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Abstract − Soft set theory, introduced by Molodtsov, is a crucial mathematical tool for dealing 

with uncertainty and it has many applications both as theoretically and in applications. Since the 

beginning, different types of soft set operations have been defined and used in different forms. 

In this article, we define a new type of soft set operation called the complementary soft binary 

piecewise star operation and examine its fundamental algebraic properties. Furthermore, by 

examining the distribution of complementary soft binary piecewise star operations over other 

type of soft set operations, we aim to identify the relationship between this new soft set operation 

and others to contribute to the soft set literature. Since proposing a new soft set operation and 

deriving its algebraic properties and implementations provide several new perspectives for 

dealing with problems related to parametric data, with the inspiration by this new soft set 

operation, researchers may be able to propose new cryptographic or decision methods based on 

soft sets and they may systematically explore soft set algebraic structures associated with new 

soft set operations. 

Subject Classification (2020): 03E75, 20N02. 

1. Introduction 

Problems in many fields, such as economics, environmental sciences, health sciences, and engineering, 

have certain uncertainties that prevent them from being successfully solved using classical methods. There are 

three well-known basic theories that can be considered as mathematical tools for dealing with uncertainty as 

probability theory, fuzzy set theory, and interval mathematics.  However, since each of these theories has its 

own drawbacks, Molodtsov [21] introduced soft set theory as a mathematical tool to overcome these 

uncertainties. Since then, this theory has ben applied to many fields including information systems, decision 

making [6-9,23,24], optimization theory, game theory, operations research, measurement theory, algebraic 

structures [25] and so on. Soft sets and fuzzy soft sets, one of the first theories in which parameterization tools 

are used to manage the decision process of uncertainty problems as accurately as possible were discussed in 

detail by Dalkılıç [10] and these sets were reevaluated and the concept of pure (fuzzy) soft sets was proposed 

with its properties and examples. First contributions as regards soft set operations were made by Maji et. al 

[20] and Pei and Miao [26]. After then, several soft set operations (restricted and extended soft set operations) 
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were introduced and examined by Ali et. al [2]. Basic properties of soft set operations were discussed and the 

interconnections of soft set operations with each other were illustrated by Sezgin and Atagün [29]. They also 

defined the notion of restricted symmetric difference of soft sets and investigated its properties. A new soft set 

operation called extended difference of soft sets was defined by Sezgin et.al [37] and extended symmetric 

difference of soft sets was defined and its properties were investigated by Stojanovic [42]. When the studies 

are examined, we see that the operations in soft set theory proceed under two main headings, as restricted soft 

set operations and extended soft set operations. For more about the studies regarding the operation of soft sets, 

we refer to: [3,4,11-19,22,27-44] 

 

Two conditional complements of sets, i.e. the inclusive complement and the exclusive complement, were 

proposed as new concepts in set theory, and the relationships between them were studied by Çağman [5]. 

Inspired by this work, some new complements and then several new additions and to soft set theory as new 

restricted and extended soft set operations were defined by Aybek [4]. Akbulut [1], Demirci [11], Sarıalioğlu 

[28] defined a new type of extended operation by changing the form of extended soft set operations using the 

complement at the first and second row of the piecewise function of extended soft set operations and studied 

the basic properties of them in detail. Moreover, a new type of soft difference operations was defined in Eren 

and Çalışıcı [12] and by being inspired this study Yavuz [44] defined some new soft set operations, which ise 

called soft binary piecewise operations and their basic properties were studied in detail.  Also, Sezgin and 

Sarıalioğlu [36], Sezgin and Atagün [30], Sezgin and Aybek [31], Sezgin et. al [32,33], Sezgin and Çağman 

[34] continued their work on soft set operations by defining a new type of soft binary piecewise operation. 

They changed the form of soft binary piecewise operation by using the complement at the first row of the soft 

binary piecewise operations. 

 

The purpose of this work is to contribute to the soft set theory literature by describing a new soft set 

operation called the “complementary soft binary piecewise star operation''. For this aim, the definition of the 

operation and its examples are given, and algebraic properties such as closure, associativity, unity, inverse, 

and abelian properties of this new operation are examined in detail. In particular, we aim to contribute to the 

soft set literature by obtaining the distributions of complementary soft binary piecewise star operations over 

other types of soft set operations. The concept of soft set operations is a core concept similar to basic number 

operations in classical algebra and basic set operations in classical set theory. Proposing new soft set operations 

and obtaining algebraic properties and their implementations offers new perspectives for solving problems 

involving parametric data as regards decision-making methods and new cryptographic methods. Also, studying 

the algebraic structure of soft sets from the perspective of new operations provides deep insight into the 

algebraic structure of soft sets. This document is organized as follows: Section 2 reminds the basic definitions 

regarding soft sets. Section 3 provides definitions and examples of the new soft set operation. This is followed 

by a full analysis of the algebraic properties of this new soft set operation, including closure, associativity, 

unity, inverse, and abelian properties. To enhance the knowledge of soft sets, Section 4 presents the distribution 

of complementary soft binary piecewise star operation over extended soft set operations, complementary 

extended soft set operations, soft binary piecewise operations, complementary soft binary piecewise operations 

and restricted soft set operation. The conclusion section considers the significance of the research findings and 

their possible impact on the subject. 

 

2. Preliminaries 

In this section, some basic concepts related to soft set theory are compiled and given.   
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Definition 2.1. Let  U be the universal set,  E be the parameter set, P(U) be the power set of U and A ⊆ E. 

A pair  (F, A) is called a soft set over U where F is a set-valued function such that F: A → P(U) [21]. 

 

Here, note that Çağman and Enginoğlu [6] redefined the definition of Molodstov’s soft sets; however in 

this paper, we use the Molodtsov’s soft set definition by staying faithful to the original definition. Throughout 

this paper, the set of all the soft sets over U (no matter what the parameter set is) is designated by SE(U). Let 

A be a fixed subset of E and SA(U) be the collection of all soft sets over U with the fixed parameters set A. 

Clearly, SA(U) is a subset of SE(U) and, in fact, all the soft sets are the elements of SE(U). 

 

Definition 2.2. (D, ℵ) is called a relative null soft set (with respect to the parameter set ℵ), denoted by ∅ℵ, 

if  D(t) = ∅ for all t∈ℵ and (D, ℵ) is called a relative whole soft set (with respect to the parameter set ℵ), 

denoted by  Uℵ if  D(t) = U for all t∈ℵ. The relative whole soft set  UE with respect to the universe set of 

parameters E is called the absolute soft set over U [2]. 

 

Definition 2.3. For two soft sets (D, ℵ)  and (J, R), we say that (D, ℵ)  is a soft subset of (J, R) and it is 

denoted by  (D, ℵ) ⊆̃ (J, R),  if  ℵ ⊆ R and D(t) ⊆ J(t), ∀t ∈ℵ. Two soft sets (D, ℵ)  and (J, R) are said to be 

soft equal if (D, ℵ) is a soft subset of (J, R) and (J, R) is a soft subset of (D, ℵ) [26]. 

 

Definition 2.4. The relative complement of a soft set (D, ℵ), denoted by (D, ℵ)r, is defined by (D, ℵ)r =

(Dr, ℵ), where Dr: ℵ → P(U) is a mapping given by (D, ℵ)r = U\D(t) for all t ∈ ℵ [2]. From now on,  

U\D(t)=[D(t)]′ will be designated by D’(s) for the sake of designation. 

 

Two conditional complements of sets as new concepts of set theory, that is, inclusive complement and 

exclusive complement were defined by Çağman [5]. For the ease of illustration, we show these complements 

as + and 𝜃, respectively. These complements are binary operations and are defined as follows: Let Q and R be 

two subsets of U.  R-inclusive complement of Q is defined by, Q+R= Q’∪R and R-Exlusive complement of Q 

is defined by Q𝜃 R = Q’∩R’. Here, U refers to a universe, Q’ is the complement of Q over U. For more 

information, we refer to [35]. 

 

The relations between these two complements were examined in detail by Sezgin et.al [35] and they also 

introduced such new three complements as binary operations of sets as follows: Let Q and R be two subsets 

of U.  Then, Q*R=Q’∪R’, Q𝛾R= Q’∩R, Q𝝺R=Q∪R’. These set operations were also conveyed to soft sets by 

Aybek [4] and restricted and extended soft set operations were defined and their properties were examined. 

 

As a summary for soft set operations, we can categorize all types of soft set operations as follows: Let "∇" 

be used to represent the set operations (i.e., here ∇ can be ∩, ∪,\, ∆, +,θ, *, λ,γ),  then restricted soft set 

operations, extended soft set operations, complementary extended soft set operations, soft binary piecewise 

operations, complementary soft binary piecewise operations are defined in soft set theory as follows:  

 

Definition 2.5. Let (D, ℵ) and (J, R) be soft sets over U. The restricted  ∇ operation of (D, ℵ) and (J, R) is 

the soft set (Y,S), denoted by (D, ℵ)∇R(J, R) = (Y, S), where S = ℵ ∩ R ≠ ∅ and ∀t ∈ S, Y(t) =D(s)∇ J(t) 

[2,29]. 



27 

 

A. Sezgin et al. / IKJM/ 5(2) (2023) 24-52 

Definition 2.6. Let (D, ℵ) and (J, R) be soft sets over U. The extended  ∇ operation of (D, ℵ) and (J, R) is the 

soft set (Y,S) denoted by, (D, ℵ)∇ε(J, R) = (Y, S), where S = ℵ ∪ R and ∀t ∈ S,  

Y(s) = {

D(t), t ∈ ℵ\R,

J(t), t ∈ R\ℵ,

D(t)∇J(t), t ∈ ℵ ∩ R.

 

[2,4,20,37,42] 

       

Definition 2.7. Let (D, ℵ) and (J, R) be soft sets over U.  The complementary extended  ∇ operation of 

(D, ℵ) and (J, R) is the soft set (Y,S) denoted by, (D, ℵ) 
＊
  ∇ε

(J, R) = (Y, S), where S = ℵ ∪ R and ∀t ∈ S, 

Y(s) = {

D′(t), t ∈ ℵ\R

J′(t), t ∈ R\ℵ,

D(t)∇J(t), t ∈ ℵ ∩ R.

 

 [1,28]. 

       

Definition 2.8. Let (D, ℵ) and (J, R) be soft sets over U. The soft binary piecewise ∇ operation of (D, ℵ) and 

(J, R) is the soft set (Y, ℵ), denoted by (D, ℵ)
~
∇ (J, R ) = (Y, ℵ), where ∀s∊ℵ, 

                  D(s),                         s∊ℵ\R 

 Y(s)= 

                  D(s) ∇J(s),              s∊ℵ∩R 

[12,44]. 

 

Definition 2.9. Let (D, ℵ) and (J, R) be soft sets over U. The complementary soft binary piecewise ∇ 

operation of (D, ℵ) and (J, R) is the soft set (Y, ℵ) denoted by,  (D, ℵ)
＊
~
∇

(J, R) = (Y, ℵ), where ∀s∊ℵ; 

                  D’(s),                      s∊ℵ\R 

 Y(s)=  

                  D(s) ∇J(s),               s∊ℵ∩R 

[30-34,36]. 

 

3. Complementary Soft Binary Piecewıse Star  (∗) Operation And Its Properties 
 

Definition 3.1. Let (D, ℵ) and (J, R) be soft sets over U. The complementary soft binary piecewise star 

(＊) operation of (D, ℵ) and (J, R) is the soft set (Y, ℵ) denoted by, (D, ℵ)
＊
~
＊

 (J, R) = (Y, ℵ), where ∀s∊ℵ,  

                  D’(s),                       s∊ℵ\R 

 Y(s)= 

                 D’(s) ∪J’(s),             s∊ℵ∩R 
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Example 3.2. Let E={e1,e2,e3,e4,e5} be the parameter set  ℵ={e1, e3,e5} and R={e1, e2, e4} be the subsets 

of  E and U={h1,h2,h3,h4,h5} be the initial universe set. Assume that (D,ℵ) and (J,R) are  the soft sets over U 

defined as follows: (D,ℵ)={( e1, {h1,h3}), (e3,{h2,h4}), (e5,{h2,h4, h5})}, (J,R)={( e1,{h1,h4}), 

(e2,{h2,h3}),(e4,{ h4, h5})}. Let (D, ℵ)
＊
~
＊

 (J,R)=(Y,ℵ). Then,  

                  D’(s),                       s∊ℵ\R 

 Y(s)=        D’(s) ∪J’(s),             s∊ℵ∩R 

Since ℵ={e1, e3,e5} and ℵ\R={e3,, e5}, so Y(e3) = D’(e3)={ h1,h3,h5}, Y(e5) = D’(e5)={ h1,h3}. And since 

ℵ∩R={e1} soY(e1)=D’(e1)∪J’(e1)={h2,h4, h5}∪{h2,h3,h5}={h2,h3, h4, h5}. Thus, (D, ℵ)
＊
~
＊

 (J,R)={( e1,{ 

h2,h3, h4, h5),} (e3,{h1, h3,h5}), (e5, {h1, h3})}. 

 

Algebraic Properties of the Operation  

1)  The set SE(U) is closed under the operation 

＊
~
＊

.  That is, when (D,ℵ) and (J,R) are two  soft sets over  U, 

then so is (D, ℵ)
＊
~
＊

 (J,R). Hence, the set SE(U) is closed under the operation  

＊
~
＊

. 

2)  [(D, ℵ)
＊
~
＊

 (J,ℵ)] 

＊
~
＊

(Y, ℵ) ≠ (D, ℵ)
＊
~
＊

[(J,ℵ) 

＊
~
＊

(Y, ℵ)] 

 

Proof: Let  (D, ℵ)
＊
~
＊

 (J,ℵ)=(T,ℵ), where ∀s∊ℵ;   

                    D’(s),                  s∊ℵ\ℵ=∅    

T(s)=       

                   D’(s) ∪J’(s),       s∊ℵ∩ℵ=ℵ 

Let (T,ℵ) 

＊
~
＊

(Y, ℵ) =(M,ℵ), where ∀s∊ℵ;  

                 T’(s),                           s∊ℵ\ℵ=∅    

M(s)=       

                 T’(s) ∪Y’(s),               s∊ℵ∩ℵ=ℵ 

Thus, 

                  T’(s),                           s∊ℵ\ℵ=∅    

 M(s)=       

                  [D(s) ∩ J(s)] ∪Y’(s),   s∊ℵ∩ℵ=ℵ      

Let  (J,ℵ) 
＊
~
＊

 (Y,ℵ)=(L,ℵ), where ∀s∊ℵ;   
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                    J’(s),                         s∊ℵ\ℵ=∅    

 L(s)=     

                   J’(s) ∪Y’(s),              s∊ℵ∩ℵ=ℵ 

Let (D, ℵ)
＊
~
＊

(L,ℵ) =(N,ℵ), where ∀s∊ℵ;  

                    D’(s),                         s∊ℵ\ℵ=∅    

 N(s)=       

                   D’(s) ∪L’(s),              s∊ℵ∩ℵ=ℵ 

Thus, 

                  D’(s),                            s∊ℵ\ℵ=∅    

 N(s)=       

                  D’(s) ∪ [J(s) ∩Y(s)], s∊ℵ∩ℵ=ℵ            

It is seen that (M,ℵ)≠(N,ℵ). 

That is, for the soft sets whose parameter set are the same, the operation 

＊
~
＊

does not have associativity property. 

Moreover, we have the following: 

3)  [(D, ℵ)
＊
~
＊

 (J,R)] 

＊
~
＊

(Y,S) ≠ (D, ℵ)
＊
~
＊

[(J, R) 
＊
~
＊

(Y,S)] 

 

Proof: Let (D, ℵ)
＊
~
＊

 (J,R)=(T,ℵ), where ∀s∊ℵ;   

                  D’(s),                         s∊ℵ\R 7 

T(s)=       

                  D’(s) ∪J’(s),             s∊ℵ∩R 

Let (T,ℵ) 

＊
~
＊

(Y,S) =(M,ℵ), where ∀s∊ℵ;  

                  T’(s),                          s∊ℵ\S   

 M(s)=      

                  T’(s) ∪Y’(s),             s∊ℵ∩S 

Thus, 

                 D(s),                             s∊(ℵ\R)\S=ℵ∩R’∩S’ 

 M(s)=      D(s) ∩ J(s),                  s∊(ℵ∩R)\S=ℵ∩R∩S’ 

                  D(s) ∪Y’(s),                s∊(ℵ\R)∩S=ℵ∩R’∩S 

                 [ D(s) ∩J(s)] ∪Y’(s),   s∊(ℵ∩R) ∩S=ℵ∩R∩S                                                                              
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 Let (J, R) 
＊
~
＊

 (Y,S)=(K,R), where ∀s∊R;   

                  J’(s),                         s∊R\S 

 K(s)=       

                 J’(s) ∪Y’(s),             s∊R∩S 

Let (D, ℵ)
＊
~
＊

(K,R) =(S,ℵ), wher ∀s∊ℵ;  

                 D’(s),                        s∊ℵ\R   

 S(s)=      

                 D’(s) ∪K’(s),            s∊ℵ∩R 

Thus, 

                 D’(s),                              s∊ℵ\R 

 S(s)=       D’(s) ∪ J(s),                   s∊ℵ∩(R\S)=ℵ∩R∩S’ 

                D’(s) ∪ [J(s) ∩Y(s)],      s∊ℵ∩(R∩S)=ℵ∩R∩S                                                                               

 

Here let’s handle s∊ℵ\R in the second equation of the first line. Since ℵ\R= ℵ∩R’, if  s∊R’, then s∊S\R or 

s∊(R∪S)’. Hence, if s∊ℵ\R, then s∊ℵ∩R’∩S’ or s∊ℵ∩R’∩S. Thus, it is seen that (M,ℵ)≠(S,ℵ), that is, for the 

soft sets whose parameter set are not the same, the operation 

＊
~
＊

  does not have associativity property on the 

set SE(U). 

4) (D, ℵ)
＊
~
＊

 (J,R)≠(J, R) 
＊
~
＊

 (D,ℵ). 

 

Proof: Let (D, ℵ)
＊
~
＊

 (J,R)=(Y,ℵ). Then, ∀s∊ℵ; 

                  D’(s),                     s∊ℵ\R    

  Y(s)=     

                 D’(s) ∪J’(s),            s∊ℵ∩R     

Let  (J, R) 
＊
~
＊

 (D,ℵ)=(T,R). Then, ∀s∊R; 

                  J’(s),                        s∊R\ℵ      

 T(s)= 

                  J’(s) ∪ D’(s),              s∊R∩ℵ             

Here, while the parameter set of the soft set of the left hand side is ℵ; the parameter set of the soft set of the 

right hand side is R. Thus, by the definition of soft equality  
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(D, ℵ)
＊
~
＊

 (J,R)≠(J, R) 
＊
~
＊

(D, ℵ). 

Hence, the operation 

＊
~
＊

 does not have commutative property in the set SE(U), where the parameter sets of the 

soft sets are different.  However it is easy to see that  

(D, ℵ)
＊
~
＊

 (J,ℵ)=(J,ℵ) 

＊
~
＊

(D, ℵ). 

That is to say, the operation 

＊
~
＊

 does have commutative property where the parameter sets of the soft sets are 

the same.   

5)  (D, ℵ)
＊
~
＊

(D, ℵ)= (D, ℵ)r. 

 

Proof: Let (D, ℵ)
＊
~
＊

 (D,ℵ)=(Y,ℵ). Then, ∀s∊ℵ;   

                    D’(s),                         s∊ℵ\ℵ =∅    

 Y(s)=       

                   D’(s) ∪ D’ (s),            s∊ℵ∩ℵ =ℵ 

Here, ∀s∊ℵ, Y(s)= D’(s) ∪ D’(s)= D’(s), hence (Y,ℵ)= (D, ℵ)r. That is, the operation  
＊
~
＊

 does not have 

idempotency property on the set SE(U). 

6)  (D, ℵ)
＊
~
＊

 ∅ℵ=∅ℵ

＊
~
＊

 (D, ℵ)= Uℵ. 

 

Proof:  Let ∅ℵ=(S,ℵ). Hence, ∀s∊ℵ; S(s)= ∅.  Let (D, ℵ)
＊
~
＊

 (S,ℵ)=(Y,ℵ). Then, ∀s∊ℵ, 

                    D’(s),                     s∊ℵ\ℵ =∅    

Y(s)=       

                   D’(s) ∪S’(s),           s∊ℵ∩ℵ =ℵ 

Thus, ∀s∊ℵ, Y(s)= D’(s) ∪S’(s)= D’(s) ∪U= U. Hence (Y,ℵ)= Uℵ..  

7)  (D, ℵ)
＊
~
＊

∅E=∅E

＊
~
＊

(D, ℵ)=Uℵ. 

 

Proof:  Let ∅E =(S,E). Hence ∀s∊E;  S(s)=∅.  Let  (D, ℵ)
＊
~
＊

 (S,E)=(Y,ℵ). Thus, ∀s∊ℵ, 
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                    D’(s),                 s∊ℵ-E =∅ 

 Y(s)=         

                   D’(s) ∪S’(s),        s∊ℵ∩E=ℵ 

 Hence, ∀s∊ℵ, Y(s)= D’(s) ∪S’(s)= D’(s) ∪U= U, so (Y,ℵ)= Uℵ.    

8)  (D, ℵ)
＊
~
＊

  Uℵ=Uℵ 
＊
~
＊

 (D, ℵ)= (D, ℵ)r. 

 

Proof: Let  Uℵ=(T,ℵ). Hence, ∀s∊ℵ, T(s)=U. Let  (D, ℵ) 
＊
~
＊

(T, ℵ)=(Y,ℵ). Hence, ∀s∊ℵ; 

                    D’(s),                      s∊ℵ\ℵ =∅   

  Y(s)=       

                   D’(s) ∪ T’(s),          s∊ℵ∩ℵ =ℵ 

Hence, ∀s∊ℵ, Y(s)= D’(s)∪T’(s)= D’(s) ∪ ∅= D’(s), so (Y,ℵ)= (D, ℵ)r. 

9) (D,P

  ＊
)~
 ＊

UE=UE 
＊
~
＊

 (D, ℵ)= (D, ℵ)r. 

 

Proof:  Let UE =(T,E). Hence, ∀s∊E, T(s)=U. Let (D, ℵ)
＊
~
＊

 (T, E)=(Y,ℵ), then ∀s∊ℵ ; 

                    D’(s),                    s∊ℵ-E =∅  

 Y(s)=         

                   D’(s) ∪T’(s),           s∊ℵ∩E=ℵ 

Hence, ∀s∊ℵ, Y(s)= D’(s) ∪T’(s)= D’(s) ∪ ∅ = D’(s), so (Y,ℵ)= (D, ℵ)r 

10) (D, ℵ)
＊
~
＊

 (D, ℵ)r=(D, ℵ)r
＊
~
＊

 (D, ℵ)= Uℵ. 

 

Proof:  Let (D, ℵ)r=(Y,ℵ), so ∀s∊ℵ, Y(s)=D’(s). Let (D,P

  ＊
)~
 ＊

 (Y, ℵ)=(T,ℵ),  so ∀s∊ℵ, 

                    D’(s),                         s∊ℵ\ℵ =∅  

T(s)=        

                   D’(s) ∪Y’(s),             s∊ℵ∩ℵ =ℵ 

 Hence, ∀s∊ℵ, T(s)= D’(s) ∪Y’(s)= D’(s) ∪D(s)= U, so (T,ℵ)= Uℵ. 

11) [(D, ℵ)
＊
~
＊

(J,R)]r=(D, ℵ) ∩̃(J,R). 
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Proof:  Let (D, ℵ)
＊
~
＊

(J,R)=(Y,ℵ). Then, ∀s∊ℵ,   

                D’(s),                 s∊ℵ\R 

Y(s)= 

                D’(s) ∪J’(s),       s∊ℵ∩R 

Let (H, ℵ)r=(T,ℵ), so  ∀s∊ℵ, 

                D(s),                     s∊ℵ\R 

T(s)= 

                D(s) ∩J(s),          s∊ℵ∩R 

Thus, (T,ℵ) =(D, ℵ) ∩̃ (J,R). 

In classical theory, ℵ ∪ R = ∅ ⇔ ℵ = ∅  and R = ∅. Now, we have the following: 

12)  (D, ℵ)
＊
~
＊

(J, R)= ∅ℵ ⇔(D, ℵ) = Uℵ  and (J, R) = Uℵ∩R. 

 

Proof:  Let (D, ℵ)
＊
~
＊

(J, R) = (T,ℵ).  Hence, ∀s∊ℵ, 

                    D’(s),                 s∊ℵ\R 

T(s)=              

                   D’(s) ∪J’(s),       s∊ℵ∩R 

Since (T, ℵ) = ∅ℵ,  ∀s∊ℵ, T(s)= ∅. Hence, ∀s∊ℵ\R,  D’(s)= ∅, thus D(s)=U  and ∀s∊ℵ∩R, T(s)= D’(s) 

∪J’(s)=∅ ⇔ ∀s ∊ ℵ ∩ R,  D’(s)= ∅ and J’(s)= ∅  ⇔ ∀s∊ℵ, D(s)=U and for ∀s ∊ ℵ ∩ R, J(s)=U ⇔(D, ℵ) = Uℵ  

and (J, R) = Uℵ∩R. 

13)  (D, ℵ)
＊
~
＊

(J, ℵ)= ∅ℵ ⇔(D, ℵ) = (J, ℵ) = Uℵ. 

 

Proof:  Let  (D, ℵ)
＊
~
＊

(J, ℵ) = (T,ℵ).  Hence, ∀s∊ℵ, 

                    D’(s),                 s∊ℵ\ℵ=∅  

T(s)=              

                   D’(s) ∪J’(s),      s∊ℵ∩ℵ =ℵ 

Since (T, ℵ) = ∅ℵ,  ∀s∊ℵ, T(s)= ∅. Hence, ∀s∊ℵ, T(s)= D’(s)∪J’(s)=∅ ⇔ ∀s ∊ ℵ,  D’(s)= ∅ and J’(s)= ∅  ⇔ 

∀s∊ℵ, D(s)=U and J(s)= U ⇔(D, ℵ) = (J, ℵ) = Uℵ. 

In classical theory, for all ℵ, ∅ ⊆ ℵ. Now, we have the following: 

14) ∅ℵ ⊆̃ (D, ℵ)
＊
~
＊

(J, R) and ∅R ⊆̃ (J, R) 
＊
~
＊

(D, ℵ). 
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In classical theory, for all ℵ, ℵ ⊆ U. Now, we have the following: 

15)  (D, ℵ)
＊
~
＊

(J, R)  ⊆̃  Uℵ and (J, R) 
＊
~
＊

(D, ℵ) ⊆̃  UR 

In classical theory,  ℵ⊆ ℵ ∪ R. Now, we have the following: 

16)  (D,ℵ)r ⊆̃ (D, ℵ)
＊
~
＊

(J,R), however (J,R)r needs not to be a soft subset of (D, ℵ)
＊
~
＊

(J,R). 

 

Proof:  Let (D, ℵ)
＊
~
＊

(J,R)=(Y,ℵ). First of all, ℵ ⊆ ℵ. Moreover, ∀s∊ℵ, 

                D’(s),                 s∊ℵ\R 

Y(s)= 

                D’(s) ∪J’(s),      s∊ℵ∩R 

Since ∀s∊ℵ\R, D’(s) ⊆ D’(s) and ∀s∊ℵ∩R, D’(s) ⊆ D’(s) ∪ J’(s), hence ∀s∊ℵ, D’(s) ⊆ Y(s). Therefore, (D,ℵ)r 

⊆̃ (Y,ℵ)=(D, ℵ)
＊
~
＊

(J,R), 

19) (D, ℵ)r ⊆̃ (D, ℵ)
＊
~
＊

(J,ℵ), moreover (J, ℵ)r ⊆̃ (D, ℵ)
＊
~
＊

(J,ℵ). 

 

Proof:  Let (D, ℵ)
＊
~
＊

(J,ℵ)=(Y,ℵ). First of all, ℵ ⊆ ℵ. Moreover, ∀s∊ℵ, 

                D’(s),                 s∊ℵ\ℵ=∅ 

Y(s)= 

                D’(s) ∪J’(s),       s∊ℵ∩ℵ=ℵ 

Since  ∀s∊ℵ,Y(s)=D’(s)⊆ D’(s) ∪ J’(s), hence (D, ℵ)r ⊆̃ (Y, ℵ) = (D, ℵ)
＊
~
＊

(J,ℵ). 

4. Distribution Rules 

In this section, distributions of complementary soft binary piecewise star (∗) operation over other soft set 

operations such as extended soft set operations, complementary extended soft set operations, restricted soft set 

operations, soft binary piecewise operations and complementary soft binary piecewise operation are examined 

in detail and many interesting results are obtained. 

 

Proposition 4.1. Let (D, ℵ), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of 

complementary soft binary piecewise star (∗) operation over extended soft set operations, we have the 

followings: 

i) (D, ℵ)
＊
~
＊

 ［(J,R)∩ε(Y,S)］=［(D, ℵ)
＊
~
＊

 (J,R)］∪ε［(D, ℵ)
＊
~
＊

 (Y,S)]. 
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Proof: Let’s first handle the left hand side of the equality and let (J,R)∩ε(Y,S)=(M,R∪S), so ∀s∊R∪S,  

                   J(s),                    s∊R\S 

M(s) =        Y(s),                  s∊S\R 

                   J(s)∩Y(s),         s∊R∩S 

Let (D, ℵ)
＊
~
＊

 (M,R∪S)=(N,ℵ), ∀s∊ℵ, 

                   D’(s),                       s∊ℵ\(R∪S)    

N(s)=           

                   D’(s) ∪M’(s),           s∊ℵ∩(R∪S) 

 Hence    

                   D’(s),                                 s∊ℵ\(R∪S) =ℵ∩R’∩S’             

  N(s)=       D’(s) ∪J’(s),                        s∊ℵ∩(R\S)= ℵ∩R∩S’              

                   D’(s) ∪ Y’(s),                     s∊ℵ∩(S\R)= ℵ∩R’∩S 

                   D’(s) ∪［(J’(s) ∪Y’(s)],    s∊ℵ∩R∩S= ℵ∩R∩S                                                                             

Now let’s handle the right hand side of the equality, that is, [(D, ℵ)
＊
~
＊

 (J,R)］∪ε［(D, ℵ)
＊
~
＊

 (Y,S)]. Assume 

that (D, ℵ)
＊
~
＊

 (J,R)=(V,ℵ), then for  ∀s∊ℵ, 

               D’(s),                         s∊ℵ\R 

V(s)= 

               D’(s) ∪J’ (s),               s∊ℵ∩R  

 Now let (D, ℵ
  ＊
)~
 ＊

 (Y,S)=(W,ℵ). Then, ∀s∊ℵ, 

                D’(s),                       s∊ℵ\S 

W(s)= 

                D’(s) ∪Y’(s),             s∊ℵ∩S 

 Assume that (V,ℵ) ∪ε(W,ℵ)=(T,ℵ), then ∀s∊ℵ, 

                 V(s),                      s∊ℵ\ℵ=∅ 

T(s)=        W(s),                      s∊ℵ\ℵ=∅ 

                 V(s) ∪W(s),           s∊ℵ∩ℵ=ℵ  

                 D’(s) ∪ D’(s),                                       s∊(ℵ\R)∩(ℵ\S) 

T(s)=        D’(s) ∪［D’(s) ∪Y’(s)],                      s∊(ℵ\R)∩(ℵ∩S) 

              ［D’(s) ∪J’(s)］∪ D’(s),                         s∊(ℵ∩R)∩(ℵ\S) 

              ［D’(s) ∪J’(s)］∪［D’(s) ∪Y’(s)],       s∊(ℵ∩R)∩(ℵ∩S) 
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Thus, 

                D’(s),                                                      s∊ℵ∩R’∩S’ 

T(s)=       D’(s) ∪Y’(s),                                          s∊ℵ∩R’∩S 

                D’(s) ∪J’(s),                                           s∊ℵ∩R∩S’ 

             ［D’(s) ∪J’(s)］∪［D’(s) ∪Y’(s)],         s∊ℵ∩R∩S                                                                            

It is seen that (N,ℵ)= (T,ℵ). 

ii)  (D, ℵ)
＊
~
＊

 ［(J, R)  ∪ε (Y,S)］=［(D, ℵ)
＊
~
＊

 (J,R)］∪ε［(D, ℵ)
＊
~
＊

(Y,S)], where ℵ∩R∩S =∅. 

iii) (D, ℵ)
＊
~
＊
［(J,R)λε(Y,S)］=［(D, ℵ)

＊
~
＊

 (J,R)］∩̃［(Y,S) 
＊
~
λ

 (D,ℵ)], where ℵ∩R’∩S=∅. 

iv)  (D, ℵ)
＊
~
＊
［(J,R)\ε(Y,S)］=［(D, ℵ)

＊
~
＊

 (J,R)］∪̃［(Y,S) 
＊
~
λ

 (D,ℵ)］where ℵ∩R’∩S =∅. 

v) ［(D, ℵ) ∪ε (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∩ε［(J,R)

＊
~
＊

  (Y,S)］ 

Proof: Let’s first handle the left hand side of the equality and let (D, ℵ) ∩ε(J,R)=(M,ℵ∪R), so ∀s∊ℵ∪R, 

                    D(s),               s∊ℵ\R 

M(s) =        J(s),                  s∊R\ℵ 

                   D(s)∪J(s),        s∊ℵ∩R 

Let (M,ℵ∪R) 

＊
~
＊

 (Y,S)=(N,ℵ∪R), so ∀s∊ℵ∪R, 

                   M’(s),                   s∊(ℵ∪R)\S 

 N(s)=        

                   M’(s) ∪ Y’(s),     s∊(ℵ∪R)∩S 

Thus, 

                D’(s),                                   s∊(ℵ\R)\S=ℵ∩R’∩S’ 

                J’(s),                                    s∊(R\ℵ)\S=ℵ’∩R∩S’ 

 N(s)=     D’(s) ∩J’(s),                         s∊(ℵ∩R)\S=ℵ∩R∩S’ 

               D’(s) ∪Y’(s),                         s∊(ℵ\R)∩S=ℵ∩R’∩S 

               J’(s) ∪Y’(s),                          s∊(R\ℵ)∩S=ℵ’∩R∩S 

             ［ D’(s) ∩J’(s) ］∪Y’(s),       s∊(ℵ∩R)∩S=ℵ∩R∩S                                                                            

Now let’s handle the right hand side of the equality: [(D, ℵ)
＊
~
＊

 (Y,S)］∩𝛆［(J, R) 
＊
~
＊

 (Y,S). Let 

(D, ℵ)
＊
~
＊

(Y,S)=(V,ℵ), so ∀s∊ℵ, 
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               D’(s),                     s∊ℵ\S 

V(s)= 

               D’(s) ∪Y’(s),          s∊ℵ∩S  

Let  (J, R) 
＊
~
＊

 (Y,S)=(W,R), so ∀s∊R, 

 

                J’(s),                      s∊R\S 

W(s)= 

                J’(s) ∪Y’(s),            s∊R∩S 

Assume that  (V,ℵ) ∩ε (W,R)=(T,ℵ∪R), so ∀s∊ℵ∪R, 

                 V(s),                    s∊ℵ\R 

T(s)=        W(s),                    s∊R\ℵ 

                V(s)∩W(s),          s∊ℵ∩R 

Thus, 

                   D’(s),                                                   s∊(ℵ\S)\R=ℵ∩R’∩S’ 

                   D’(s) ∪Y’(s),                                       s∊(ℵ∩S)\R=ℵ∩R’∩S 

                   J’(s),                                                     s∊(R\S)\ℵ=ℵ’∩R∩S’ 

T(s)=          J’(s) ∪Y’(s),                                         s∊(R∩S)\ℵ=ℵ’∩R∩S 

                  D’(s)∩J’(s),                                           s∊(ℵ\S)∩(R\S)=ℵ∩R∩S’ 

                  D’(s) ∩［J’(s) ∪Y’(s)],                         s∊(ℵ\S)∩(R∩S)=∅ 

                 ［ D’(s) ∪Y’(s)］∩J’(s),                       s∊(ℵ∩S)∩(R\S)= ∅                

                 ［D’(s) ∪Y’(s) ］∩［J’(s) ∪Y’(s)],      s∊(ℵ∩S)∩(R∩S)=ℵ∩R∩S                                              

It is seen that (N,ℵ∪R)=(T,ℵ∪R). 

vi) ［(D, ℵ) ∩ε (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∪ε［(J, R) 
＊
~
＊

 (Y,S)］ 

vii) [(D, ℵ)λε (J,R)］
＊
~
＊

 (Y,S)= [(D, ℵ)
＊
~
＊

 (Y,S)] ∩ε［(J, R) 
＊
~
λ

 (Y,S)], where ℵ∩R∩S’= ℵ’∩R∩S =∅. 

viii) [(D, ℵ)\ε (J,R)]

＊
~
＊

 (Y,S)=[(D, ℵ)
＊
~
＊

 (Y,S)］∪ε［(J, R) 
＊
~
λ

 (Y,S)], where ℵ∩R∩S’= ℵ’∩R∩S =∅. 

Proposition 4.2. Let (D, ℵ), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary 

soft binary piecewise star (∗) operation over complementary extended soft set operations, we have the 

followings: 

i) (D,ℵ) 
＊
~
＊
［(J, R) 

＊
  θε

(Y,S)］=［(D, ℵ)
＊
~
+

 (J,R)］∪ε［(D, ℵ)
＊
~
+

 (Y,S)], where ℵ∩R∩S=∅ 
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Proof: Let’s first handle the left hand side of the equality. Assume (J, R) 
＊
  θε

 (Y,S)=(M,R∪S), so ∀s∊R∪S, 

                  J’(s),                 s∊R\S 

M(s) =       Y’(s),                 s∊S\R 

                  J’(s)∩Y’(s),      s∊R∩S 

Let (D, ℵ)
＊
~
＊

 (M,R∪S)=(N,ℵ), then ∀s∊ℵ, 

                  D’(s),                   s∊ℵ\(R∪S)    

 N(s)=  

                  D’(s) ∪M’(s),      s∊ℵ∩(R∪S) 

Hence, 

                 D’(s),                               s∊ℵ\(R∪S) =ℵ∩R’∩S’             

                 D’(s) ∪J(s),                      s∊ℵ∩(R\S)= ℵ∩R∩S’   

N(s)=       D’(s) ∪Y(s),                     s∊ℵ∩(S\R)= ℵ∩R’∩S 

                 D’(s) ∪［(J(s) ∪Y(s)],    s∊ℵ∩R∩S= ℵ∩R∩S                                                                                

Now let’s handle the right hand side of the equality: [(D, ℵ)
＊
~
+

 (J,R)］∪ε［(D, ℵ)
＊
~
+

 (Y,S)]. Let (D, ℵ)
＊
~
+

 

(J,R)=(V,ℵ), so ∀s∊ℵ, 

               D’(s),                     s∊ℵ\R 

  V(s)=  

               D’(s) ∪J (s),          s∊ℵ∩R  

  Let (D, ℵ)
＊
~
+

 (Y,S)=(W,ℵ), hence ∀s∊ℵ, 

                D’(s),                      s∊ℵ\S 

W(s)= 

                D’(s) ∪Y(s),,           s∊ℵ∩S 

 Assume that (V,ℵ) ∪ε(W,ℵ)=(T,ℵ), hence ∀s∊ℵ, 

                 V(s),                     s∊ℵ\ℵ=∅ 

 T(s)=       W(s),                    s∊ℵ\ℵ=∅ 

                V(s) ∪W(s),          s∊ℵ∩ℵ=ℵ 

Hence, 

                 D’(s) ∪D’(s),                                    s∊(ℵ\R)∩(ℵ\S) 

T(s)=       D’(s) ∪[D’(s) ∪Y(s)],                       s∊(ℵ\R)∩(ℵ∩R) 

              ［D’(s) ∪J(s)］∪D’(s),                       s∊(ℵ∩R)∩(ℵ\S) 

              ［D’(s) ∪J(s)］∪［D’(s) ∪Y(s)],      s∊(ℵ∩R)∩(ℵ∩S)    
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Thus, 

                D’(s),                                                    s∊ℵ∩R’∩S’ 

T(s)=       D’(s) ∪Y(s),                                         s∊ℵ∩R’∩S 

                D’(s) ∪J(s),                                           s∊ℵ∩R∩S’ 

             ［D’(s) ∪J(s)］∪［D’(s) ∪Y(s)],           s∊ℵ∩R∩S                                                                           

It is seen that (N,ℵ)=(T,ℵ). 

ii)   (D, ℵ)
＊
~
＊
［(J, R) 

＊
  ＊ε

(Y,S)]=［(D, ℵ)
＊
~
+

 (J,R)］∪ε［(D, ℵ)
＊
~
+

(Y,S)] where ℵ∩R∩S=∅. 

iii)(D, ℵ)
＊
~
θ
［(J, R) 

＊
  +ε

 (Y,S)］=［(D, ℵ)
＊
~
+

 (J,R)］∩̃［(Y,S) 
＊
~
＊

 (D,ℵ)] where ℵ∩R’∩S=∅. 

iv) (D, ℵ)
＊
~
＊
［(J, R) 

＊
  ɣε

 (Y,S)]= [(D, ℵ)
＊
~
+

 (J,R)] ∪̃[(Y,S) 
＊
~
＊

 (D,ℵ)] where ℵ∩R’∩S= ∅. 

v) ［(D, ℵ)
＊

  ＊ε
 (J,R)］

＊
~
＊

 (Y,S)=［(D, ℵ)λ̃(Y,S)］∩ε［(J,R)λ̃(Y,S)]. 

 

 Proof: Let’s first handle the left hand side of the equality. Assume (D, ℵ)
＊

  ＊ε
 (J,R)=(M,ℵ∪R)  and ∀s∊ℵ∪R, 

                  D’(s),                s∊ℵ\R 

M(s) =       J’(s),                 s∊R\ℵ 

                  D’(s)∪J’(s),      s∊ℵ∩R 

Let (M,ℵ∪R) 
＊
~
＊

 (Y,S)=(N,ℵ∪R) and ∀s∊ℵ∪R,  

                  M’(s),                 s∊(ℵ∪R)\S  

  N(s)=   

                 M’(s) ∪Y’(s),       s∊(ℵ∪R)∩S 

 

Thus, 

               D(s),                                   s∊(ℵ\R)\S=ℵ∩R’∩S’ 

               J(s),                                    s∊(R\ℵ)\S=ℵ’∩R∩S’ 

  N(s)=   D(s)∩J(s),                           s∊(ℵ∩R)\S=ℵ∩R∩S’ 

               D(s) ∪Y’(s),                       s∊(ℵ\R)∩S=ℵ∩R’∩S 

              J(s) ∪Y’(s),                         s∊(R\ℵ)∩S=ℵ’∩R∩S 

              [D(s)∩J(s) ］∪Y’(s),          s∊(ℵ∩R)∩S=ℵ∩R∩S                                                                          
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Now let’s handle the right hand side of the equality: [(D, ℵ)λ̃(Y,S)］∩ε［(J, R) λ̃(Y,S)]. Let (D, ℵ)λ̃ 

(Y,S)=(V,ℵ) and ∀s∊ℵ 

               D(s),                      s∊ℵ\S 

 V(s)= 

               D(s) ∪Y’(s),           s∊ℵ∩S   

Let (J, R) λ̃ (Y,S)=(W,R) and ∀s∊R, 

                J(s),                     s∊R\S 

W(s)= 

                J(s) ∪Y’(s),          s∊R∩S 

Assume that (V,ℵ)∩ε (W,R)=(T,ℵ∪R) and ∀s∊ℵ∪R, 

                 V(s),                     s∊ℵ\R 

T( s)=       W(s),                    s∊R\ℵ 

                V(s)∩W(s),           s∊ℵ∩R 

Hence, 

                  D(s),                                         s∊(ℵ\S)\R=ℵ∩R’∩S’ 

                  D(s) ∪Y’(s)                              s∊(ℵ∩S)\R=ℵ∩R’∩S 

                  J(s),                                           s∊(R\S)\ℵ=ℵ’∩R∩S’ 

T(s)=        J(s) ∪Y’(s),                                s∊(R∩S)\ℵ=ℵ’∩R∩S 

                  D(s)∩J(s),                                  s∊(ℵ\S)∩(R\S)=ℵ∩R∩S’ 

                  D(s) ∩[J(s) ∪Y’(s)],                  s∊(ℵ\S)∩(R∩S)=∅ 

                [ D(s) ∪Y’(s)]∩J(s),                    s∊(ℵ∩S)∩(R\S)=∅                

                [D(s) ∪Y’(s)]∩[J(s) ∪Y’(s)],      s∊(ℵ∩S)∩(R∩S)=ℵ∩R∩S                                                            

 

It is seen that (N,ℵ∪R)=(T,ℵ∪R). 

vi) ［(D, ℵ)
＊
  θε

 (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ) λ̃ (Y,S)］∪ε［(J, R)  λ̃(Y,S)］ 

vii) [(D, ℵ)
＊
  ɣε

 (J,R)]

＊
~
＊

 (Y,S)=[(D, ℵ)
~
λ  (Y,S)]∪ε［(J, R) 

~
＊  (Y,S)] where ℵ∩R∩S’= ℵ’∩R∩S =∅. 

viii)[(D, ℵ)
＊

  +ε
 (J,R)］

＊
~
＊

 (Y,S)=[(D, ℵ)
~
λ   (Y,S)] ∩ε［(J, R) 

~
λ  (Y,S)], where ℵ∩R∩S’= ℵ∩R∩S =∅. 

Proposition 4.3. Let (D, ℵ), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary 

soft binary piecewise star (∗) operation over soft binary piecewise operations, we have the followings: 

i) (D, ℵ)
＊
~
＊

 ［(J, R)  ∪̃ (Y,S)］=［(D, ℵ)
＊
~
＊

 (J,R)］∩̃［(Y,S)

＊
~
＊

 (D, ℵ)]. 

Proof: Let’s first handle the left hand side of the equality and let (J, R) ∪̃ (Y,S)=(M,R), so ∀s∊R∪S,  
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                  J(s),                 s∊R\S 

M(s)= 

                  J(s) ∪Y(s),      s∊R∩S 

(D, ℵ)
＊
~
＊

 (M,R)=(N,ℵ), where ∀s∊ℵ; 

                D’(s),                  s∊ℵ\R       

 N(s)= 

                D’(s) ∪M’(s),      s∊ℵ∩R 

 Thus, 

                 D’(s),                                s∊ℵ\R  

   N(s)=     D’(s) ∪J’(s),                    s∊ℵ∩(R\S)= ℵ∩R∩S’              

                 D’(s) ∪ [J’(s)∩Y’(s)],     s∊ℵ∩R∩S= ℵ∩R∩S                                                                                  

Now let’s handle the right hand side of the equality: [(D, ℵ)
＊
~
＊

 (J,R)］∩̃［(Y,S)

＊
~
＊

 (D, ℵ)]. Assume that 

(D, ℵ)
＊
~
＊

 (J,R)=(V,ℵ), then for  ∀s∊ℵ, 

               D’(s),                         s∊ℵ\R 

V(s)= 

               D’(s) ∪J’(s),               s∊ℵ∩R  

Now let (Y,S

  ＊
)~
 ＊

 (D, ℵ)=(W,S). Then, ∀s∊S, 

                Y’(s),                       s∊S\ℵ 

W(s)= 

                Y’(s) ∪ D’(s),             s∊S∩ℵ 

 Assume that (V,ℵ) ∩̃(W,S)=(T,ℵ), then ∀s∊ℵ, 

                V(s),                      s∊ℵ\S 

T(s)=       V(s) ∩W(s),            s∊ℵ∩S 

Thus, 

                 D’(s),                                           s∊(ℵ\R)\S= ℵ∩R’∩S’ 

T(s)=        D’(s) ∪J’(s)                                 s∊(ℵ∩R)\S= ℵ∩R’∩S 

                D’(s) ∩Y’(s),                                s∊(ℵ\R)∩(S\ℵ)= ∅ 

                D’(s) ∩ [Y’(s) ∪ D’(s)],                s∊(ℵ\R)∩(S∩ℵ) = ℵ∩R’∩S 

                [D’(s) ∪J’(s)] ∩Y’(s)                    s∊(ℵ∩R)∩(S\ℵ) =∅ 

                [D’(s) ∪J’(s)] ∩ [Y’(s) ∪ D’(s)],   s∊(ℵ∩R)∩(S∩ℵ)=ℵ∩R∩S 
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Thus, 

                D’(s),                                           s∊(ℵ\R)\S= ℵ∩R’∩S’ 

                D’(s) ∪J’(s)                                 s∊(ℵ∩R)\S= ℵ∩R∩S’ 

                D’(s) ∩Y’(s),                               s∊(ℵ\R)∩(S\ℵ)=∅ 

   T(s)=    D’(s)                                            s∊(P\R)∩(S∩ℵ)= ℵ∩R’∩S 

                [D’(s) ∪J’(s)] ∩Y’(s)                  s∊(ℵ∩R)∩(S\ℵ)= ∅ 

                [D’(s) ∪J’(s)] ∩ [Y’(s) ∪ D’(s)], s∊(ℵ∩R)∩(S∩ℵ)= ℵ∩R∩S                                                          

 

Since ℵ\R= ℵ∩R’, if s∊R’, then s∊S\R or s∊(R∪S)’. Hence, if s∊ℵ\R, s∊ℵ∩R’∩S’ or s∊ℵ∩R’∩S. Thus, it is 

seen that (N,ℵ)=(T,ℵ). 

ii) (D, ℵ)
＊
~
＊

 ［(J, R)  ∩̃ (Y,S)］=［(D, ℵ)
＊
~
＊

 (J,R)］∩̃［(Y,S)

＊
~
＊

 (D, ℵ)] where ℵ∩R∩S=∅ 

iii) (D, ℵ)
＊
~
＊
［(J, R) λ̃ (Y,S)］=［(D, ℵ)

＊
~
＊

  (J,R)］∩̃［(Y,S) 
＊
~
λ

 (D,ℵ)]. 

iv) (D, ℵ)
＊
~
＊
［(J, R) \̃ (Y,S)］=［(D, ℵ)

＊
  ~

   ＊ 
  (J,R)］∩̃［(Y,S) 

＊
~
λ

(D, ℵ)] . 

v)［(D,ℵ) ∩̃ (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∪̃［(J, R) 
＊
~
＊

 (Y,S)］ 

 

 Proof: Let’s first handle the left hand side of the equality. Suppose (D, ℵ) ∩̃ (J,R)=(M,ℵ), so ∀s∊ℵ için, 

                  D(s),                 s∊ℵ\R 

  M(s)= 

                  D(s)∩J(s),     s∊ℵ∩R 

Let (M,ℵ) 
＊
~
＊

 (Y,S)=(N,ℵ), so ∀s∊ℵ, 

                   M’(s),                  s∊ℵ \S     

N(s)= 

                   M’(s) ∪Y’(s),      s∊ℵ∩S 

Thus, 

               D’(s),                             s∊(ℵ\R)\S=ℵ∩R’∩S’ 

N(s)=     D’(s)∪J’(s),                    s∊(ℵ∩R)\S=ℵ∩R∩S’ 

               D’(s) ∪Y’(s),                 s∊(ℵ\R)∩S=ℵ∩R’∩S 

               [D’(s)∪J’(s)] ∪Y’(s),     s∊(ℵ∩R)∩S=ℵ∩R∩S   
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Now let’s handle the right hand side of the equality:［(D, ℵ)
＊
~
＊

 (Y,S)］∪̃［(J, R) 
＊
~
＊

 (Y,S)]. Let  (D, ℵ)
＊
~
＊

 

(Y,S)=(V,ℵ), so ∀s∊ℵ, 

               D’(s),                    s∊ℵ\S 

V(s)= 

               D’(s) ∪Y’(s),           s∊ℵ∩S  

Let (J, R) 
＊
~
＊

 (Y,S)=(W,R), so ∀s∊R, 

                J’(s),                      s∊R\S 

W(s)= 

                J’(s) ∪Y’(s),             s∊R∩S 

Assume that (V,ℵ)∪̃ (W,R)=(T,ℵ), so ∀s∊ℵ, 

                 V(s),                     s∊ℵ\R 

  T(s)= 

                 V(s)∪W(s),           s∊ℵ∩R 

Hence,  

                 D’(s),                                                   s∊(ℵ\S)\R=ℵ∩R’∩S’ 

                 D’(s) ∪Y’(s),                                       s∊(ℵ∩S)\R=ℵ∩R’∩S 

T(s)=        D’(s)∪J’(s),                                          s∊(ℵ\S)∩(R\S)=ℵ∩R∩S’ 

                 D’(s) ∪［J’(s) ∪Y’(s)],                        s∊(ℵ\S)∩(R∩S)=∅ 

                [D’(s) ∪Y’(s)］∪J’(s),                          s∊(ℵ∩S)∩(R\S)=∅                 

                [D’(s) ∪Y’(s) ］∪［J’(s) ∪Y’(s)],        s∊(ℵ∩S)∩(R∩S)=ℵ∩R∩S                                           

 

It is seen that  (N,ℵ)=(T,ℵ). 

vi) [(D, ℵ) ∪̃ (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∩̃［(J, R) 
＊
~
＊

 (Y,S)］ 

vii) [(D, ℵ) \̃(J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∪̃［(J, R) λ̃ (Y,S)]. 

viii) [(D, ℵ) λ̃(J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∩̃［(J, R) λ̃  (Y,S)]. 

Proposition 4.4. Let (D, ℵ), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary 

soft binary piecewise star (∗) operation over complementary soft binary piecewise operations we have the 

followings: 

i)(D, ℵ)
＊
~
＊

[(J, R) 
＊
~
＊

 (Y,S)]=[(D, ℵ)
＊
~
+

 (J,R)］∩̃［(D, ℵ)
＊
~
+

 (Y,S)] where ℵ∩R∩S’=∅ 
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Proof: Let’s first handle the left hand side of the equality, suppose (J, R) 
＊
~
＊

 (Y,S)=(M,R), so ∀s∊R, 

                  J’(s),                 s∊R\S 

 M(s)= 

                  J’(s) ∪Y’(s),      s∊R∩S 

Let (D, ℵ)
＊
~
＊

 (M,R)=(N,ℵ), so ∀s∊ℵ, 

                   D’(s),                s∊ℵ\R       

 N(s)= 

                   D’(s) ∪M’(s),    s∊(ℵ∩R 

Thus, 

                 D’(s),                                   s∊ℵ\R  

   N(s)=    D’(s) ∪J(s),                         s∊ℵ∩(R\S)= ℵ∩R∩S’              

                 D’(s) ∪［(J(s) ∩H (s)],       s∊ℵ∩R∩S= ℵ∩R∩S                                                                         

Now let’s handle the right hand side of the equality:(D, ℵ)
＊
~
+

(J,R)］∩̃［(D, ℵ)
＊
~
+

 (Y,S)]. Let  (D, ℵ)
＊
~
+

  

(J,R)=(V,ℵ), so ∀s∊ℵ, 

               D’(s),                      s∊ℵ\R 

V(s)= 

               D’(s) ∪J(s),           s∊ℵ∩R  

  Let (D, ℵ)
＊
~
+

 (Y,S)=(W,ℵ), so ∀s∊ℵ, 

                D’(s),                     s∊ℵ\S 

W(s)= 

                D’(s) ∪Y(s),             s∊ℵ∩S 

 Assume that (V,ℵ)∩̃(W,ℵ)=(T,ℵ), so ∀s∊ℵ, 

                V(s),                      s∊ℵ\ℵ=∅ 

   T(s)= 

                V(s) ∩W(s),           s∊(ℵ∩ℵ=ℵ 

Thus,      

              D’(s)                                          s∊(ℵ\R)∩(ℵ\S)= ℵ∩R’∩S’ 

              D’(s) ∩［D’(s) ∪Y(s)],            s∊(ℵ\R)∩(ℵ∩S)= ℵ∩R’∩S  

T(s)=    [D’(s) ∪J(s)] ∩ D’(s),                 s∊(ℵ∩R)∩(ℵ\S)= ℵ∩R∩S’ 

              [D’(s) ∪J(s)] ∩ [D’(t) ∪ Y(t)],   s∊(ℵ∩R)∩(ℵ∩S)= ℵ∩R∩S 
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Thus,         

              D’(s)                                           s∊(ℵ\R)∩(ℵ\S)= ℵ∩R’∩S’ 

              D’(s),                                          s∊(ℵ\R)∩(ℵ∩S)= ℵ∩R’∩S  

T(s)=     D’(s),                                          s∊(ℵ∩R)∩(ℵ\S)= ℵ∩R∩S’ 

              [D’(s) ∪J(s)] ∩ [D’(t) ∪ Y(t)],   s∊(ℵ∩R)∩(ℵ∩S)= ℵ∩R∩S 

 

Since ℵ\R= ℵ∩R’, if s∊R’, then s∊S\R or s∊(R∪S)’. Hence, if s∊ℵ\R, s∊ℵ∩R’∩S’ or s∊ℵ∩R’∩S. Thus, it is 

seen that (N,ℵ)=(T,ℵ). 

ii) (D, ℵ)
＊
~
＊

[(J, R) 
＊
~
θ

 (Y,S)]=[(D, ℵ)
＊
~
+

 (J,R)］∪̃［(D, ℵ)
＊
~
+

 (Y,S)], where ℵ∩R’∩S=∅ 

iii)  (D, ℵ)
＊
~
＊
［(J, R) 

＊
~
γ

(Y,S)］=［(D, ℵ)
＊
~
+

 (J,R)］∪̃［(Y,S) 
＊
~
＊

 (D,ℵ)], where ℵ∩R’∩S=∅ 

iv) (D, ℵ)
＊
~
＊
［(J, R) 

＊
~
+

 (Y,S)］=［(D, ℵ)
＊
~
+

 (J,R)］∩̃［(Y,S) 
＊
~
＊

 (D,ℵ)] 

v) (D,ℵ) 
＊
~
＊

[(J, R) 
＊
~
∩

 (Y,S)]=[(D, ℵ)
＊
~
＊

 (J,R)]∪̃[(Y,S) 
＊
~
＊

 (D,ℵ)], where ℵ∩R∩S’=∅ and ℵ∩R’∩S=∅. 

vi)［(D,ℵ) 

＊
~
θ

 (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)λ̃ (Y,S)］∪̃［(J, R) λ̃  (Y,S)］ 

Proof: Let’s first handle the left hand side of the equality. Let (D, ℵ)
＊
~
θ

 (J,R)=(M,ℵ), so ∀s∊ℵ, 

             D’(s),                     s∊ℵ\R 

M(s)= 

             D’(s)∩J’(s),            s∊ℵ∩R 

Let (M,ℵ) 
＊
~
＊

 (Y,S)=(N,ℵ), so ∀s∊ℵ, 

              M’(s),                     s∊ℵ\S 

N(s)= 

              M’(s)∪Y’(s),          s∊ℵ∩S 

Thus, 

              D(s),                          s∊(ℵ\R)\S =ℵ∩R’∩S’                

N(s)=    D(s)∪J(s),                  s∊(ℵ∩R)\S= ℵ∩R∩S’              

              D(s) ∪Y’(s),             s∊(ℵ\R) ∩S = ℵ∩R’∩S 

           [ D(s)∪J(s)] ∪Y’(s),     s∊ℵ∩R∩S= ℵ∩R∩S         
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Now let’s handle the right hand side of the equality:［(D, ℵ)λ̃(Y,S)］∪̃［(J,R)λ̃(Y,S)]. Let 

(D, ℵ)λ̃(Y,S)=(V,ℵ), so ∀s∊ℵ, 

               D(s),                      s∊ℵ\S 

V(s)= 

               D(s) ∪Y’(s),           s∊ℵ∩S  

Let (J, R) λ̃ (Y,S)=(W,R), so ∀s∊R, 

                J(s),                      s∊R\S 

   W(s)= 

                J(s) ∪Y’(s),          s∊R∩S 

Let (V,ℵ) ∪̃ (W,R)=(T,ℵ), so ∀s∊ℵ, 

                 V(s),                     s∊ℵ\R 

   T(s)= 

                V(s)∪W(s),           s∊ℵ∩R 

Thus, 

               D(s),                                          s∊((P\S)\R=ℵ∩R’∩S’ 

               D(s) ∪Y’(s),                              s∊(ℵ∩S)\R=ℵ∩R’∩S 

T(s)=      D(s)∪J(s),                                  s∊(ℵ\S)∩(R\S)=ℵ∩R∩S’ 

                D(s)∪ [J(s) ∪Y’(s)],                 s∊(ℵ\S)∩(R∩S)=∅ 

               [ D(s) ∪Y’(s)]∪J(s),                  s∊(ℵ∩S)∩(R\S)=∅ 

               [D(s) ∪Y’(s)]∪J([s) ∪Y’(s)],    s∊(ℵ∩S)∩(R∩S)=ℵ∩R∩S                                                     

It is seen that (N,ℵ)=(T,ℵ). 

vii)  (D, P) 

＊
~
＊

 (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)λ̃ (Y,S)］∩̃［(J, R) λ̃ (Y,S)］ 

viii)[ (D, P) 

＊
~
ɣ

 (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
~
λ  (Y,S)］∪̃［(J, R) 

~
＊ (Y,S)], where ℵ∩R∩S’=∅  

ix) [ (D, P) 

＊
~
+

 (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
~
λ  (Y,S)］∩̃［(J, R) 

＊
~
λ

 (Y,S)], where ℵ∩R∩S=∅ 

Proposition 4.5. Let (D, ℵ), (J,R) and (Y,S) be soft sets over U. Then, for the distributions of complementary 

soft binary piecewise star (∗) operation over restricted soft set operations, we have the followings: 

𝒊)(D, ℵ)
＊
~
＊

[(J, R)  ∩R(Y,S)]= [(D, ℵ)
＊
~
＊

 (J,R)]∩R［(D, ℵ)
＊
~
＊

 (Y,S)], where  ℵ∩R∩S=∅. 

Proof: Let’s first handle the left hand side of the equality, suppose (J, R)  ∩R(Y,S)=(M,R∩S)  and so ∀s∊R∩S, 

M(s)=J(s) ∩Y(s). Let (D, ℵ)
＊
~
＊

 (M,R∩S)=(N,ℵ), so ∀s∊ℵ, 
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                  D’(s),                s∊ℵ\(R∩S)   

N(s)=     

                 D’(s) ∪M’(s),    s∊ℵ∩(R∩S) 

Thus, 

                   D’(s),                                 s∊ℵ\(R∩S)  

N(s)=      

                   D’(s) ∪［J’(s) ∪ Y’(s)],     s∊ℵ∩(R∩S)               

Now let’s handle the right hand side of the equality: [(D, ℵ)
＊
~
＊

 (J,R)］∩R［(D, ℵ)
＊
~
＊

  (Y,S)].  Let (D, ℵ)
＊
~
＊

 

(J,R)=(V,ℵ), so ∀s∊ℵ,          

                

               D’(s),                     s∊ℵ\R 

 V(s)= 

               D’(s) ∪J’(s),           s∊ℵ∩R  

Let  (D, ℵ)
＊
~
＊

 (Y,S)=(W,ℵ), so ∀s∊ℵ, 

                D’(s),                  s∊ℵ\S 

W(s)= 

                D’(s) ∪Y’(s),       s∊ℵ∩S 

Assume that (V,ℵ) ∩R (W,ℵ)=(T,ℵ), and so ∀s∊ℵ, T(s) =V(s) ∩ W(s), 

              D’(s) ∩ D’(s),                                    s∊(P\R)∩(ℵ\S) 

T(s)=    D’(s) ∩[D’(s) ∪Y’(s)],                       s∊(ℵ\R)∩(ℵ∩S) 

            [D’(s) ∪J’(s)]∩ D’(s),                          s∊(ℵ∩R)∩(ℵ\S) 

            [D’(s) ∪J’(s)]∩[D’(s) ∪Y’(s)],           s∊(ℵ∩R)∩(ℵ∩S) 

Hence, 

              D’(s),                                              s∊ℵ∩R’∩S’ 

T(s)=     D’(s),                                               s∊ℵ∩R’∩S 

              D’(s),                                              s∊ℵ∩R∩S’ 

           [D’(s) ∩J’(s)]∪[D’(s) ∩Y’(s)],        s∊ℵ∩R∩S     

Considering the parameter set of the first equation of the first row, that is, ℵ\(R∩S); since ℵ\(R∩S) =ℵ∩(R∩S)', 

an element in (R∩S)' may be in R\S, in S\R or (R∪S). Then, ℵ\(R∩S) is equivalent to the following 3 states: 

ℵ∩(R∩S'), ℵ∩(R'∩S) and ℵ∩(R'∩S'). Hence, (N,ℵ)=(T,ℵ). 

ii)(D, ℵ)
＊
~
＊
［(J, R)  ∪R(Y,S)］=［(D, ℵ)

＊
~
＊

 (J,R)］∩R［(D, ℵ)
＊
~
＊

 (Y,S)]. 
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iii)  (D, ℵ)
＊
~
＊
［(J, R) ＊R (Y,S)］=［(D, ℵ)

＊
~
+

 (J,R)］∩R［(D, ℵ)
＊
~
+

 (Y,S)]. 

iv) (D, ℵ)
＊
~
＊

[(J, R) θR(Y,S)]=[(D, ℵ)
＊
~
+

 (J,R)]∩R[(D, ℵ)
＊
~
+

 (Y,S)], where ℵ∩R∩S=∅. 

v)  (D, ℵ)
＊
~
＊
［(J, R) \R (Y,S)]=[(D, ℵ)

＊
~
＊

 (J,R)］∩R［(D, ℵ)
＊
~
+

  (Y,S)]. 

vi) (D, ℵ)
＊
~
＊
［(J, R) +R(Y,S)］=［(D, ℵ)

＊
~
+

 (J,R)］∩R［(D, ℵ)
＊
~
＊

 (Y,S)]. 

vi)  (D, ℵ)
＊
~
＊
［(J, R) γR(Y,S)］=[(D, ℵ)

＊
~
γ

 (J,R)]∪R [(D, ℵ)
＊
~
θ

 (Y,S)], where ℵ∩R∩S =∅. 

viii)［(D, ℵ) ∪R (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

 (Y,S)］∩R［(J, R) 
＊
~
＊

 (Y,S)]. 

Proof: Let’s first handle the left hand side of the equality, suppose (D, ℵ) ∪R(J,R)=(M,ℵ∩R) so, ∀s∊ℵ∩R, 

M(s)=D(s)∪J(s). Let (M,ℵ∩R) 
＊
~
＊

 (Y,S) =(N,ℵ∩R), so ∀s∊ℵ∩R,   

                    M’(s),                 s∊(ℵ∩R)\S 

  N(s)= 

                   M’(s) ∪Y’(s),      s∊(ℵ∩R)∩S   

Hence,  

                   D’(s)∩J’(s),                       s∊(ℵ∩R)\S= ℵ∩R∩S’ 

  N(s)=  

                 ［ D’(s)∩J’(s)］∪Y’(s),     s∊(ℵ∩R)∩S       

Now let’s handle the right hand side of the equality:［(D, ℵ)
＊
~
＊

 (Y,S)］∩R［(J, R) 
＊
~
＊

 (Y,S)]. Let (D, ℵ)
＊
~
＊

 

(Y,S)=(V,ℵ), so ∀s∊ℵ, 

 

               D’(s),                     s∊ℵ\S 

 V(s)= 

               D’(s) ∪Y’(s),          s∊ℵ∩S  

  Let (J, R) 
＊
~
＊

 (Y,S)=(W,R), so ∀s∊R,  

                J’(s),                      s∊R\S 

  W(s)= 

                J’(s) ∪Y’(s),            s∊R∩S 
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  Suppose that (V,ℵ)∩R (W,R)=(T,ℵ∩R), so ∀s∊ℵ∩R, T(s)=V(s)∩W(s). Thus, 

                D’(s)∩J’(s),                                      s∊(ℵ\S)∩(R\S)=ℵ∩R∩S’ 

T(s)=       D’(s) ∩ [J’(s) ∪Y’(s)],                     s∊(ℵ\S)∩(R∩S)=∅ 

               [D’(s) ∪Y’(s)] ∩J’(s),                       s∊(ℵ∩S)∩(R\S)=∅                

               [D’(s) ∪Y’(s)]∩[J’(s) ∪Y’ (s)],        s∊(ℵ∩S)∩(R∩S)=ℵ∩R∩S      

 

It is seen that (N,ℵ∩R)= (T,ℵ∩R), 

ix)[(D, ℵ) ∩R (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)
＊
~
＊

  (Y,S)］∪R［(J, R) 
＊
~
＊

 (Y,S)]. 

x) [(D, ℵ)＊R (J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)λ̃ (Y,S)］∩R［(J, R) λ̃ (Y,S)]. 

xi) [(D, ℵ)θR(J,R)］
＊
~
＊

 (Y,S)=［(D, ℵ)\̃(Y,S)］∪R［(J, R) \̃ (Y,S) ]. 

5. Conclusion 

The concept of soft set operations is an essential concept similar to fundamental operations on numbers and 

basic operations on sets. Proposing new soft operations and deriving their algebraic properties and 

implementations provide new perspectives for dealing with problems related to parametric data. The operations 

in soft set theory have proceed under two main headings up to now, as restricted soft set operations and 

extended soft set operations. In this paper, we contribute to the soft set literature by defining a new kind of soft 

set operation. Inspired by these ideas, in this paper we have defined a new soft set operation which we call 

complementary soft binary piecewise star operation. The basic algebraic properties of the operations have been 

investigated. Moreoverby examining the distribution rules, we have obtained the relationships between this 

new soft set operation and other types of soft set operations such as extended soft set operations, 

complementary extended soft set operations, soft binary piecewise operations, complementary soft binary 

piecewise operations and restricted soft set operations. This paper can be regarded as a theoretical study for 

soft sets and some future studies may continue by examining the distribution of other soft set operations over 

complementary soft binary piecewise star operation. Furthermore, since soft sets are a powerful mathematical 

tool for detecting insecure objects, researchers may be able to propose new cryptographic or decision methods 

based on soft sets with the help of this new soft set operation. Also, the study of soft algebraic structures can 

be handled again in terms of algebraic properties by the operations defined in this article and thus studying the 

algebraic structure of soft sets from the perspective of this new operation provides deep insight into the 

algebraic structure of soft sets. 
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