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ABSTRACT. The aim of this paper is to study idempotents and units in certain
matrix rings over polynomial rings. More precisely, the conditions under which
an element in M3 (Zp[z]) for any prime p, an element in Ma(Zap[z]) for any
odd prime p, and an element in Mz(Z3p[x]) for any prime p greater than 3
is an idempotent are obtained and these conditions are used to give the form
of idempotents in these matrix rings. The form of elements in Ms(Z2[z]) and
elements in Ma2(Z3[z]) that are units is also given. It is observed that unit
group of these rings behave differently from the unit groups of M2(Zs2) and
Mo (Z3).
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1. Introduction

Idempotents and units in rings play a critical role in the study of rings. Several
classes of elements are defined using idempotents and units, for example, clean
elements (the elements that can be expressed as a sum of an idempotent and a
unit, cf. [8], [13]), strongly clean elements (the elements that can be expressed as a
sum of an idempotent and a unit that commute, cf. [14]), unit regular elements (the
elements that can be written as eu for some idempotent e and unit w, cf. [6], [14]),
Lie regular elements (the elements that can be written as eu — ue where e is an
idempotent and w is a unit, cf. [15]), etc. Due to their importance, the idempotents
and units generated interest among several researchers and efforts have been made
to compute idempotents and unit groups of rings.

The problem of obtaining structure and presentation of unit groups of rings
have also drawn attention of several researchers. Important contributions have
been made in some special cases (for example see [1], [2], [3], [5], [9], [10], [12], [15],
[16]). These studies, however, are far from complete and a lot more needs to be
done. In the case of polynomial rings, Kanwar, Leroy and Matczuk showed that

for an abelian ring (a ring in which all idempotents are central) R, idempotents



148 P. KANWAR, M. KHATKAR AND R. K. SHARMA

in the polynomial ring R[z] over R are precisely idempotents in R ([7, Lemma 1])
and that for a reduced ring R, the units in the polynomial ring R[z] over R are
precisely the units in R ([8, Corollary 1.7]). In fact, a ring R is reduced if and only
if the unit group of R[z] is same as the unit group of R. Not much, however, is
known in the case of polynomial rings over matrix rings (equivalently, matrix rings
over polynomial rings).

In this article, we study idempotents and units in certain matrix rings over
polynomial rings. We give conditions for elements in Ms(Zap[z]) (where p is an
odd prime) and M(Zsy[x]) (where p is a prime greater than 3) to be idempotent
and use these to give form of idempotents in these rings (Theorems 3.5 and 3.7).
We also show that for any ring R, every derived subgroup of the unit group of the
matrix ring of n X n matrices over the polynomial ring R[z] has units of certain
form that are commutators of units of the same form (Proposition 4.1 and Corollary
4.2) showing, as a byproduct, that the unit group of M, (R[z]) is not solvable. In
Theorem 4.4 and Theorem 4.5, we give conditions for elements of My(Zs[z]) and
M5 (Zs|x]) to be units and use these to give form of units in these rings. We further
observe that unit group of Ms(Zz[x]) and unit group of Ma(Zs[x]) behave differently
from the unit group of Ms(Z2) and the unit group of Ms(Z3) respectively.

2. Preliminaries and notation

Throughout, a ring will mean an associative ring with unity and for any positive
integer n, Z,, will denote the ring of integers modulo n. For any ring R, E(R) will
denote the set of all idempotents in R and U(R), the unit group of R. For any
positive integer n, M, (R) will denote the ring of n x n matrices over a ring R and
GL(n,R) will denote the general linear group (the group of all n x n invertible
matrices over a ring R). For a commutative ring R and for every positive integer
n, SL(n, R) will denote the special linear group (the group of all n x n invertible
matrices over the ring R that have determinant 1).

‘We will use standard definitions for determinant and trace of matrices over com-

a b
mutative rings (cf. [11]). More precisely, for a 2 x 2 matrix A = over a
c

commutative ring R, determinant of A is ad — bc and trace of A is a+d. Recall that
the determinant of product of two matrices over a commutative ring is the product
of the determinant of two matrices.

As in the literature, for any two integers a and b with at least one of them non-

zero, ged(a,b) will denote the greatest common divisor of a and b and for a positive
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integer n, ¢(n) will denote the number of positive integers less than n and relatively
prime to n.

For any two elements g1, g2 of a group G, (g1, 92) will denote the commutator
g1 tg2"tg192 of g1 and go. For any group G, 6(G) will denote the group of all
commutators of elements of G, called the derived subgroup of G. For any positive
integer n, 6 (G) will denote the derived subgroup of §*~1(@), where 6(0(G) = G
and 01 (G) = §(G). 6((G) is called the n'™™ derived subgroup of G.

A group G is said to be solvable of length d if its derived series is of the form
{1} = Go < G; < -+ < G4 = G in which each factor G;;+1/G; is abelian for
1=0,1,...,d — 1. A metabelian group is a group whose commutator subgroup is

abelian. In fact, they are precisely the solvable groups of derived length 2.

We now give some results that will be useful in our study. We begin with the

following proposition that may also be of independent interest.

n .
Proposition 2.1. Let R be any ring with unity and a = Y, a;x* is an element in

i=0
R[z] such that a®> — a € R. If any of the following conditions hold:
(1) R has no non-zero nilpotent elements,

(2) apa; = a;ap for 1 <i<n and 2a9 — 1 is a unit in R,

then a € R.

Proof. If R has no non-zero nilpotent elements and a? — a € R, then it is easy
to see that a; = 0 for 1 < ¢ < n. The proof, in the second case, is similar to the
proof of Lemma 1 in [7]. We give a brief outline for the sake of completeness. If
a ¢ R and a; (i > 0) is the first non-zero coefficient in a, then a> — a € R gives
2apa; — a; = 0. But then a; = 0 as 2ag — 1 is a unit in R, a contradiction. Thus
a € R. a

In particular, we have the following corollary.

Corollary 2.2. [7, Lemma 1] Let R be any ring with unity and e = E e;x" € R[]

be an idempotent element such that ey commutes with e; for 1 < i < n. Then

€ =ep.
Corollary 2.3. [7, Lemma 1] If R is an abelian ring, then E(R[z]) = E(R).

Corollary 2.4. If R is a ring with no non-zero nilpotent elements, then E(R[x]) =
E(R).
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We remark that the requirement of 2ag — 1 being a unit in R in Condition (2)
of Proposition 2.1 cannot be dropped even when R is commutative. For example,
the polynomial a(z) = 2 + 3z in Zg|x] satisfies the condition a? —a € Zg but is not

in Zg.

Theorem 2.5. Let R be a commutative ring. Then the trace of every mon-trivial

idempotent in Ma(R) with determinant 0 is an idempotent.

a

Proof. Let A = <
c

b
J > be a non-trivial idempotent in M3(R) and let the deter-

minant of A is 0, that is, ad—bc = 0. Since A is an idempotent,
ac+cd  be+ d?

a®+be ab+bd ) B

c d
ad = be, we have (a + d)? = a + d, that is, the trace of A is an idempotent. O

b
( “ ) Thus a?+be = a and be+d? = d and hence a® +2bc+d? = a+d. Since

We remark that the trace of an idempotent in Mz (R) with non-zero determinant

4 3 3 0
need not be an idempotent. For example, the matrices ( 01 ) and ( 0 1 ) in

3 0
M (Zg) are both idempotents with non-zero determinant and the trace of < 01 >

4 3
is an idempotent whereas that of ( 0 1 ) is not an idempotent.

Proposition 2.6. Let R be a commutative ring. Then an element of Ms(R) with

trace 1 is an idempotent if and only if its determinant is 0.

b
Proof. The result follows once we observe that the determinant of ( @ ) >
c —a

. a
1sa—a2—bcand<
c l—a

) is an idempotent if and only if a2 +bc=a. O
Theorem 2.7. Let R be a commutative ring with no non-trivial idempotents. Then
the trace of every non-trivial idempotent in Ma(R) is 1.

a

b
Proof. Let A = J be a non-trivial idempotent in My(R). Then the
¢

determinant of A is also an idempotent. Since R has no non-trivial idempotents,

the determinant of A is either 0 or 1. If the determinant of A is 1 then A is a unit as

10
well as an idempotent. Thus A = L) a contradiction as A is a non-trivial
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idempotent. If the determinant of A is 0 then, by Theorem 2.5, trace of A is an

idempotent. Since R has no non-trivial idempotents, the trace of A is either 0 or

1. If the trace of A is 0 then d = —a. Since ad — bc = 0, we have a2 + bc = 0 and
24+b b+ bd 0 0

v tbe ab = . Thus A is the zero

ac+cd be+ d? 0 0

matrix, a contradiction as A is a non-trivial idempotent. Hence the trace of A is
1. O

be + d? = 0. Hence A? = (

Note that, if R is a commutative ring with non-trivial idempotents then Ms(R)

may have idempotents having non-idempotent trace. For example, the matrices

4 3 4 0
( 01 > and ( 0 4 ) in M3(Zg) are both idempotents with non-idempotent

trace.

Also note that the result in Theorem 2.7 does not hold for M3(R) where R is a
commutative ring with unity having no non-trivial idempotents, for example, the
1 00

matrix 0 | in M3(Zs) is a non-trivial idempotent with trace different
0

0 1
0 0
from 1.

Recall that, if n = p"'pJ"...pI" then Z, = Liymy X Lz X« X Lpmr and
for each prime p and each positive integer m, Z,~ has no non-trivial idempotents.
Thus the idempotents in Z,, are (e1,es,...,e,), where e; = 0 or 1 for each i. The
following proposition gives precise formulas for the non-trivial idempotents in the
case of 2 primes. Similar argument can be used to obtain the precise formulas for

all non-trivial idempotents in the general case.

Proposition 2.8. If p and q are distinct primes and m and n are positive integers
then idempotents in Zymgn are 0, 1, P @D and ¢ =D modulo pmgn,
where k and | are the smallest positive integers such that kq" (¢ —1) — m and

Ip™~1(p — 1) — n are positive.

Proof. Let x be an idempotent in Zymgn. Then z? = z(mod p™q¢™). Thus z? =

x(mod p™) and 22 = x(mod ¢"). Now z?

= z(mod p™) gives x = 0(mod p™) or x =
1(mod p™) and 22 = x(mod q") gives x = 0(mod ¢") or x = 1(mod q").

If z = 0(mod p™) and x = 0(mod ¢") then, as ged(p™,q"™) = 1, we have © =
0(mod p™q™) and if x = 1(mod p™) and = = 1(mod ¢"™) then, as ged(p™,¢") = 1,

we have x = 1(mod p™q™). Now let x = 0(mod p™) and = = 1(mod ¢") then, using
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Chinese Remainder Theorem (cf. [4]) and the fact that p?(4") = 1(mod ¢") (Euler’s
Theorem, cf. [4]), we get © = pkqn_l(q’l)(mod p™q™), where k is the smallest
positive integer such that kq"~*(q — 1) —m is positive . Similarly if = 1(mod p™)
and 2 = 0(mod ¢") then z = ql”mfl(p_l) (mod p™q™), where [ is the smallest positive
integer such that Ip™~!(p — 1) —n is positive. Thus the only idempotents in Zm 4n

n—l(

are 0,1,p*" (@1 and ¢»" (=1 modulo p™g" where k and [ are the smallest

positive integers such that k¢" (¢ — 1) —m and Ip™ 1 (p — 1) —n are positive. [

As a particular case of Proposition 2.8, it follows that if p and ¢ are distinct
primes then the idempotents in Z,, are 0, 1, p?=1, ¢?~! modulo pq and if p and q are
distinct primes such that ¢ > p then the idempotents in Z,2, are 0, 1, pi~t, gPP—1
are 0, 1, p2a—1, qPZ(p_l) modulo p3g.

modulo p?q and those in L3 g

3. Idempotents in matrix rings over polynomial rings

In this section, we give conditions such that a matrix in Ms(R[x]), where R
is a commutative ring, is an idempotent and use it to give the form of idempo-
tents in My (Zy[z]), where p is a prime, My (Zoy[z]), where p is an odd prime, and
Mj(Z3p[x]), where p is a prime greater than 3. We first prove the following propo-

sition.

Proposition 3.1. If R is a reduced commutative Ting then the determinant as well

as the trace of every idempotent in My(R[z]) is in R.

a(z) b(z) )
c(z) d()

be an idempotent in My(R[z]). For convenience, we will write a, b, ¢, d for

Proof. Suppose R is a reduced commutative ring and let A = (

a(x), b(z), c(x), d(z) respectively. Since A is an idempotent, determinant of A is
an idempotent in R[z]. Since R is commutative, idempotents in R[z] are precisely
the idempotents in R. Hence determinant of A is an idempotent in R, that is,
ad — bc € R. Again, as A is an idempotent, we have a? + bc = a, b(a + d) = b,
c(a+d) = ¢, and be+d? = d. Thus (a+d)? = a+d+2(ad —be). Since ad —be € R,
we have (a+d)? — (a +d) € R. Hence, by Proposition 2.1, a +d € R, that is, trace
of Aisin R. O

Since for a commutative ring R, the idempotents in the polynomial ring R[z] over
R are precisely the idempotents in R and for a commutative ring R with no non-
trivial idempotents, trace of every non-trivial idempotent in My(R) is 1 (Theorem

2.7), we have the following proposition.
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Proposition 3.2. Let R be a commutative ring with no non-trivial idempotents.
Then the non-trivial idempotents of Ma(R[z]) are of the form

a(z)  bz)
( cz) 1—a(x)
that a(z)(1 — a(x)) = b(z)c(x).

), where a(x), b(x), c(z) € Rlx], not necessarily non-zero, such

Since for any prime p, Zp[z] has no non-trivial idempotents, we have the

following corollary.

Corollary 3.3. For any prime p, the non-trivial idempotents of Mas(Zy[x]) are
t

of the form (z) a(w)
r(z) 1—t(x)

non-zero, such that t(x){1 —t(x)} = q(z)r(z).

>, where q(z), r(z), t(xz) € Zylz], not necessarily

We now obtain conditions under which a matrix in M(Zop[z]), where p is an odd
prime, is an idempotent and use this to give the form of idempotents in Ms(Zoy[z]).

We first prove the following proposition.

Proposition 3.4. For any odd prime p and any non-trivial idempotent A in
M (Zapx]), one of the following holds:

(1) determinant of A is 0 and trace of A is either 1 or p or p+ 1,
(2) determinant of A is p and trace of A is either 0 or p+ 1,
(3) determinant of A is p+ 1 and trace of A is either 2 or p + 2.

In particular, the same holds for the idempotents in Ma(Zap).

Proof. First note that the idempotents in Zy, are 0, 1, p, and 2P~ (Proposition
2.8). Since for any odd prime p, 2= = (p + 1)(mod 2p) and the idempotents in
Zsp|z] are precisely the idempotents in Zg,, the idempotents in Zg,[z] are 0, 1, p,
a(z) b(x)
c(z) d(z)
For convenience, we will write a, b, ¢, d for a(x), b(z), c(z), d(x) respectively.

and p+1. Now let A = < ) be a non-trivial idempotent of Mz (Zoy[z]).

Since A is an idempotent, we have a? + bc = a, b(a + d) = b, c¢(a + d) = ¢, and
bc+ d? = d and determinant of A is an idempotent in Zsap, (Proposition 3.1). Thus,

10
determinant of A is 0 or 1 or p or p+1. If determinant of A is 1 then A = < ) > ,

a trivial idempotent in M(Zo,[z]). Hence, the determinant of A is 0 or p or p+ 1.
Also, trace of A is in Zs, (Proposition 3.1), that is, a + d € Zy,.

Case 1: Determinant of A is 0. In this case, by Theorem 2.5 and Proposition 3.1,
trace of A is an idempotent in Zsy,. Thus a+d is either O or 1 or p or p+1. If a4+d =0
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then, as in Theorem 2.7, A is the zero matrix in My(Zg,[x]), a contradiction as A

is a non-trivial idempotent.

1 0 0 1 0
Note that the matrices , P ) Pt in My(Zsyp[x]) have
0 0 0 0 0 0

determinant 0 and trace 1, p, p + 1 respectively.
Case 2: Determinant of A is p. In this case, ad—bc = p, a>+bc = a, and be+d? = d
give (a +d)? = a +d, that is, a + d is an idempotent. Since a + d € Zg,, a + d is
either O or 1 or p or p+ 1. We claim that a +d is 0 or p + 1.

If a +d =1 then ad — be = p gives a® + bc = —p + a(mod 2p) and hence

-p+a b . . .
A% = b . Since A is an idempotent, we get —p 4+ a = a, a
c l1+p—a
contradiction.

If a + d = p then ad — bc = p gives a® + bc = pa — p and hence
— b
A? = ( pa—p P ) Since A is an idempotent, we get (p — 1)a = p.

pc  p’+p—pa
Thus (p — 1)ap = p(mod 2p) where ag is the term without = in a. This is not

possible as ged(p — 1,2p) = 2 and 2 does not divide p.
0 0
Note that the matrices < g ), ( P ) ) in My(Zgp[x]) have determinant

p 0
p and trace 0, p + 1 respectively.

Case 3: Determinant of A is p + 1. In this case, ad — bc = p + 1, a® + bc = a, and
be+d* = d give (a+d)? = a+d+2. Since a+ d € Za,, we get a+d is either 2 or
—lorp—1orp+2.

We claim that the cases a +d = —1 and a +d = p — 1 are not possible if p # 3.
Note that the cases a+d = —1 and a+d = p—1 coincides with the cases a+d = p+2
and a + d = 2 respectively when p = 3. Let p # 3.

Ifa+d=p—1, thend =p—1—a and hence ad — bc = p + 1 gives a® +
pa—1—a—p (p—1)b

(p=Dec  (p+1)a
idempotent, we have (p—2)b =0 and (p—2)c = 0. Since ged(p —2,2p) = 1, we get
a 0

b=c=0and hence A = 0 ) ) . Since A is an idempotent, both a and
p—1—-a

bc = pa—a—p—1. ThusA2< ) Since A is an

p— 1 —a must be idempotents in Zs,[z] and hence in Zs,. Thus, using a®> = a and
(p—1—a)? =p—1-—a, we get 4a = —2(mod 2p). Since a, being an idempotent
in Zgp, is either 0 or 1 or p or p+ 1, it is easy to see that none of the values of a

satisfy 4a = —2(mod 2p).
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a® + bc —b
—c be + d?
get a® + bc = a, 2b = 0, and 2c = 0. Hence 4a? = 4a. Also, as ad — bc = p+ 1, we
have a(—1 —a) —bc = p+1 and hence 2a = p+1 as a® + bc = a. Now 4a® —4a =0
gives (p —1)%2 — 2(p — 1) = 0. Thus, p + 3 = 0(mod 2p), which is not possible as p

does not divide 3.
1 0 1 0
Note that the matrices ( P ) and < pJOr ) ) in My (Zgp|x]) have

If a +d= —1, then A% = ( ) Since A is an idempotent, we

0 p+1
determinant p + 1 and trace 2 and p + 2, respectively.

Theorem 3.5. For any odd prime p, any non-trivial idempotent in Ma(Zop|x]) is

of one of the following forms:

p 0 p+1 0
<1>( )

o , where a(x){1 —a(x)} — b(x)c(x) =0
(m 1_a>> ()11 - al@)} - b(z)ela)

pa(z)  pb(z)

, where a(x){1l —a(x)} — b(x)c(z) = x

(,)c(x) pla(w))> (2){1 — a(x)} ~ blz)e(x) = 27 (2)

2a(x) 2b(x) ol
( 2e(x) pt1-—2a(x) ), where a(x){1 — 2a(z)} — 2b(z)c(x) = pg(x)
( p + 2a(x) (1’2 )7 where a(z){1 — 2a(z)} — 2b(z)c(x) = ph(x)

(

2¢(x) 1 — 2a(x)

©) ( 1+ pa(x) pb(x)
pe(z)  p+1-pa

where a(z), b(x), c(z), f(z), g(z), h(z), and ¢(x) are polynomials in Zsylx], not

() >, where a(z){1 — a(x)} — b(z)c(x) = 2¢(x),

necessarily non-zero.

Proof. It is easy to check that the matrices in (1)—(6) with the given conditions are
idempotents in M (Zzy[x]), so we are only left to prove that every idempotent in
a(z) b(x)
c(x) d(x)
in M3(Zsyp[z]). Then, by Proposition 3.4, one of the following holds:

Ms(Z2p[x]) has one of the stated forms. Let A = ( > be an idempotent

(2) determinant of A is p and trace of A is either 0 or p+ 1,
(3

We first consider the case when determinant of A is 0. In this case, trace of A is

(

(1) determinant of A is 0 and trace of A is either 1 or p or p + 1,
)
)

determinant of A is p + 1 and trace of A is either 2 or p + 2.

either 1 or p or p+ 1, that is, a + d is either 1 or p or p + 1.
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If a4+d =1, then d = 1 — a and hence ad — bc = 0 gives a? + bc = a. Also

c l—a

b
(a+db=0b, (a+d)c=c,and bc+d*> =1 —a. Thus, A% = ( “ ) Thus,

a

b
in this case, A = x)) (z)

(
c(x
a(z){l —a(x)} = b(z)c(x).

If a +d = p, then d = p — a and hence ad — be = 0 gives a® + bc = pa. Thus

1~ a(a) ), where a(z), b(z), c(z) € Zgp[x] such that

b
Qa2 (PP . Since A is an idempotent, (p — 1)a = 0, (p — 1)b = 0,
pc p—pa
and (p — 1)e = 0. Therefore, a = pa’(x), b = pb/(x), and ¢ = pc’(z), where
a'(z), V' (x) and ¢/(x) are polynomials in Zyy[z]. Now since ad — be = 0, we get
pa (z){1—a'(x)} = pb'(z)c (), which is equivalent to a'(x){1—a’(x)} =V (z) (x) =
a(x)  pb(z)
c(x) p(l—afx))
b(x)e(z) = 2f(x) for

2f(x) for some polynomial f(x) € Zsp[z]. Hence, A = < P
p
where a(x), b(z), c(x) € Zgy[z] such that a(x){1l — a(x)} —
some f(x) € Zap[z].
If a4+d = p+1, then d = p+1—a and hence ad — bc = 0 gives a®> +bc = (p+1)a.
1 1)b
Thus, A2 = (p+1a (p+1) . Since A is an idempotent, pa = 0,
(p+1)ec pa+p—a+1
2a(x) 2b(x)
2¢(x) p+1—2a(x) )
where a(z), b(z), c(z) € Zgp[z] such that a(x){1l — 2a(x)} — 2b(x)c(z) = pg(z) for

some g(x) € Zoplx].

pb = 0, and pc = 0. Hence, as in the previous case, A =

Next, we consider the case where determinant of A is p. In this case trace of A
is either 0 or p + 1, that is, a + d is either 0 or p + 1.

It is easy to see that the determinant of (A + pI) is 0 and the trace of (A +
pl) is trace of A. Therefore, by the previous case, A + pI is either the zero

2a(x) 20(x) )7 where a(z), b(z), c(z) €

matrix in Ms(Zgp[x]) or ( 2¢(x) p+1-—2a(x)

Zgp|z] such that a(z){l — 2a(z)} — 2b(z)c(x) = pg(x). Hence A is ( g 0 )
p

p + 2a(x) 2b(x)
2¢(x) 1 —2a(x)
2a(z)} — 2b(z)c(x) = ph(z) for some h(z) € Zgp[x].
Finally, we consider the case where determinant of A is p+ 1. In this case, trace
of A is either 2 or p + 2, that is, a + d is either 2 or p + 2.

), where a(z), b(z), c¢(x) € Zoplx] such that a(x){1 —
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If a+-d = 2, then d = 2—a and hence ad—bc = p+1 gives a®?+bc = 2a—p—1. Thus

2a —p—1 2b
A? = ap . Since A is an idempotent, we get a = p + 1,
2c 34+p—2a
1 0
b=c=0 Thus A= | 7~ .
0 p+1

Ifa+d=p+2, then d =p+ 2 — a and hence ad — bc = p + 1 gives a? + bc =

2a+pa—p—1 (p+2)b
(p+2)c 3+ pa—2a

idempotent, we have (p+ 1)a=p+1, (p+1)b =0, and (p + 1)c = 0. Hence, as

2a + pa —p — 1. ThusAz( ) Since A is an

' _ | LHpel@ Pb(z) where a(z), b(z), c(z x] suc
earlier, A = ( (@) p+1—pale) >, here a(z), b(z), c(x) € Zapy[z] such
that a(z){1 — a(z)} — b(z)c(z) = 2¢(z) for some ¢(x) € Zapz]. O

Note that all computations in Proposition 3.4 and Theorem 3.5 are modulo 2p,
even if it is not explicitly stated. We also observe that every idempotent of form 3

in Theorem 3.5 is orthogonal to every idempotent of form 4.

Proposition 3.6. For any prime p greater than 3 and any non-trivial idempotent
A in My (Zsp[x]), one of the following holds:

(1) determinant of A is 0 and trace of A is either 1 or p* or 3771,
(2) determinant of A is 3?~1 and trace of A is either 3?1 +1 or 23771,
(3) determinant of A is p* and trace of A is either 2p* or p® + 1.

In particular, the same holds for the idempotents in Ma(Zsp).

Proof. First note that the idempotents in Z3, are 0, 1, p?, and 3~! modulo 3p
(Proposition 2.8). Thus the idempotents in Zg,[x], being same as the idempotents
a b
(@) b@) ) .
c(z) d(x)

non-trivial idempotent of Ms(Zsp[x]). For convenience, we will write a, b, ¢, d for

in Zs,, are 0, 1, p?, and 3?~! modulo 3p. Now let A = (

a(z), b(z), c(x), d(x) respectively. Since A is an idempotent, we have a? + bc = a,
bla+d) = b, cla+d) = c, and be + d> = d. Also, as determinant of A is an

idempotent in Zs, (Proposition 3.1), determinant of A is 0 or 1 or p* or 377!
10
modulo 3p. If determinant of A is 1, then A = ( 0 1 ), a trivial idempotent

in Ms(Zsy[z]). Hence determinant of A is 0 or p? or 3?~! modulo 3p. Also, by
Proposition 3.1, trace of A is in Zs,, that is, a + d € Zs,.
Case 1: Determinant of A is 0. In this case, by Theorem 2.5, trace of A is

an idempotent in Zs,[z] and hence in Zs,. Thus a + d is either 0 or 1 or p? or
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3771 If a + d = 0 then, as in Theorem 2.7, A is the zero matrix in Ms(Zsp[x]), a

contradiction as A is a non-trivial idempotent.

1 0 20 31
Note that the matrices , p , in My (Zsp|x])
0 0 0 0 0 0

have determinant 0 and trace 1, p?, 37~! respectively.
Case 2: Determinant of A is 3?~1. In this case, ad — bc = 3P~ !, a? + be = a, and
be +d? = d give (a+d)?> =a+d+2-3°"(mod 3p). Since a +d € Zs,, we get
a+d is either 3?71 4+ 1 or 2-37~1 or =3P~ or 1 —2-37~!. We claim that the cases
a+d=-3""anda+d=1-—2-37"1 are not possible.
If a+d= —3""1, then d = —37~! — a and hence ad — bc = 3P~! gives a? +
—3p~lqg —3p~1  _3p71p

bc = —3P~1q — 371, Thus A% = . Since A is an
-3l R
idempotent, we have (3771 +1)b = 0 and (3?71 +1)c = 0. Since ged(3771 +1,3p)=1
0
we get b =c=0. Thus A = “ . Since A is an idempotent, both
0 -3 1t-qg

a and —3P~! — @ must be idempotents in Zs,[z] and hence in Zs,. Hence this case
is not possible, as —3P~! — @ is not an idempotent for a = 0, 1, p?, and 3P~
Tfa+d=1-2.3""1 then A% — ( a’+be  (1-2-570p ) Since
(1-2-3"1)c be + d?
A is an idempotent, we get a® +bc = a, 2-37"1b =0, and 2 -3¢ = 0. Thus
(2-3771a)2—2(2-37"ta) = 0. Also, as ad—bc = 371, we have a(1—-2-3?"1 —a)—bc =
377! and hence 2-3°"ta = =3P~ as a® +bc = a. Now (2-3771a)? —2(2-3771a) =0
gives (—3P71)2 — 2(=3P~1) = 0. Thus 37 = 0 (mod 3p), which is not possible as
3P = 3 (mod 3p).

3P=
determinant 37~! and trace 2-3P~! and 37! 4 1, respectively.

p—1 0 3P~ 0
Note that the matrices 0 , | and 0 1 in My(Zsp[x]) have

Case 3: Determinant of A is p?. In this case, ad — bc = p?, a® + bc = a, and
be + d? = d give (a + d)? = a + d + 2p*(mod 3p).

If p = 1(mod 3), then p?> = p(mod 3p). Therefore, (a+d)? = a+d+2p(mod 3p).
Since a + d € Zsp, a + d is either 2p or p + 1.

Note that the matrices < g 0 >7 ( P 2 ) in My (Zsp,|x]) have determinant

P 0
p? = p(mod 3p) and trace 2p = p*(mod 3p), p+ 1 = p? + 1(mod 3p), respectively.

If p = 2(mod 3), then p? = 2p(mod 3p) and hence 2p? = p(mod 3p). Therefore,
(a+d)? = a+d+ p(mod 3p). Since a + d € Zsp, a + d is either p or 2p + 1.
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2p 0 2p 0
Note that the matrices ( é) 5 ), ( SD ) ) have determinant p? = 2p(mod 3p)
D

and trace p = 2p%(mod 3p), 2p + 1 = p? + 1(mod 3p), respectively. |
Theorem 3.7. For any odd prime p greater than 3, any non-trivial idempotent in
My (Zsp|x]) is of one of the following forms:

3=t 0 » 0
0 31 )7\ 0 p?

b(z) () >, where a(x){1 —a(z)} — b(z)c(x) =0

(a(w)
c(z) 1—a(zx
pPa(z)  p*b(z)

, where a(z){l —a(x)} — b(x)c(x) = 3f(x
(pzc(x)pla())> (@){1 —a(z)} - b(z)c(x) = 3f(x)
(3” La(x) 3P~ 1p(x)
3P~ le(z) 3P (1 —a(x))

(1 a(x) pb(x)
3~ — pa(z)
p? —|—3a (x) 3b(x)
, where a(z){1 — 3a(z)} — 3b(x)c(x) = x),
()( 3e(z) 13a(x)> (@) ()} — 3b(z)c(z) = po(x)

where a(z), b(x), c(z), f(z), g(z), h(z), and ¢(x) are polynomials in Zs,[x], not

), where a(x){1 — a(z)} — b(z)c(z) = pg(x)

> , where a(x){1+ pa(x)} + pb(z)c(x) = 3h(x)

necessarily non-zero.

Proof. It is easy to check that the matrices in (1)-(6) with the given conditions are
idempotents in Ma(Zs,[x]), so we are now left to prove that every idempotent in
a(z) b(x)

M>(Z3px]) has one of the stated forms. Let A =
c(x) d(z)

) be an idempotent

in Mg(ng[x])
Then, by Proposition 3.6, one of the following holds:
(1) determinant of A is 0 and trace of A is either 1 or p? or 3771,
(2) determinant of A is 3?~! and trace of A is either 3= + 1 or 2- 3771

(3) determinant of A is p? and trace of A is either 2p? or p? + 1.

We first consider the case when determinant of A is 0. In this case, trace of A is
either 1 or p? or 3?1, that is, a + d is either 1 or p? or 3P~1.
Ifa+d=1, then d = 1 — a and hence ad — bc = 0 gives a? + bc = a. Also,

b
(a+d)b=>b, (a+d)c=c, and bc+d*> =1 —a. Thus7A2:<a ) ).Hence,
¢c l—a

a

b
in this case, A = x)) (z)

(
c(x
a(z){l —a(x)} = b(x)c(x).

|- a(z) ), where a(z), b(z), c(x) € Zsp[z] such that
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If a+d = p?, then d = p? —a and hence ad—bc = 0 gives a®+bc = p?a. Thus, A% =
p’a  p?b
. Since A is an idempotent, we get (p*> —1)a = 0, (p>—1)b = 0,
2 2
p’c p*(1—a)
and (p? — 1)c = 0, that is, a, b, ¢ belong to the annihilator of p? — 1 in Zjg,[x].
Therefore, as p? is an idempotent in Zs,, a = p*d’(z), b = p?b/(z), and ¢ = p?c(z),
where a/(z), b'(z), and ¢/(x) are polynomials in Zs,[x]. Now, since ad — bc = 0,
we get p?a’(x){1 — d/(z)} = p?V/(x)c/(x), which is equivalent to o/ (z){1 — a/(z)} —
pla(z)  p*b(z)
pPe(z) p*(1—alz)) )’
where a(z),b(x), c(x) € Zsp,[x] such that a(z){l—a(z)} —b(z)c(x) = 3f(x) for some
f(l‘) S ng[x]
If a+d = 3°"!, then d = 3?~! — a and hence ad — bc = 0 gives a® + bc =
R} 3r=1p
3~lc 31 -a)
(3771 —1)a=0, (371 —1)b =0 and (3! —1)c = 0 . Hence, as in the previous
g1 37-1p

case, A = al@) (@) , where a(z), b(x), c(x) € Zsp[z] such
3P~le(x) 3P7H(1 — a(x))

that a(z){1 — a(z)} — b(z)c(z) = pg(zx) for some g(z) € Zgp[z].

Next, we consider the case, where determinant of A is 3?~!. In this case, trace
of Ais2-37~! or 14 37~! modulo 3p, that is, a +d is 2- 37~ or 1 + 3~ modulo

b (x)c (x) = 3f(x) for some f(x) € Zgp[z]. Hence A =

3~ lg. Thus A2 = ( > Since A is an idempotent, we get

3p.
If a+d=2-3"1 then d = 237! — a and hence ad — bc = 3P~! gives
2.3p71g — 3p—1 2.3, 1p
2-3P" ¢ ¥ —2.3"1 |
Since A is an idempotent, we get (23771 —1)b = 0 and (23771 — 1)c = 0.

Since 377! is an idempotent, 2 - 3?~! — 1 is a unit. Thus b = ¢ = 0. Therefore,

a2 +bec =2-3"1g —3r~1 Thus A% =

0 2-37"1—q
be idempotents in Zs,[z] and hence in Zs,. Thus a = 3P~! as 2-3°~! —q is not an

0
A= ( ¢ ) Since A is an idempotent, both a and 2 - 3?~! — @ must

0 3rt
Ifa+d=1+37"1 then d = 3?"!+1—aqa and hence ad—bc = 37! gives a®+bc =
3r—1lg +q — 3p~1 (371 4+ 1)b )

(3 14+1e 1+2-30° 131 41)a )
Since A is an idempotent, we get 3?"'a = 377!, 3?71 = 0, and 37~ 'c = 0. Thus,

L ( Ltpa()  ph)
pe(z) 3P —pa(z)
a(x){1+ a(x)} + pb(x)c(z) = 3h(x) for some h(z) € Zsp[z].

31 0
idempotent for a = 0, 1 and p?. Hence A = )
37~lq +a — 3P~ Thus, A? = <

), where a(x), b(z), c(x) € Zsy[x] such that
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Finally, we consider the case where determinant of A4 is p2. In this case, trace of
A is either 2p? or p? + 1 modulo 3p, that is, a +d is either 2p? or p? + 1 modulo 3p.

If p = 1(mod 3) then, as p?> = p(mod 3p), a + d is either 2p or p + 1.

If a+d = 2p, then d = 2p — a and hence ad — bc = p? = p(mod 3p) gives
(2a—1)p 2pb

a? + bc = (2a — 1)p(mod 3p). Thus A? =
2pc —2pa

). Since A is an
idempotent, we get (2p — 1)b = 0 and (2p — 1)c = 0. Now, as p is an idempotent,
a 0

0 2p—a
an idempotent, both a and 2p — @ must be idempotents in Zgy[z] and hence in

2p — 1 is a unit. Thus b = ¢ = 0. Therefore, A = ( ) Since A is

Z3p. Thus, a = p, as 2p — a is not an idempotent for a = 0, 1, and 3r~1. Hence
0
A=(T 7).
0 p
Ifa+d=p+1, then d=p+1—a and hence ad — bc = p? = p(mod 3p) gives
pa+a—p (p+1)b >

(p+lec 14+2p—(p+1)a
Since A is an idempotent, we get pa = p, pb = 0, and pc = 0. Thus, A =
( p+3a(z)  3b(z)
3c(x) 1 —3a(z)
3a(z)} — 3b(x)c(x) = po(x) for some ¢(x) € Zs,[x].
If p = 2(mod 3) then, as p? = 2p(mod 3p), a + d is either p or 2p + 1.

a? + bc = pa + a — p(mod 3p). Thus, A? = (

>, where a(z), b(x), c(z) € Zsplx] such that a(z){1 —

If a+d = p, then d = p — a and hence ad — bc = p*> = 2p(mod 3p) gives

+ b

a?+bc = pa+p(mod 3p). Thus A% = pap P . Since A is an idempotent,
pc 2pa

we get (p—1)b =0 and (p—1)c = 0. Now, as 2p is an idempotent, p—1 = 2(2p)—1 is

a 0
0 p—a
both ¢ and p — a must be idempotents in Zs,[z] and hence in Zs,. Thus, a =

a unit. Thus b = ¢ = 0. Therefore, A = < > Since A is an idempotent,

p? = 2p(mod 3p), as p — a is not an idempotent for a = 0, 1, and 37~!. Hence

A < 2p 0 )
0 2p
If a+d=2p+1, then d = 2p+1—a and hence ad — be = p? = 2p(mod 3p) gives
2pa+a—2p (2p+1)b

2p+1)e  14+p—(2p+1a )

Since A is an idempotent, we get 2pa = 2p, 2pb = 0 and 2pc = 0. Thus, A =

( % +3a(z)  3b(x)

3c(x) 1 —3a(

3a(z)} — 3b(x)c(x) = p¢(z) for some ((z) € Zsp[z].

a®+bc = 2pa+a—2p(mod 3p). Thus, A? = (

o) ), where a(x), b(x), c(z) € Zgp[z] such that a(x){l —
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20
Hence, in this case, any idempotent is either ( I:) ) ) or have the form
D

( p?+3a(z)  3b(x)

SC(Z‘) 1— 3a(x) >’ where a(gc){l - 3@(1’)} - 3b(x)c(gc) = p(b(x) 0

Note that all computations in Proposition 3.6 and Theorem 3.7 are modulo 3p,
even if it is not explicitly stated. We also observe that every idempotent of form 3

in Theorem 3.7 is orthogonal to every idempotent of form 4.

4. Units in matrix rings over polynomial rings

In this section, we consider the unit groups of My (Zs[z]) and My (Z3[x]). We first
show that for any ring R, the unit group of the n x n matrix ring, M, (R[z]) over
R[z] is not solvable. Since every non-trivial polynomial ring R[z] can be mapped
onto a large finite field and except for a few exceptions of finite fields IF, the group
SL(n,TF) is a nonabelian simple group for n > 2, one may deduce that GL(n, R[z])
is not solvable. We, however, give a direct proof. For the sake of simplicity we give
proof in the case n = 2. The argument can be extended to any value of n > 2

by replacing each element A in the set £ in Proposition 4.1 with the block matrix

A 0
( 0 ) and each polynomial p(z) in the proof of the proposition with the block

p(z) O

matrix where each 0 is a zero matrix of the appropriate size and [ is

the identity matrix of the appropriate size. We begin with the following proposition.

Proposition 4.1. Let R be any ring and let

r_ 1 0 1 1 0 1 1 0 11 0 1
“l\oo/)\t 1) \oo)'\1to)\oo/) \o1)][
Then, for each A € L there exist units p = p(z), q¢ = q(x) € Ma(Rx]) such that

1

either the leading coefficient of p or that of p~" and the leading coefficient of q or

that of ¢~ is in the set L; the leading coefficient of the commutator (p,q) of p and

q is A and the degree of (p,q) is equal to the sum of degrees of p, q, p~*, ¢ 1.

Proof. Recall that if the product of leading coefficients of two polynomials f and g
in a polynomial ring is non-zero then the degree of the product of the polynomials
is the sum of the degrees of f, g and the leading coefficient of the product fg is the
product of the leading coefficients of f and ¢ in that order. Thus, for each A € L,
it is enough to give polynomials p, ¢ such that the leading coefficient of p or that
—1

of p~!is in £, the leading coefficient of ¢ or that of ¢~ ! is in £ and the product of
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leading coefficient of p~t, ¢=1, p, ¢ (in that order) is A. For the sake of simplicity

we give polynomials of degree 1. Let

z 1 T —1+4+=x
a=a(a:)=<1 O>7b:b(x):<1+x x >’

0 1 1 T
g=g(x)=<1 x) (1 1+m>.

Observe that each of these matrices is a unit in M (R[z]) such that either its leading
coefficient or that of its inverse is in the set £. Also, one can see that

a3 11—+ 23+ 22
(g,h)( 2 2_ .3 |

11—z 142z —2*—x
(L, d) 142 — 223 + 24 x3 — 2
c ) = )
2 =222+ 1—2+2?
(a=1,b) (—1—2x—x3+m4 —3x+2x2—2x3+x4>
a ",b) =

x4+ 23 —142z— 22 +23
( ) 14+ax4+222 4223+ 2% 1+2+ 322+ 323 + 24
e, f)=
1+ a3+ a2 2 — gz + 2% 4+ 2t
—1+2x—22°—2"+2x —3r+x
(b_l ) 1 2 2 2 3 4 3 3
,a) =
x — 222 + 24 —1—2x+4z2+2a8
(b1, 0 1) 142z 422 —2° —x — 222 + 24
7a’ =
3r — 23 —1 -2z — 222+ 23 + 2*

Note that the degree of each of these commutators is 4, the sum of the degrees of
the polynomials involved and for each A € L, there is a commutator with leading
coefficient A. a

With the notations of Proposition 4.1, write £~ =
0 0 0 0 1 -1 1 -1 0 -1 0 -1
L)) )00 ) )
Observe that u is a unit in Ma(R[z]) with leading coefficient in the set £ if and only
if u=! is a unit in Ma(R[z]) with leading coefficient in £7!. Also note that if (a, b) is
a commutator, then (a,b)~! is also a commutator. Indeed, (a,b)™! = (b,a). Thus,

by Proposition 4.1, for each A € £L U L™!, the first derived subgroup of My(R][z]),
has unit of degree 4 with leading coefficient A.
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Corollary 4.2. For any ring R and for any positive integer n, the n'* derived
subgroup of the unit group of Ma(R[x]) has a unit with leading coefficient A for
each A in the set L defined in Proposition 4.1.

Proof. By Proposition 4.1, the first derived subgroup of Ms(R[z]) has units with
degree 4 and the leading coefficient A for each A € LUL~!. Thus, the first derived
subgroup of M>(R|x]) has units, each of degree 4, having leading coefficients same as
those of a, b, ¢, d, e, f, g, hin the proof of Proposition 4.1. Thus, as in Proposition
4.1, we see that the second derived subgroup of Ms(R][x]) has units with degree 16
and leading coefficient A for each A € LUL™!. Repeated application of Proposition

4.1, now, gives the result. O

It follows from Corollary 4.2 that for every positive integer n, 6 (U (M (R[z]))) #

I. Hence we have the following corollary.
Corollary 4.3. For any ring R, the unit group of Ma(R[z]) is not solvable.

We now obtain conditions such that an element in My(Zz[z]) is a unit and use
these conditions to give the form of units in My(Zs[z]). Note that units in Zs[z]

are precisely the units in Z,.

1+a J
Theorem 4.4. Any unit in My(Zs[z]) is of the form < Taple) (@) )

vrg(x)  1+alq(v)
where p(x), q(x), f(x), g(x) € Za[z], not necessarily non-zero, such that p(z) +

2'7ig(x) + 2'p(x)q(x) is the product of f(z), g(x) and i, j, k, | are non-negative
integers such that j +k =i and 1 < i <[ or a matriz obtained from this form
by a mere interchange of rows or columns or by an interchange of rows (columns)

followed by an interchange of columns (rows).

Proof. First observe that every matrix of the stated form is a unit under the stated
condition. Now let a = a(x), b = b(z), ¢ = ¢(z), and d = d(z) be polynomials in

b
Zs[x] such that A = ¢ p > is a unit in M5(Zz[x]). Then the determinant of
c

A is invertible in Zs[x] and hence in Zy. Thus, the determinant of A is 1 that

is, ad — bc = 1. Leta*Zal bbexJ C—chl’ anddedlx
= k=0 =0
Since ad — bc = 1, we have aodo — bocy = 1 Thus, either {agdy = 1, bycg = 0} or

{agdy = 0, byco = 1}. We will only consider the case when agdy = 1, byco = 0, as
units in the other case can be obtained by a mere interchange of rows/columns of

units in the case agdg = 1, bgcy = 0.
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Since agdy = 1, we have ag = dy = 1. Thus, a = 1 + x'p(x) for some positive
integer 7 and some polynomial p(z) € Zz[x], not necessarily non-zero, and d = 1 +
rlq(x) for some positive integer  and some polynomial g(z) € Zs[z], not necessarily
non-zero. Since bc = ad — 1, we have bc = z'p(z) + z!q(z) + 2*+p(z)q(z). Without
any loss of generality, we can assume that ¢ < [, for if ¢ > [ then we can interchange
the roles of a and d. Also then b = 27 f(z), ¢ = 2*g(z) where j + k = i and some
polynomials f(x), g(z) € Zs[x] such that p(z) + 2! ~"q(z) + 2'p(z)q(x) = f(x)g(x).
o e f ) whete p(a).(x). (z).4(z) € Zala] such

akglx)  1+a'q(@)
that p(z) + ' ~iq(x) + 2!p(x)q(x) = f(z)g(x) and j, k are non-negative integers
such that j + k = 1.

Hence A =

142! J
Hence any unit in Ms(Zz[x]) is of the form +kx p(z) v fl($> where
zg(x) 1+a'q(x)

p(x),q(x), f(x),g(x) € Zs]x], not necessarily non-zero, such that p(z) + z'~q(z) +
z'p(x)q(x) is the product of f(x), g(x), 1 <i <, and j, k are non-negative integers
such that j + k = ¢ or a matrix obtained from this form by a mere interchange of
rows or columns or by an interchange of rows (columns) followed by interchange of

columns (rows). O

We remark that the unit groups of Ms(Zs[x]) and M2(Z2) do not behave alike
and have very different properties. Note that the unit group U(Ms(Zs3)), being
isomorphic to Ss, is metabelian. The unit group U(Ma(Zz[x])) of Ma(Zs[z]) is,

however, not even solvable (Corollary 4.3).

We now obtain conditions such that an element in My(Zs[z]) is a unit and use
these conditions to give the form of units in M3(Zs[z]). Once again we note that

the units in Zg[x] are precisely the units in Zs.

Theorem 4.5. A unit in My(Zs[z]) is of one of the following forms:

o (1 P
abg(z)  1+alq(x)
necessarily non-zero, such that p(x) + z'~tq(x) + z'p(x)q(x) is the product

) where p(x), q(z), f(z), glx) € Zs[x], not

of f(x), g(x) and i, j, k, | are non-negative integers such that j + k = 1,

1<i<l,
1+zp(z) 27 f(x)
? ( (@) —1+alq() ) where p(x), a(x), f(z), 9(x) € Zsla], not

necessarily non-zero, such that —p(z)+x'~'q(x) +z'p(x)q(x) is the product
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of f(x), g(x) and i, j, k, | are non-negative integers such that j + k = i,
1<i<l,
@><1+ﬂmm Lt 2im(z)
1+ zkn(z) —14 2lq(x)
necessarily mon-zero, such that 1 — z'p(x) + zlq(z) + 2 p(x)q(z) is the

) where p(z), q(x), m(x), n(z) € Z3[x], not

product of 1 +27m(x), 1 + 2Fn(x) and i, j, k, | are positive integers,
or a matrix obtained from these forms by a mere interchange of rows or columns or
by interchange of rows (columns) followed by interchange of columns (rows) or by
taking their negatives or by interchanging rows (columns) followed by interchange

of columns (rows) along with taking negatives.

Proof. Note that every matrix in any of the three stated forms is a unit under
the stated condition. Now let a = a(z), b = b(z), ¢ = ¢(x), and d = d(z) be
a b

polynomials in Zs[x] such that A = J is a unit in M3(Zs[x]). Then the
c

determinant of A is invertible in Zs[z] and hence in Z3. Thus, the determinant of A
is either 1 or —1. It is enough to consider only the case when determinant of A is 1,
as units in the other case can be obtained by a mere interchange of rows or columns

my . m2 .
of the units in the case when determinant of A is 1. Let a = ) a;z*, b= ) b;al,
i=0 j=0

c= i cpz® and d = f: diz'. Since ad — be = 1, we have agdy — bycg = 1. Thus
eithekr_?aodo =1, boco Z;OO} or {apdp =0, bycg = —1} or {apdy = —1, bocy = 1}.
Case 1: agdy = 1 and bgcp = 0. In this case, either {ag = dy = 1} or {ag = dp =
—1}.

If ag = dg = 1, then a = 1 + x'p(x) for some positive integer i and some
polynomial p(z) € Zs[z], not necessarily non-zero, and d = 1 + xlg(x) for some
positive integer [ and some polynomial ¢(z) € Zs[z], not necessarily non-zero.
Since bc = ad — 1, we have be = x'p(x) + zlq(x) + 2 Hp(x)q(z). Without any
loss of generality, we can assume that ¢ < [, for if ¢ > [ then we can interchange
the roles of a and d. Also then b = 27 f(z), ¢ = 2¥g(z) where j + k = 4 and
p(z) + 2 7iq(z) + 2'p(x)q(x) = f(z)g(z). Hence A = < ! —i—kac’p(x) v f(@) >

abg(z) 1+ a'q(z)
where p(z), q(x), f(z), g(z) € Zs3[x], not necessarily non-zero, such that p(x) +
' iq(x) + 2'p(x)q(x) is the product of f(z), g(z), j+k=1i,1<i<I.

If ag = dy = —1, then a = —1 + x'p(x) for some positive integer i and some
polynomial p(x) € Zs[z], not necessarily non-zero, and d = —1 + x'q(x) for some
positive integer [ and some polynomial g(x) € Z3[z], not necessarily non-zero. Since

be = ad — 1, we have bc = —2'p(z) — zlq(z) + 2 p(x)q(x). Without any loss of
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generality, we can assume that ¢ < [, for if ¢ > [ then we can interchange the
roles of a and d. Also then b = 27 f(z), ¢ = zFg(x) where j + k = i —p(z) —
7 7ig(x) + 2'p(x)q(x) = f(z)g(z). Hence A = < —1—|k—xlp(m) fo(;r) )
dor) 1+ alg(a)
where p(z), q(z), f(x), g(x) € Zs3]x], not necessarily non-zero, such that —p(z) —
r'7ig(z) + 2'p(z)q(x) is the product of f(z), g(x), j+k =4, 1 < i <. Observe
that this matrix is of the same form as the negative of the matrix in the case
ag =dy = 1.
Case 2: agdp = 0 and bocy = —1. In this case, either {by = 1, ¢g = —1} or
{bp = =1, cg = 1}. If bg = 1 and ¢y = —1, then b = 1 + z7p(z) for some
positive integer j and some polynomial p(z) € Zg[x], not necessarily non-zero,
and ¢ = —1 + z¥g(x) for some positive integer k& and some polynomial g(z) €
Zs3|x], not necessarily non-zero. Since ad = 1 + be, we have ad = —a’p(z) +
z%q(z) + 29 +Fp(x)q(x). Without any loss of generality, we can assume that j < k,
for if j > k then we can interchange the roles of b and ¢. Hence, as earlier,
4= ( #fe) 1+ @) ) where p(x), g(z). f(z), 9(2) € Zafa]. not
—1+afq(z)  a'g(x)

necessarily non-zero, such that —p(x) + 2% 7¢(z) + 2*p(z)q(z) is the product of
f(x), g(x),i+1=j,1<j<k. Note that units of this form can be obtained from
the form (2) by the interchange of columns.

If b = —1 and ¢g = 1, then, as in Case 1, units in this subcase have the form
that can be obtained from the forms in the subcase by = 1,c9 = —1 by simply
taking the negative of the matrix.

Case 3: agdy = —1 and bocy = 1. In this case, either {ag = 1, dy = —1, by =

1, cg = 1} or {ag = 1, dy = =1, by = =1, ¢g = =1} or {ag = -1, dy =
1, bo =1, ¢ = 1} or {ap = =1, do = 1, bg = -1, ¢g = —1}. If {ap =
1, dy = =1, bg = 1, ¢y = 1}, then a = 1 + z’p(z) for some positive integer i
and some polynomial p(z) € Zz[x], not necessarily non-zero, d = —1 + x'q(x) for

some positive integer | and some polynomial ¢(z) € Zs[z], not necessarily non-zero,
b = 1+ ax/m(x) for some positive integer j and some polynomial m(z) € Zs[z],
not necessarily non-zero, and ¢ = 1 + z¥n(z) for some positive integer k and
some polynomial n(z) € Zs[z], not necessarily non-zero. Since bc = ad — 1, we
have 1 — xip(z) + 2'q(z) + 2 'p(z)q(z) = (1 + 2/m(x))(1 + z¥n(x)). Hence

- ( Lta'p(z)  1+2im(z) ) where p(z), q(x), m(x), n(r) € Zs[z], not

1+ zkn(x) —14+2lq(x)

necessarily non-zero, such that 1 — z'p(z) + z'q(x) + 2*T'p(x)q(z) is the product of

1+ 2/m(x), 1 +2¥n(z) and i, j, k, | are positive integers.
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It can be seen that the form of units in the remaining subcases can be obtained
from the units in the subcase {ag = 1, dy = —1, by = 1, ¢¢ = 1} by inter-
changing rows (columns) followed by columns (rows) or by taking their negatives
or by interchanging rows (columns) followed by columns (rows) along with taking

negatives. ([

In this case also we remark that the unit group of Ms(Z3[z]) and that of My (Zs3)
do not behave alike and have different properties. In fact, if V. = U(Ma(Z3)) =
GL(2,Z3), then V is solvable of length 4 as V = GL(2,Z3), §'(V) = SL(2,Z3),
§3(V) =2 Cy, therefore 6*(V) = (1). However, the unit group U(Ms(Zs[z])) is not
solvable by Corollary 4.3.
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