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Monotonlugu Koruyan Matrisler

Fatma Aydin Akgun®, Billy E. Rhoades,?
Sameerah Mahmood Mohammad?®

Oz

Negatif olmayan tiggensel matris doniisiimlerinin ¢ok genis bir ailesi i¢in, monoton azalan dizilerin monoton azalan
dizilere doniisebilmesi kosullarim elde ettik.

Anahtar Kelimeler: monoton azalan diziler, genellestirilmis Hausdorff matrisleri, Ust {icgen matrisler, toplanabilme
matrisleri

Monotonicity Preserving Matrices
ABSTRACT

We obtain the conditions for a large class of nonnegative triangular matrix transformations to map positive monotone
decreasing sequences into positive monotone decreasing sequences.

Keywords: monotone decreasing sequences, generalized Hausdorff matrices, Upper traingular matrices, summability
matrices.
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1. INTRODUCTION

A positive sequence x = {x,} is a monotone decreasing
sequence, or simply decreasing, if x,, = x,,,, for each
n = 0.A matrix 4 is called triangular if a,; = 0 for each
k>n, and a triangle if it is triangular and a,,,, # 0 for each
n. We shall say that a matrix preserves monotonicity if it
maps every monotone decreasing sequence into a
monotone decreasing sequence.

Bennett [1] prove the following theorem.

Theorem 1. Let A = (a,;) be a matrix with nonnegative
entries, and consider the associated transform x — y,

given by
Yn = Z AngXk-

k=0

Then the following conditions are equivalent.

=0 wheneverxy =x; == x

D yo=y 2

n

(if) Theo Gnic = oo nsrr M7 =0,12,..
This theorem yields a number of corollaries for some
well-known summability matrices. Bennett has noted
that the positive Hausdorff matrices map decreasing
sequences into decreasing sequences. As our first result
we shall show that the same is true for generalized
Hausdorff matrices.

2. PRELIMINARIES

An ordinary Hausdorff matrix H is a triangular matrix
with nonzero entries

™ ()
where u, is a real or complex sequence and A is the
forward difference operator defined by

Ay = phye = Prq and A g = Ay — Ay .

There are several generalizations of Hausdorff matrices.
One of this is called the H-J matrices. A sequence (4,,) is
called acceptable sequence if it satisfies the following
properties:

0 <A< <.,

with 4,, - oo, but slowly enough so that
>
=
n=1

The nonzero entries of an H-J matrix H(u; A) are defined
by
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h(tt; Dnic=Aiess o Al s ], 0 S k <

where u,, is areal or complex sequence, [.] is the divided
difference operator defined by

1

[t r+1] = Terr — e [k — sl
and
[tk s ] = 7= Wtk bine1] = (s e 1)
n k
and where it is understood that Ay 1445 ... 4, = 1 when

k=n.
Hausdorff [5] defined this generalization for A, = 0,
and, Jakimovski [6] extended this class for A, > 0.

3. MAIN THEOREMS

Theorem 2. A positive H-J matrix, with 1, = 0, maps
decreasing sequences into decreasing sequences.

Proof: Using (ii) of Bennett's theorem

s wovs tin]

Z Rir

- z Aicxt o A [t o) Bnga]- (2)
k=0
From the definition of divided differences,
(An+1 — A [Hper - tnga] = [ - ttn] = (i1 o naa]

Substituting into (2), we have
T T

Z hnk - Z hn+1,k
k_ =

Zlk+1 A1 = A = Ans) [ oo B

+2/1k+1

== Z A wor A [y ooes ]

nlticsts oer Ul

k=0
r+1
+ Z A o A lHies e ]
k=1
= Art1 o Anlbicr a1 o nga] = g o Anlpos o Mgl
Since 4, = 0 and the matrix is positive,
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r r
Z hnk - z hn+1,k
k=0 k=0

Anltrs1s s bingr] = 0.

= /‘{T‘Fl e

The E-J generalized Hausdorff matrices, denoted by
(h(“)) were defined independently by Endl [2]

and Jakimovski [6], with nonzero entries

hS? (Z'+ Z)‘An k#k % 0 < k < n,

forany a = 0. For @ = 0, the E-J matrices reduce to the

ordinary Hausdorff matrices.

Corollary 1. For 0 < a < 1, a positive E-J generalized
Hasudorff matrix maps decreasing seuences into

decreasing sequences.

Proof.

r r
Z hnk - Z hn+1,k
k=0 k=0
r
_ n+a n—k
- Z (n - k) A" H

k:O
_ n+1+a\ ,nr1-k
Z (n +1- k) A Hie:
k=0
Since
AR = AR — AR,

r r
Z hnk - Z hn+1,k
k=0 k=0

r

n+a _ _
= Z (n _ k) (AR e+ A g0}

k=0
r

PXRHaEEA

k=0

r

_ n+a n+l+a ntl-k
_Z(n—k)<1 n+1—k>A Hr

k=0
_I_Z n+a

Hk+1
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_ n+a n+1-k
_Z(n+1—k>A H
=0 r+1
n+a n+1-k
) +;(n+1—k)A Hic:

For 0 < a < 1, the binomial form (n + a), will vanish,
] ] n+1
so the above equality will be

r r

n+a _
Z hyi — Z hn+1,k = (n _ T)An "
k=0 k=0

Hr1 2 0.

[

Corollary 2. Every positive Hausdorff matrix maps
decreasing sequences into decreasing sequences.

Proof: Ordinary Hausdorff matrices are the special case
of H-J matrices obtained by setting A,, = n, or by using
an E-J matrices with o = 0.

[

Let {p,}be a nonnegative sequence with p, > 0. A
Norlund matrix is a triangular matrix B with entries

Pn—k
bnk = ;n i
where
n
4) P, = Z Pn-k
k=0

Corollary 3. Every Norlund matrix, with decreasing
sequence {p,,}, preserves decreasing sequences.
Proof: Using (ii) of Bennett's theorem

T r T T

Pn-k Pn+1-k
D b= Y b= ) B )
k=0 k=0 k=0 " k=0 Mt

Since {p,} is decreasing, p,_r = Pni1_k, We Can write
the above equation as

r
Pn-k

r
an—k_ Pn+1- k an k
%=0 Pn %=0 n+1 n+1
r
(% >Z
=—— Pn—
Pn Pn+1 %=0 ok

Since (py) is nonnegative sequence,
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T T T
Pn+1
Z bnk - Z bn+1,k 2 P 111:, Z Pn-k = 0.
=0 =0 o
[

There are also some non-summability matrices that
preserve decreasing sequences.

A factorable matrix is a lower triangular matrix with
entries a,, = a, by, where a,, depends only upon n and
b, depends only upon k.

Theorem 3. Let A be a positive factorable matrix. If a,, is
non-increasing the A preserves decreasing sequences.

Proof:
T T T T
Y =Y s = Y b= Y ariby
k=0 k=0 k=0 k=0

)
= (an = ani1) ) B 2 0.
k=0
]

Let (py) be a nonnegative sequence with p, > 0, and
define B, = Yr_opx. A weighted mean matrix (N,p) is
a triangular matrix with entries p, /P,. A weighted mean
matrix is the special case of the factorable matrix.

Corollary 4. Every nonnegative weighted mean matrix
preserves decreasing sequences.

is non-

[

It is clear that every upper triangular matrices are
monotonicity preserving matrices if they have decreasing
in columns; i.e., ay, = ay41,- The following theorem
gives another approach for every upper triangular
matrices.

Proof: The proof is easy to verify since B,
increasing.

Theorem 4. Let A be positive upper triangular matrix
with entries ¢, = cpi1p41, fOrk=n,n+1,..then 4
is a monotonicity preserving matrix.

Proof:
(o] (o]
Yn = Vn+1 = Z Cnk Xk — Z Cn+1k Xk
k=n k=n+1
[ee) (o]
= Z CneXk — Z Cn+1,k+1 Xi+1-
k=n k=n

Since {x,} is a positive decreasing sequence and and A is
a positive matrix with ¢, = cp41 +1, then

Monotonicity Preserving Matrices

Yn — Yn+1 =0
where x,, — x4, = 0.

An infinite matrix will be called a band matrix if it has
only a finite number of nonzero diagonals. The width of
a band matrix refers to the number of nonzero diagonals.
An upper band matrix A has finite number of the
diagonals on or above the main diagonal.

Corollary 5. Let A be an upper banded matrix with
entries aj, = aj, 1,41 = 0. Then A is a monotonicity
preserving matrix.

In [1] Bennett remarked that matrices of the form

a, a . oa, 0 .
0 a 4 - | | q, 0 :
0 0 a, a, C . Qy 0o .)
(®)
with a;, a,, ..., a, = 0, are monotonicity-preserving.

Corollary 6. Let A be an upper banded matrix with
entries a;; = aj_;41, Where j=1i, i+1,...,n+i—1,
and a4, a,, ...,a, = 0, is monotonicity-preserving.

Corollary 7. Bidiagonal matrices are monotonicity
decreasing if each a,, = ap 41 p41-

Proof: Let y = Ax where A is a bidiagonal matrix with
two nonzero diagonals a,; and a,. Then,

k+1

An+1,i Xi
1

an+1,i+1 Xit1

i=
k

2 2 Tllxl

i=

an+1 i+1 Xi

~>< I
HMwTMw+M

J
a

k

Z(am

l=]

an+1 L+1)xl =
We shall call a matrix D an r — fold weighted shift if,
for some positive integer r, it has entries

d _{ak k=n n+1, ..,n+r
nk 0 otherwise

where a,, is a positive sequence.
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Corollary 8. A r— fold weighted shift D matrix
preserves decreasing sequences if {a;} is a decreasing

sequences.

(1]

(2]

(3]

(4]

(5]

(6]
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