Mugla Journal of Science and Technology, Vol 3, No 1, 2017, Pages 1-3

Mugla Journal of Science and Technology

SEMI Q-DISCRETE SURFACES OF REVOLUTION

Sibel Pasali Atmaca', Emel Karaca?"

1Department of Mathematics, Mugla Sitki Kogman University, Kotekli-48121, Mugla, Turkey
sibela@mu.edu.tr
2 Department of Mathematics, Mugla Sitki Kogman University, Kotekli-48121, Mugla, Turkey
emelkkaraca@gmail.com

Received: 04.04.2017, Accepted: 01.06.2017 doi: 10.22531/muglajsci.303818
*Corresponding author

Abstract

Discrete differential geometry considers all kinds of discrete objects. It has a lot of applications in geometry. One kind of applications is semi q- discrete
surfaces. Semi q- discrete surfaces consist of bivariate function of one discrete and one continuous variable. Such mixed continuous- discrete objects can
be seen as semi- discretization of smooth surfaces. Rather than the constant discretization methods, Quantum Calculus can be effective to discretize smooth
surfaces. In this study, we briefly introduce such semi q- discretization of smooth surfaces. We also investigate semi q-discrete of revolution. Then, we give
some definitions of semi q-discrete surface by using the q- trigonometric functions. Finally, we discuss basic theorems about the study.
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YARI Q-DiSKRET DONEL YUZEYLER

0z

Diskret diferansiyel geometri, diskret objelere ilgilenir. Ayni zamanda, geometride ¢ok fazla uygulamasi vardir. Bu uygulamalardan bir tanesi yari q-
diskret yiizeylerdir. Yari q- diskret yiizeyler, bir diskret ve bir siirekli degiskenden olusan iki degiskenli fonksiyondan olusur. Béyle stirekli- diskret objeler
diizgtin Yyiizeylerin yar1 diskretlestirmesi olarak gériilebilir. Sabit diskretlestirme metotlarindan ziyade, Kuantum analizi diizgiin yiizeyleri
diskretlestirmede oldukga etkilidir. Bu ¢calismada, kisaca diizgiin yiizeylerin béyle bir yari q-diskretlestirilmesini tanittik. Ayni zamanda yari q- diskret
dénel ylizeylerden bahsetik. Sonrasinda q- tigonometrik fonksiyonlar yardimiyla yari q- diskret yiizeylerin bazi tanimlarini verdik. Calisma hakkinda bazi
temel teoremleri tartistik.

Anahtar Kelimeler: Diskret Yiizeyler, Donel Yiizeyler, Yar1 q- Diskret Yiizey.

1 Introduction [r] = {(1 -q)/A-q), q#1 1)
A new field of discrete differential geometry is emerging on the r, qg=1
border between differential and discrete geometry. Whereas
classical differential geometry studies geometric shapes (such and call [r] a g-integer. Clearly, we can extend this definition,
as surfaces), discrete differential geometry studies geometric allowing r to be any real number in [1]. We then call [r] a g-real
shapes with a finite number of elements. Current progress in [3]. For any given > 0, let us define
this field is to a large extent stimulated for applications in
computer graphics, architectural design, etc. Recent progress in INg={[r], withr € IN} (2)
discrete differential geometry has led not only to the
discretization of a large body of classical results, but also to and we can see from definition (1) that
understanding of some fundamental structures. There are a lot
of applications in this field. In [1], discrete surface of mean IN; ={0,1,14+q,1+q+q> ..} 3)
curvature have been studied from a variety of different points
of view. The authors give a definition of discrete constant mean Definition 2. We define a q- binomial coefficient as
curvature in space forms as special isothermic nets. In [2],
Kemmotsu studies surface of revolution with periodic mean [t]= [t][e—1]..[t-r+1] (4)
curvature in order to extend the theory of constant mean r [l

curvature surfaces. Also, the mean curvature of a periodic
surface of revolution has been shown. Finally, Bobenko and
Pinkall show that two approaches yield the same definition of
the discrete surfaces with constant negative curvature, which is
called discrete K- surfaces. We study mappings of the form
x:Z x IR — IR which can be seen as the limit case of discrete [Z]= L
surfaces. Surfaces of revolution are obtained by rotating about
their axes the generating curves.

Definition 1. Given a value of ¢ > 0 we define [r], where r €
IN, as

for all real t and integersr > 0, and as zero otherwise [3].
Definition 3. For any integers n and r, we define

n][n-1]..[n-r+1] _ [n]! (5)

[r]! Il n—r]!

forn = r = 0, and as zero otherwise. These are called Gaussian
polynomials.
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The Gaussian polynomial satisfy the Pascal- type relations

I ) i ©)
S S R ™)

Theorem 1. Let A, = {1,2, ...,n} and let Apj be the collection
of all subsets of 4,, with j elements 0< j < n. Then,

[}] Sseay, q"SIUD/2 (8)
where w(S) = Y5 s.

Definition 4. Given a value of ¢ > 0 we define [r]!, where r €
IN, as

[r]! = {51:][1" —-1]...1, :i é ©

and call [r]! a g-factorial.

Definition 5. Consider an arbitrary function f(x). Its g-
differential is

daf(x) = f(gx) — f(x), (10)
and its h-differential is
dpf(x) = f(x+h) = f(x) (11)

Definition 6. The following two expressions,

f(X) flax)-f
Dof () = %47 = KEE, (12)
D f(x) dhf(x) — f(x+h})l_f(X) (13)

are called q- derivative and h-derivative, respectively, of the
function f(x). Note that

lim Do (x) = lim Dy f (x) = 2 (14)

In the ordinary calculus, a function, f(x) that possesses
derivatives of all orders is analytic at x= a if it can be expressed
as a power series about x= a. Taylor’s theorem tells us the
power series is

@) = B f () 2 (15)

Let us first consider a more general situation.

Theorem 2. Let a be a number, D be a linear operator on the
space of polynomials, and {Py(x), P;(x),P,(x),...} be a
sequence of polynomials satisfying three conditions:

(@) Py(a) =1andP,(a) =0foranyn = 1;

(b) degP, =n;

(c) DB,(x) = P,_1(x) foranyn = 1,and D(1)=0.

Then, for any polynomial f(x) of degree N, one has the following
generalized Taylor Formula:

fG) = Za=o(D" f)(@)P, (x) (16)

Taylor’s expansion of the classical exponential function is

er =32, (17)

Defmltlon 7 A g-analogue of the classical exponential function
e*is

xJ
e” = Litoy (18)

The g- analogues of the sine and cosine functions can be defined
in analogy with their well-known Euler expressions in terms of
the exponential function.

Definition 8. The g-trigonometric functions are

i _ eqix_ eq—ix _ eqix+ eq—ix
singx = ST C0Sqx = 5 (19)
To find the derivatives of the g-trigonometric functions, we
apply the chain rule. Then, we obtain

Dgsingx = cosgx
Dycosgx = —singx (20)

Let us explore what happens to this denominator when x; = [/].
We have

l_qj+k+1 1— qj

T = qile+ 1] (21

Xj+k+1 — Xj =

which is not independent of j, although it does have the
common factor [k+1]. Now when k = 0 we have

Xj+1) f(x]) f(xj+1)—f(xj)

flxaial === py (22)
It is convenient to define

f(xi+1) - f(xi) = Aqf(xi) (23)
so that

Pl 374] = 2222 (24)

q’

The second-order divided difference may be written as

f
155140, 242] = 2L (25)
Theorem 3. Forall j, k > 0, we have
Ak f(x)
f[xj'xj+1' ---‘xj+k] = qk(2j+qk—1)/]2[k]! (26)
where each x; equals [j], and [k]! = [k][k-1]...[1].

Definition 9. The following two expressions,

_ dgf(x) _ flgx)-f(x)
Daf() = 4o = “anx 27)

dnf FO+n)—f
O (28)

are called the g- derivative and h- derivative, respectively, of
the function f (x). Note that
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. . _af®
lim Do () = lim Dy () = 42 (29)

If f(x) is differentiable. It is clear that as with the ordinary
derivative, teh action of taking the g- or h- derivative of a
function is a linear operator. In other words, D, and D, have the
property that for any constants a and b.

Dg(af(x) + bg(x)) = aDgf (x) + bDag(x),
Dh(af(x) + bg(x)) = aDyf(x) + bDpg(x).

Proposition 1. For any integer n,
Dy(x —a)g" = [nl(x — a)," " (30)

Theorem 4. For any polynomial f(x) of degree N and any
number ¢, we have the following q- Taylor expansion:

F0) = S0 (O S0 (31)

Theorem 5. If yx= qyx, where q is a number commuting with
both x and y, then

()" = S| wiym (32)
j=01j
2 Surfaces of Revolution
The use of surface of revolution is essential I physics and
engineering. Surfaces of revolution are obtained by rotating

about their axes the generating curves. Examples of surface of
revolution include cylinder, sphere, torus, etc.

The curve is given by
x=¢), z=%@1) (33)
with tlies in [a, b] and is parametrized by arclength, so that

Pr+wr=1 (34)
Then, the surface of revolution is the point set

= {((p (t)cosH, p(t)sind, lP(i:)): te(a, b), 6¢€[0, 271')} (35)

In Quantum Calculus, the surface of revolution is written in the
following:

x(6,1) = (p(t)cosy8, @()singd,¥(1)): 0 € [0,2m)  (36)

From Taylor’s expansion, ¢(t) and ¥ (t) are written

D%(a) 0o, De@ D’p(@) . 2 4
() = o’ [t—a]®+ o [t—al'+ ! [t —a]*+

(37)
and
1
W()= 2 [t — a]® + S e - apt + 2O e — ] +
(38)

According to g-exponential function,

Zoo (i9)J e (-i6y/

e+ e, 10 j=0 J=0"T;
cosqf = ——- > L 2[’]! (39)
and
. ) (i0)J (-ig)J
. e i0_ o —if Zl o E] o
squ _ % — q 2L[J]' _ 2L[J]. (40)

Finally, the surface of revolution is written in the following:
x(6,8) = [(p(a) + =2 [ —a] +
(p(a+2)-2¢(a+1)+@(a)) 92 04 96
2 [t = a4 (1= G+ i~ i
. ) (o(a) + (<p<a+[11)], @) [ _ g 4 lard)- 2<[p;(]t|1+1)+<1)(a)) [t —
2y (gL o #(a+D-¥(@) [, _
al”+ ) (9 RGN ) (o) + [1]! [t

al + ('1'(a+2)—2'[1’2(]tl1+1)+'1’(a)) [t— a]z +) (41)

3 Conclusion

In differential geometry, there are a lot of calculations for the
equation of surface of revolution. The best well- known method
is Taylor expansion method. It is very useful method. We use
different method for calculations for surface of revolution in
this paper. In this study, we calculate the equation of surface of
revolution by using g- trigonometric functions and q- integers.
We use basic definitions and theorems for algebraic
calculations.
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