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The Fractional-Order mathematical modeling of bacterial resistance against
multiple antibiotics in case of local bacterial infection

Bahatdin Dagbasi”

ABSTRACT

In this study, it is described the general forms of fractional-order differential equations and asymtotic stability of
their system’s equilibria. In addition that, the stability analysis of equilibrium points of the local bacterial infection
model which is fractional-order differential equation system, is made. Results of this analysis are supported via
numerical simulations drawn by datas obtained from literature for mycobacterium tuberculosis and the antibiotics
isoniazid (INH), rifampicin (RIF), streptomycin (SRT) and pyrazinamide (PRZ) used against this bacterial infection.

Keywords: fractional-order differential equation system, mathematical model, stability analysis, equilibrium points,
multiple antibiotics

Lokal Bakteriyel enfeksiyon durumunda c¢oklu antibiyotik tedavisine karsi
bakteriyel direncin kesirsel mertebeden matematiksel modellemesi

0z

Bu caligmada kesirsel mertebeden diferansiyel denklemlerin genel bi¢imi ve bu denklemlerin sistemlerinin
dengelerinin asimptotik kararliliklar1 tanimlandi. Ayrica kesirsel mertebeden diferansiyel denklem sistemi seklinde
ifade edilen lokal bir bakteriyel enfeksiyon modelinin denge noktalarinin kararlilik analizi yapildi. Bu analizin
sonuglar1i mycobacterium tuberculosis bakterisi ve bu bakterinin neden oldugu enfeksiyona kars1 kullanilan isoniazid
(INH), rifampicin (RIF), streptomycin (SRT) ve pyrazinamide (PRZ) antibiyotikleri i¢in literatiirden elde edilen
veriler kullanilarak ¢izilen niimerik simiilasyonlar vasitasiyla desteklendiler.

Anahtar Kelimeler: kesirsel mertebeden diferansiyel denklem sistemi, matematiksel model, kararlilik analizi, denge
noktalar1, ¢oklu antibiyotik tedavisi
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1. INTRODUCTION

Infections have been the major cause of disease through
the human history [1]. There are especially bacterial
infections among these. The most common procedure to
combat bacterial infection is through antibiotic therapy.
Howeover, the most important problem derived from
this therapy is the development of the bacteria resistance
ability against the used antibiotic [2]. The expression of
resistance to antimicrobial agents is both the logical and
inevitable consequence of using these agents to treat
human infections [3,4].

Bacterial resistance to antibiotics is described as the
ability of bacteria to resist the effects of antibiotics
designed to eradicate or control them [5]. The
introduction of every new class of antibiotic has been
followed by the emergence of new strains of resistant
bacteria to this class, usually showing up in the clinic a
few years after the submission of the antibiotic [6-8].
Thereby, the development of new therapeutic strategies
for bacterial infections is of utmost importance [9]. The
most common method used to combat these infections
still is through antibiotic treatment.

It has expressed that an antibiotic has bacteriostatic
action when it’s function is to stop the bacteria growth
and bactericidal action when it’s function is to eradicate
the bacteria. But, this difference is not clear, as it
depends on the drug concentration and the growth stage
and the species of bacteria [10]. In this sense, multiple
antibiotics is more convenient than single antibiotic.

Recently, mathematical models describing the dynamics
of human infectious diseases have played an important
role in the disease control in epidemiology [11].
Mathematical models are important tools used both in
analyzing the spread of infectious diseases of
individuals in a population [12,13], and in estimating
the timing and enlargement of infection and possible
reinfection processes in an individual [14,15]. While the
former is generally used for planning, prevention and
control strategies, the latter can be influence in the
therapy and intervention programs for treating the
individuals exposed to the specific pathogen.
Understanding the early dynamics of acute infections
and foreseeing the time of occurrence and magnitude of
the maximum load of the bacteria can be critical in
choosing effective intervention schemes [16].

Fractional-order differential equation have been the
focus of many studies due to their frequent appearance
in various applications in fluid mechanics, economic,
viscoelasticity, biology, physics and engineering.
Lately, a large amount of literature has been developed
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concerning the application of fractional differential
equations in nonlinear dynamics [17].

2. ASYMTOTIC STABILITY OF THEIR
EQUILIBRIUM POINTS IN THE FRACTIONAL-
ORDER DIFFERENTIAL EQUATIONS SYSTEMS

Definition 2.1 The fractional integral of order 8 € R*
of the function f(t), t > 0 is described by

t _ ﬁ—
=T yas e

(D) =
| TT®)

and the fractional derivative of order a € (n — 1,n] of
f(t), t > 0isdefined by

d
D=—. (2)

Df(t) = I""*D™f (1), It

The following properties are some of the main
properties of the fractional derivatives and integrals
[15,18-21].
Let B,y € R* and a € (0,1]. Then
i, 1B S and if f(x) € L, then IPF(x) =
L),
i, éimlf F(x) = I"f(x) uniformly on [a,b], n =
-n
1,2,3,...where If (x) = [ f(s)ds.

. mzﬁ F(x) = £(x) weakly.

iv. If f£(x) is absolutely continuous on [a, b], then
s a _df(x)
‘lxlqu flx) = o
2 If f(x) =k #0, k is a constant, then D%k =
0.

We have the following lemma which can be easily
proved [19].

Lemma 2.1 Let B €(0,1)

IPf()i=o = 0.
Let & € (0,1] and consider the system [20,22-25].

if fecC[0,T], then

D%, (1) = fi(y1,¥2)

D%, (t) = f2(r1, ¥2) 3)

with the initial values
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y1(0) = ¥,1 and y,(0) = y,,. 4)
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(Routh-Hurwitz Criteria)

Stable
(Routh-Hurwitz Criteria)

Figure 1. Stability region of fractional-order system in (3)

To evaluate the equilibrium points, we have assumed
Dy () =0= fi(y;Ly;Y)=0 for =172
Therefore, we can get the equilibrium point (y;?,y,%)
of system (3).

To evaluate the asymptotic stability of equilibrium
o Of
dy1 0y
% Of2
dy1 0y
both the eigenvalues, A, and A,, obtained from the
equation ](yl,y2)=(yfq,y§q) = 0 satisfies the conditions

points, the Jacobian matrix, J = , is used. If

(larg@l >3 larg()l > =), (5)

then, the equilibrium point (y/9,y,7) is locally
asymptotically stable point for system (3). The stability
region of the fractional-order system with a-order is
observed in Figure 1 (in which g, w refer to the real and
imaginary parts of the eigenvalues, respectively, and
j =+/—1). From this Figure, it is clearly seen that the
stability region of the fractional-order case is greater
than the stability region of the integer-order case.

Characteristic equation of ](yl.yz)=(yf".y§") = 0 has the
following generalized polynomial:

p(A) =2+ a;1+a, =0. (6)

When both the conditions (5) and the polynomial (6) are
considered together, the conditions for locally
asymptotically stability of  the equilibrium point
(y;%,y,%) are either Routh-Hurwitz conditions
(as,a, > 0)[2,26]

or:
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a, <0,4a, > (a,)?,

4a, — (a,)?
tan™1 (27(1)> >
aq

In this study, a continuous time model considering the
main mechanisms of bacterial resistance occuring due to
effect of antibiotic has been presented. In this context,
the aim is to obtain the certain conditions dependent on
the development of susceptible and resistant bacteria
population under the pressure of antibiotic.

an ™
=

3. THE FRACTIONAL - ORDER
MATHEMATICAL MODEL OF LOCAL
BACTERIAL INFECTION

The proposed model in this study is fractional-order
form of model suggested in [1]. In this respect, the
population sizes of sensitive and resistant bacteria to
multiple antibiotics at time t is denoted by S(t) and
R(t), respectively. In addition that, the concentration of
the i-th antibiotic, i = 1,2,...,n is showed by C;(t).
Therefore, it is obtained the following system of
(n + 2) fractional-order differential equation:

ps(t) = 5 (B (1 - Z8) - [T, + @) €] — 1)
S+R —
DUR(t) = f,R (1 - 25) + S[TL, G €] — R
DaCl(t) =Ai_l’liCi' i = 1,2,...,7’1
where o € (0,1]. The parameters used in the model (8)
are as follows: it is presumed that bacteria follow a
logistic growth with carrying capacity K. The parameter
Bs and B, are the birth rate of susceptible and resistant
bacteria, respectively. Specific mutations emerging
resistance to chemical control often include an inherent
fitness cost which may be outcomed through reduced
reproductive capacity and/or competitive ability. Thus,
itis

Bs > Br )

The sensitive and resistant bacteria to multiple
antibiotics have per capita natural death rates up and
Ug,, respectively. During the administration of the i-th
antibiotic, a number of resistant bacteria to it can be
showed up due to mutations of exposed sensitive
bacteria to such antibiotic, it is modeled this situation by
the term q;C;S where g; is the mutation rate of sensitive
bacteria due to exposure to i-th antibiotic. Sensitive
bacteria also die due to the action of the antibiotics, and
it is assumed that this situation in model is by the term
a;C;S, where a; is the death rate of sensitive bacteria
due to exposure to i-th antibiotic. Finally, the i-th
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antibiotic concentration is supplied at a constant rate A;,
and is taken up at a constant per capita rate y;.

These interacts between bacteria and antibiotic have
depicted a generalised model of a local bacterial
infection, such as wound infection or tuberculosis.

3.1. Matrix form of model in (8)

Here, the fractional-order model (8) can be rewritten in
the following matrix form

DEX(t) = AX(¢) + S(t)B,X(t) + R(t)B,X(t)

+C, (OB X(O)+. .. +C(£)By,X() + H  (10)
X(0) = X,
where 0 < a < 1,t € (0,1], and
S(t) /Xl(t) 5(0)
R(t) x5 (t) R(0)

C1(t) x3(t) C1(0)
X@)=|" =| %3 X, = A=
C2(t) x4(t) 0 C2(0)

Cn (1) Xn42(t) Cn(0)

B — g O 0 0 .0
0 B—w. 0O ... 0 0 \
0 0 —u 0 0 B
0 0 0 -w 0 o [H7
0 0 . /
0 0 0 0 0 -—u,
0 /—& “& 9 o 0\
K K

91 \ 0o 0 0 0 0
/11 ,Bl=|0 0 0 o0 0|,BZ=
2 \0 0 0 0 0 )
An 0 0 0 0 0
0 0 0 0 ..0
_E B g 0\

K K
0 0 0 0 0 | 5=
0 0 0 0 0
0 0 0 0 ..0
_(q1+a1) 0 0 0 e 0
T 0 0 0 0 \
0 0 0 0 ol g _
O O 0 0 0 )9 s Un+2

0 0 0 .0
—(@n+a,) 0 0 0 .. 0
T 0 0 0 .. 0\
0 0 0 0 .. 0|
0 0 0 0 .. 0)
0 00 0 ... 0

11
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Definition 3.1 For X(t) = (S(t) R() €, (t) .. C, ()",
let C*[0,T] be the set of continuous column vectors
X(t) on the interval [0, T]. The norm of X(t) € C*[0,T]
is given by [IX(D)l = XL, sup|x;(0)] [27].

Proposition 3.1 System (8) has a unique solution if
X(t) € ¢*[0,T].

Proof Let

F(X(t)) = AX(t) + S(t)B X (t) + R(£)B, X (t) +
Ci()BsX(t)+...+C, ()B4 X(t) + H, then X(t) €
c*[0,T] implies F(X(t)) € C*[0,T]. Furthermore,
considering X(t),Y(t) € C*[0,T] and X(t) # Y(t); it
has holded the following inequality:

IFx @) = Fr®)]

= [|(AX(t) + x, () B, X (t) + x,(£) B X (¢) + -+
+ Xpi2(£) By X (t) + H) — (AY (t) + y,(£)B, Y ()
+ ¥, (OBY () +... +Yn2(t) Bri Y (1) + H)|

= [|AX (@) + x, () B1 X (@) + x,() B X (¢) + -
+ Xpy2(£) By X () — AY(t) — ¥, (£)B, Y ()
= Y2(OBY () —... =Yns2() Br Y O]

= [JA(X(®) = Y(©®) + %, ()B1 X (2) + x, (£) B, X (t)

+ o+ Xy 2 (O B2 X () — y1 (6)B, Y (£)

= Y2 (OB Y () —... —Yn42(t) B2 Y (1)

— (5, (OB Y (1) — %, (0)B, Y (1))

— (x2(OBLY () — x2(D)BoY (1)) ... — (%0 () B2 Y (1)
- xn+2(t)Bn+2Y(t))”

= |A(X(®) - Y(©®) + x, (B, (X)) — Y (D))

+ 2, (O)B (X (@) = Y (6))+... +%n12(£)Brya (X (£)
—Y(®) + (x,(6) = y:(0)B, Y ()

+ (x2(0) = ¥, (O)BY () +... + (42 (1)

- Yn+2(t))Bn+2Y(t)”

= |AX@®) = Y©O)| + |2 B (X ) = Y(©®O)||

+ |2 (B (X(€) = Y®)||+- .. +||xns2(&) Brs2 (X (@©)
@)+ (. (® = 3. ) B Y O

+ (| (2 () = y2(0))BY @+ +|| (2542 (®)

- Yn+2(t))Bn+2Y(t)”

< 14X @) = YOI + 1By 1, (OIX (E) = Y@
+ 1B, Il (OIX ()

YOI+ B2l X2 ONIX () = Y ()

N CACEEAG)INEANNG]

+ {| (2 ® = Y2 ) IB MY @Ol 4+ | (a2 ()
~ Va2 O) B2 Y @)
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< (11l + 1B, 1y ()] + IBLINY ) + 1B, 1%, ()]
+ B Y ()Nl ..+ Bz | [Xs2 (0
+ 1Bus2 YO (X® = YO)|

< (AN + 1B Ux (O] + 1Y ()11
+ 1Bl ()] + 1Y O ID+. .. + 1B [l (X2 ()]
+IY@INx©® -r©®)]

and so, we have

o)

where L = (JJAll + [IByll + 1By ll+... +1Bpy2 D (M, +
M,) >0, and M; and M, are positive and satisfy
Xl < My, YOI < M, as aresult of X(t),Y(t) €
C*[0,T]. In this sense, the system (8) has a unique
solution.

IF(x) - Fre)] = LlCree) -

4. QUALITATIVE ANALYSIS OF MODEL IN (8)

The existence and stability of equilibria of the system
(8) are characterized in here.

4.1. Equilibrium Points

That the general term of equilibria of the system (8)
show as (59, R°%, ¢/, C,1,..., Cx") have accepted.

Proposition 4.1 Let

—Isn @+l -
ﬁs I:Zl:l(ql + al) Hi] Us R = Br — Uy
R A

Bs Br

The system (8) always has the equilibrium points
E, (00 4 2o A—") (namely, the infection-free

Iiz HUn
equmbrlum point. If R, >0, then
E, (0 KR,, 1,—2,...,A—”) exists. Moreover, if S, > 0
U2 Hn
and S, > R, then

KS, ﬁr(so Ry) JKS,
E, |t T+ (So=Rr)

Ay Ay Ap
I A I R
H1 H2 Hn

[ 7
|t Tt (So=Rr)

exists as another equilibrium points.

Proof For the fractional-order model in (8) to evaluate
the equilibrium points, let DS =0, D*R =0 and
DeC; =0 for i =1,2,...,n. Then, we have following
system
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(ﬁs @-ﬂ) )

Z(ql+a)C

N (13)
A — € =0, n
For all the equilibrium points, it is clear that ¢/ :%
fori =1,2,...,n. Therefore, (13) transforms to

S+R
S| Bs <1 ) Z(CIL + (Zl)
(14)

'BTR (1 ) Iz i l =0
In (14)1 it is S¢49 =0 or ,85 (1 _ 5€q+Req) 3

EL @@y -u=o.

Let S€4 = 0. Then R®9 = 0 or R®% = KBT £ Thereby,

there are disease-free eqU|I|br|um point
E, (00 :: 22 2—:) and endemic equilibrium point
E, (0 Kﬁrﬁr"r 21 :Z ﬁ—:) that is,
E; (0 KRT,ﬂ,z—z, . E) with respect to (12).

In addition that, let

sed+Rred — Al -
Bs (1 - —) [Z 1(q; + @) #—i] s = 0, that is,
Bo| S @@ s _
S¢1 4+ R¢1 =K — In this case, The

components of equilibriur;] point obtained from (14) has
founded as
S5 =

SN ¥
, Bs—[ois @)l -ns 4
.

Bs Br

A
Bs— Z?:l(Qi_"ai)u_;]_#S

)

Ps  Br— Hr/BS i= 1(ql+al) ] s
[Z‘ 1 l!t s \ Bs
and
Re? =
Kﬁs‘ 2?:1@"‘@2_;]_#5 [Zl 14qi77; ]
Bs Bs— [Z‘=1(41+al)ﬁ]—#s _ '
[ZL 1q1_ +Br< : Bs i BTBTHT
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In this sense, we have positive equilibrium point thatis,
g ks Br(So=Rr) S L] moa s, R
T\ e somrn ) [, a +ﬁr(so—Rr)'ﬂ1'ﬂz"'/ BTk s _S( E) _S( T
by (12). i=1(qi + @) G K +a; +a,
—HUs
S
® ﬁ‘r - ﬁ?
In Table 1, biological existence conditions of /= —%+Z?=1EC,- _p bR +Sqy +5qn
equilibrium points of system (8) are showed. —uf
o ) -~ o 0 0 —liy .. .0
Table 1. Biological existence conditions of the equilibria of system (8)
- - 0 0 0 -
Biological Hn
Equilibrium Points Existence Since €7 =% for i = 1,2,...,n in all equilibria of the
Conditions L( ) ﬁi - cobi ix showed in (16) A
Ay An . system (8), the jacobian matrix showed in (16) can be
Eo (O'O’ 't un)' Always exists rewritten as follows:
E, (O,KRT,A—l,...,A—”). R, >0
U1 Hn 5 _ Zi _ .
KSy——Lnfcf P I I [
i T +Br(So=FRr) - K +a +ay
EZ 27,7- q—ﬂ SO > 0! SO > Rr
=111, A A
KSy———H— 2, .., 2R - - 4 _s — —
Oz?_lq—$+ﬁr(so-1er) M1 lin ° J= —BTR+Z?:1 Qi% Bl "k | +Sm +5qn
= i t R
0 0 —t .. .0
4.2. Stability analysis of equilibrium points of model 0 0 0 ;'#

in (8)

Proposition 4.2 The equilibrium points of system (8)
satisfy
(i) If S <0 and R, <0, then E, is locally

asymtotically stable.

(i) Let R.> 0. If Sy <R,, then E; is locally
asymtotically stable.
(iii) Let S, > 0 and S, > R,. Then E, is locally

asymtotically stable.

Proof For the stability analysis, the functions of the
right side of the system (8) are assigned as:
S+R

FRCrren €)= (B (1-55) - B0, @ + @) G — 1)

S+R

SR, Coperr C) = BR (1= 5F) + SIS T G~ R
h;(S,R,Cy,..., C,) = A; — Gy, i=12,..., n

(15)

That jacobian matrix obtained from (15) is

fs fr fe, fe,
s Ir dc, 9c,

J =] (h)s (hDr (h1)c1 (h1)cn )
(h)s (hde (ha)e, (h)c,
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For ease of examination, the z-th eigenvalue of
equilibrium point Ej has shown as A, , for k =0,1,2
andt=1,2,...,n+2, n€N.

(M For E,, the jacobian matrix evaluated in (17)

is
BsSo 0 0 .. .0
n
_4;
Y@t R0 0
J(Eo) = | = Hi (18)
0 -u; . . . 0
0 0 0 —Un
The eigenvalues obtained from (18) are that
Ao1 = BsSo, Aoz = BrRr and Agip = —p; <
0 for i=1,2,...,n. Because a € (0,1] and
Ao1, Aoz € R, it is sufficient to examine the
Routh-Hurwitz conditions for 444,44 ,. In this
respect, if S, <0 and R, <0, then E, is
locally asymtotically stable.
(i)  Let
R,. > 0. (19)
Jacobian matrix evaluated at the equilibrium
point E; is
447

(16)

a7
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negative reel parts in accord with Routh-

Bs(Rr —Sp) 0 o . . .0
BrRy — Hurwitz  criteria. In this respect, the
( —"l) PRy 0 . . .0 equilibrium point E, is locally asymtoticall
E)=—I qulu I (20) q p 2_ y Y y
J(Ey [ o 0 " o | stable. Hence, proof is completed.
\0 0o 0 / For equilibria of system (8), the conditions found for
locally asymtotically stability and biological existence
The eigenvalues obtained from (20) are that  are summarized in the Table (2).
A1 =Bs(So — R;), A12 = —BR and
/11'1 _BSE 0 < 6) f1.2r . _ﬂlrzr From Table 2: The biological existence and locally asymtotically stability
Li+2 = THi _O_ t=Ls..,n O conditions of the equilibria of system (8)
(19), itis A;, € R™. it is sufficient to examine
the Routh-Hurwitz conditions for A, due to Biological Existence
a € (0,1] and /11:1- e.R. In thls sensg, if Sy < Equilibrium Points and Loca}lly
R,, then the equilibrium point E, is locally Asymtotically
asymtotically stable. Stability Conditions
(i) Lastly, let S, >0 and Sy > R,. For E,, the f 0‘0'21‘ %) SyR. <0
. . . . . 1
jacobian matrix evaluated in (17) is "
Ay Ay
E;(0,KR,,—, .,—) max{Sy, 0} < R,
Hy Hn
](Ez) = KS ,Br(SO —
Sred S*ea e q— e E 0 —4 \
(b o se() s () i, ”gr(s‘) |
| . _ﬁ SO | Zn 1q_Al
| =1 ql“i Br _R*Zq +S*eag; .. 4Sreag, | (Zl)E2 KSy i max{R,, 0} < S,
\er) T\ | LGt B (So— R |
K
0 0 - S0 ﬁ,...,A" /
0 0 0 C e

where §* and R*®? are as illustrated in E,.
The eigenvalues of matrix (21) are A,;4, =
—u; <0 fori=1,2,...,n and the others are
found from following matrix;

S*eq S*eq
ven | FE P
J7E = R*€4 " _A (22)
_ﬂrT+ QL‘E .Br Rr __SO
i=1 L

where matrix J5#2) is the block matrix of (21).
Characteristic equation of (22) is

2,2 + alﬂ, + a, = 0, (23)
Where
S*eq R*eq
(ﬂs + .Br ) + ,Br (SO - Rr)
_p _Ai +B.(Sy—R
a, = Py K - qi u Br(So r)

Because the biological existence condition of
E, is Sy > R,, it is a;,a, > 0. Therefore the
eigenvalues 1,4 and A,, are negative or have

Sakarya Universitesi Fen Bilimleri Enstitiisti Dergisi, vol. 21, no. 3: pp. 442-453, 2017

5. NUMERICAL STUDY FOR MODEL (8)

Among the treatment regimen recommended by WHO
includes  isoniazid  (INH), rifampicin  (RIF),
streptomycin (SRT) and pyrazinamide (PZA) for some
bacterial infections caused by bacteria such as
mycobacterium tuberculosis [28]. In this respect, the
aforementioned bacteria and antibiotics were used in
our numerical study. For this infection, treatment time is
about 6 months, antibiotics INH, RIF, SRT and PZA are
used in the first two months and antibiotics INH and
RIF are used in the remaining four months.

The parameter values used in the system (8) for
numerical study are given in Table 3.

448



B. Dagbasi

Table 3. Interpretation and considered values of the parameters. Data
are deduced from the literature (references)
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-6 5 -8 10
08_((10 +0.0039)5=—+(10 +0.00375)m>_0.312

+(0+0.0025)01—054+(0+0.00001625)%

Parameter  Description Value Reference

Growth rate of 1

Ps sensitive Mth 0.8 day [
Growth rate of 1

Br resistant Mtb 04 day [1]
Natural ~ death

Us rate of sensitive | 0.312 day* [1]
Mtb
Natural  death 0.312-0 42 [1]-

Uy rate of resistant dav': H hesi
Mth ay” ypothesis
Carrying 10°

K capacity of Mtb | bacteria [29]

_ Mutation rate of | 107° [30]

T INH mutxgen

_ Mutation rate of | 1078

2 RIF mutxgen [30]

— Mutation rate of

s SRT 0 [1]

— Mutation rate of

qa PZA 0 [1]
Elimination rate i

2y of sensitive Mtp | 00039 d&y (31]
due INH
Elimination rate

a, of sensitive Mtb 350013 & [1]
due RIF Y
Elimination rate )

@ of sensitive Mtb | 00025 day [29]
due SRT
Elimination rate

a, of sensitive Mtb 850010 01625 [29]
due PZA y

—_— Daily dose of | 5

4 INH mg/kg/day [30]

_ . 10

A, Daily dose RIF mg/kg/day [30]

— . 15-25

A Daily dose SRT mg/kg/ day [30]

_ . 20-35

A, Daily dose ZPA mg/kg/ day [30]

™ |U|\?|E|ake rate of 0.06 day™ [32]

i LRJIp;ake rate of 0.05 day [32]

B | gpuke rae o) g 04 gay+ [32]

| poweke rate o 003 day+ [32]

0.8

—1.9180

and R, =%=$: 0.22.

We have max{S,,0} < R, from Table 2. Therefore,
locally asymtotically stable equilibrium point is

_ eq r~eq eqy _
E = (S°,R%,C,C.1,...,Ch0) =
( 0—2 th months \
——————

| 250 2000 |

| _|%%,200375, 2%
E | 0,22.107, .
{ ?,200,0,0 /

-
2—6 th months

This case with initial condition [10000 0 0 0 0 O] has
monitored in Figures 2, 3 and 4.

150

Antibiotic concentrations

Time (day)

INH
rRF | ]
SRT
PZA

250 @ =075

Antibiotic concentrations

0 20 40 60 80 100 120 140 160 180
Time (day)

INH
RIF H
SRT
PzA |

o =090

Antibiotic concentrations
N
S

The values for the first case (u, = 0.312,4; = 15,4, =
20 and the remaining parameters have the values shown
in the Table (3)) obtained from this Table are S, =

B[zt @ -us
Bs -

0 20 40 60 80 100 120 140 160 180
Time (day)

Figure 2. In case of a« =0.50,0.75 and 0.90 in system (8),
respectively, temporal courses of antibiotics concentrations obtained
by using first column datas in the Table 3.
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Susceptible bacteria for alpha=0.50

3r Susceptible bacteria for alpha=0.75
Susceptible bacteria for alpha=0.90

Susceptible bacteria

I I I I I
0 20 40 60 80 100 120 140 160 180

Time (day)
Figure 3. In case of a =0.50,0.75 and 0.90 in system (8),

respectively, temporal course of susceptible bacteria to multiple
antibiotics obtained by using first column datas in the Table 3

5 T T T T T T T T

45+ Resistant bacteria for alpha=0.50 |
Resistant bacteria for alpha=0.75
ar Resistant bacteria for alpha=0.90 | 7

Resistant bacteria

L T
0 20 40 60 80 100 120 140 160 180

Time {day)

Figure 4. In case of a =0.50,0.75 and 0.90 in system (8),
respectively, temporal course of resistant bacteria to multiple
antibiotics obtained by using first column datas in the Table 3

Let u, = 0.312,4; = 15,4, = 20 and the remaining
parameters have the values shown in the Table (3). The
values for the second case are founded as

B [SEs @Dy s

o= Bs =

8—((10‘6+0.0039)0_%+(10‘8+0.00375)%)—0.312

0.8
—0.73260
and
_ Br—pr _ 04-042
R, = - or 0,05.

The Fractional-Order mathematical modeling of bacterial resistance

against multiple antibiotics in case of local bacterial infection

By Table 2, it is Sy, R, < 0. In this respect, locally
asymtotically stable equilibrium point is

E =
f 0—2 th months \
| 250 . - 2500 3500 |
(5%, R, 20,31, Gy | 0 0,47’52 o ﬂ
ﬂ 200 0,0 | /
2—6 th months J

Figures 5, 6 and 7 obtained from initial condition
[10000 0 0 0 0 0] are following:

350 T T T T T T T T

— INH

Antibiotic concentrations

L L I L L
0 20 40 60 80 100 120 140 160 180

Time (day)
500 T
— INH
450 —RIF
— SRT
400 — PZAH
350 q
o
c
]
T 3001 q
=
@
o
& 250 1
a
2
B 200 f
=
=
< 50} 1
100 q
50+ q
0 L L L

. . . . .
0 20 40 60 80 100 120 140 160 180
Time (day)

Figure 5. In case of @ = 0.75 and 0.90 in system (8), respectively,
temporal course of antibiotics concentrations obtained by using
second column datas in the Table 3
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20000

Susceptible bacteria for alpha=0.50
Susceptible bacteria for alpha=0.75
Susceptible bacteria for alpha=0.90 | |

15000 H

10000

5000

Susceptible bacteria

Time: 84
Susceptible bacteria: 2207

. —

Time: 28
Susceptible bacteria: 832

Time: 153
Susceptible bacteria: 0.0001355

5000 I I I I I I I I
0 20 40 60 80 100 120 140 160 180

Time (day)

Figure 6. In case of a =0.50,0.75 and 0.90 in system (8),
respectively, temporal course of susceptible bacteria to multiple
antibiotics obtained by using second column datas in the Table 3

25

Resistant bacteria for alpha=0.50

2l Resistant bactenia for alpha=0.75 | |
Resistant bacteria for alpha=0.90

Resistant bacteria

05+

T T
0 20 40 60 80 100 120 140 160 180
Time (day)

Figure 7. In case of a =0.50,0.75 and 0.90 in system (8),
respectively, temporal course of resistant bacteria to multiple
antibiotics obtained by using second column datas in the Table 3

6. RESULTS AND DISCUSSION

As seen in the Figures, these results in the model
analysis highlight the fact that some of the bacterial
infections like tuberculosis believed its have limited or
destroyed, may recur again. In this respect, the effects of
antibiotics are much than assumed, since these are used
probable inappropriately or random. Thus, the
appropriate dose and duration of antibiotics play the
major role in these infections. In the individuals who
receive not in the appropriate dose and duration of
antibiotic coctail according to the type and characteristic
of the bacteria causing infection, infection is limited but
persistence [33].
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