured rth 

electromagnetic torque. It is also possible to write the 

entire differential of co-energy as equation 17; 
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Hence, by equating 16 and 17, the equation 18; 
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It provides the necessary outcome after differentiation 

with regard to the qth current equation 19; 

 
2 ' pt

pq

q p q

W f
L

i i i


 

  
 

(19) 

 

Calculating differential inductance quantities has the 

same limitations as calculating apparent inductance 

numerically using “perturbed” co-energies. 

It ought to be noted that the system’s stored energy 

rather than the co-energy is utilized. This is obviously 

erroneous when determining differential inductances, 

but it is correct when calculating apparent inductances. 

As a result, it is clear that both procedures provide 

identical inductance values. Since both methods are 

derived from the same physical foundation, this is not 

surprising. However, since it avoids numerical 

differentiation and just requires a limited number of 

sequential values, the FL technique provides an effective 

and reliable way to determine inductance values in 2D. 

The calculation of differential inductances for a power 

transformer core is described. The “energy perturbation 

method” was used for this calculation. To perform this 

calculation, the flux-linkage approach might have needed 

a lot fewer alternatives. 

 

3. Modeling and Numerical Example of 

Power Transformer Core with Finite 

Element Methods 
Calculating the time variation of the apparent inductance 

values of a power transformer core operating under 

different operating conditions demonstrates the 

numerical equality of the FL and EP approaches. Due to 

the significant air gap they imply, apparent values are 

suitable for solid-power transformer cores. The finite 

element model as well as the transient conditions of the 

machine under consideration are fully described. 

Nevertheless, the machine operating conditions are 

briefly described here. The core is initially working 

under-excited (on-load) and connected to the main 

power system. A three-phase-to-earth fault is applied to 

the high-voltage connectors of the power transformer 

core. The fault duration is seven cycles. 

The equipment is then reconnected to the main system 

after the problem has been fixed. A stable condition is 

achieved after fault clearance. For the fault period, 

inductance values are computed. The field winding and 

the fictional d and q axis cyclic distributed windings, 

which are fixed to the core stationary frame, are included 

in the self-inductances that were calculated. The effective 

turns on these d and q-axis windings match the number 

of real turns on each phase coil. Consequently, two 

windings have been used in place of the actual three-

phase winding, and their mathematical representations 

take the form of two winding vectors, the entries of 

which are as follows equation 20; 
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where li is the length assigned to node i and Θi denotes 

the angle this node makes with the d axis. Neff, which 

accounts for winding factors, is the quantity of evenly 

spaced air gap effective turns. The total is computed over 

the nodes that correspond to the power transformer core 

winding. To determine core inductances in the power 

transformer winding current frame, the magnetic state of 

the power transformer core at every sampling interval is 

used. The three-phase coordinate system is used to build 

the 2D-finite element analysis. 

All of the power transformer winding eddy currents must 

be understood in order to use the EP approach. The 

transient FE solution provides these currents. Finding the 

power transformer core’s d and q-axis current 

characteristics for every duration level is important so as 

to compute the d-q-axis inductances. Applying all of the 

power transformer core currents together with the 

armature’s axis currents to the FE grid, where the 

reluctivity is determined from the FE transient solution, 

yields the co-energy at the operating point. Utilizing 

current increments that are inversely proportional to the 

predicted power transformer core instantaneous 

currents at each time step, perturbed co-energies are 

created. On the other hand, the FL approach necessitates 

injecting an arbitrary current into the relevant winding in 

order to get inductance values. The FE transient solution 

also allows for the determination of element reluctivity 

for the linear solution. Figure 2 displays the time-

dependent self-inductance variation graph. Figure 2 

compares the power transformer core winding apparent 

inductances calculated from the FL and EP methods. 
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Figure 2. Time-dependent self-inductance variation in power transformer core windings (a) for d-axis, (b) for q-axis. 

 

It has been shown that both methods produce values that 

are essentially identical. The d and q axis self-inductances 

determined using the EP approach, however, exhibit 

spikes. They manifest while the regular currents are still 

several orders of magnitude less than the modestly sized 

d or q-axis currents. The extremely small difference 

between the perturbed energy results in numerical 

issues. It should be noted that this issue can be solved by 

selecting larger current increments to increase the 

disparity between energies. 

The field power transformer core winding self-

inductance variation graph is shown in Figure 3. The 

power transformer core bilateral inductance between 

both the field and the d-axis winding variation graph is 

shown in Figure 4. 

This challenge is not present when calculating the self 

and bilateral inductance of the field winding since the 

field current never gets close to null during the fault 

current time. The four inductance values presented here 

were obtained using the EP approach, which needed ten 

linear replacements or backward substitutions for each 

time unit. The FL approach simply needed three step. The 

EP approach will require a significantly greater number 

of calculations if there are more power transformer core 

windings. 

 

4. Conclusion 
In regards to computational costs and numerical 

instabilities, two approaches for calculating the 

inductance of practically achievable power transformer 

core windings were compared. They provide comparable 

inductance values for an abnormally performing power 

transformer. This is hardly remarkable because both 

approaches are predicated on the same ideas. The EP 

approach is computationally expensive, though, and if 

increment currents are not properly selected, numerical 

issues may arise. Therefore, when using 2D-FE solutions, 

the FL approach must be chosen as the optimal method 

for calculating the inductances of electricity transformer 

core windings since it offers a great deal of simplicity and 

lower computing costs. 
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Figure 3. The field power transformer core winding self-inductance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 4. Power transformer core bilateral inductance between both the field and the d-axis windings. 
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