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1. Introduction

The solutions of some problems in mathematics can be reduced to finding the solution of an equation
that can be written as f(z)—z = 0 for a function f satisfying the appropriate conditions. The points z,
which are the solutions of equations of this type, are called the fixed points of the f function. With its
extensive range of applications in fields such as differential and integral equations [1], approximation
theory and game theory [2], fixed point theory has emerged as a captivating and fundamental subject
within nonlinear analysis. Moreover, this theory yields fruitful outcomes across various domains,
including optimization [3], physics [4], economics [5], and medicine [6]. Consequently, fixed point
theory has remained a dynamic research area, drawing significant attention from researchers in the
past fifty years, due to its foundation in analysis and topology, and continues to generate a vibrant

body of literature.

Geometrically, the definition of a fixed point means the point on the y = « line. The theorems
formulated to establish the existence and uniqueness of a fixed point are commonly referred to as
fixed-point theorems. Omne of the most famous existence and uniqueness theorems is the theorem,
which was proved by Banach [7] in 1922 and called the Banach Contraction Principle. While this
theorem states that a contraction mapping defined on itself in complete metric spaces will have a
unique fixed point, it also offers a method called iteration in order to reach this unique fixed point.

!yunusatalan@aksaray.edu.tr (Corresponding Author); 2esraa_erbas@hotmail.com
L2Department of Mathematics, Faculty of Arts and Sciences, Aksaray University, Aksaray, Tiirkiye


https://dergipark.org.tr/en/pub/jnt
https://orcid.org/0000-0002-5912-7087
https://orcid.org/0000-0002-4358-9068
https://doi.org/10.53570/jnt.1326344

Journal of New Theory 45 (2023) 1-17 / Analyzing Stability and Data Dependence Notions by a Novel Jungck-Type - - - 2

The main idea in the studies on the iterations mentioned above is to determine under which con-
ditions the sequences obtained from these algorithms, which are formed by using certain mapping
classes, converge to the fixed point, the equivalence of the convergence behavior with other methods.
Furthermore, testing the convergence speed, analysis of the data dependency, and stability of the
iteration methods are considered one of the main targets of these studies.

Since the Picard iteration used in the Banach Contraction Principle cannot converge to the fixed point
of non-expansive mappings, this problem has been tried to be overcome by defining new iteration
methods. As a result of this approach, many iteration methods have been brought to the literature

and studies on the definition of new iterations have continued to maintain their popularity today.

While the iterative sequence converges to the fixed point of a certain mapping class, it may not converge
to the fixed point of another mapping class. This problem has revealed the concept of equivalence
of convergence for iteration methods, and whether the iteration methods in the literature and the
newly defined iteration methods are equivalent in terms of convergence have been examined in various
spaces [8,9]. A large literature has been created as a result of trying to determine which of the two
iteration methods, which are shown to be equivalent in terms of convergence, converges to the fixed
point of the relevant mapping more rapidly [10,11].

After showing that the iterative sequence converges to the fixed point of the used mapping, it can
be shown that the new sequence to be obtained by using another mapping called the approximation
operator for this iteration method is also convergent to the fixed point of the approximate operator.
In such a case, the questions of how close the fixed points of both mappings are to each other and
how to calculate this distance bring up the concept of data dependency. There are many studies on
different kinds of constructs on whether fixed point iteration methods are data dependent [12-15].

Mathematically, the concept of stability can be thought of as the fact that small changes to be applied
to the structure studied cannot disrupt the functioning of it. In this context, many studies have been
carried out on the stability of fixed-point iteration methods. The approach here is; instead of the
sequence to be obtained from the iteration method used, calculation errors, rounding errors, etc.,
it can be characterized as the convergence of the new sequence to the fixed point of the mapping,
although another sequence is obtained for various reasons [16,17].

Because the mapping used in the Banach Contraction Principle is contraction, researchers have sought
to obtain various generalizations of this theorem for different types of mappings [18-20]. One of the
notable generalizations of this theorem was made by Jungck [21] in 1976 using commutative mappings.

In this paper, a Jungck-type four-step iteration method is introduced and the convergence and stability
of the sequence obtained from this method, which is constructed using a certain type of mapping,
under favorable conditions are investigated. Moreover, the convergence behavior of the new iterative
sequence is compared with other Jungck-type iterative sequences in the literature. In addition, the
concept of data dependence is analyzed and some of the results mentioned here are supported by

numerical examples.
2. Preliminaries

Jungck [21] expressed one of the noteworthy generalizations of the Banach Contraction Principle using

commutative mappings as follows:

Theorem 2.1. Let fi1,fo : B — B be two functions satisfy in the following conditions, for all
bi,by € %5:

i. (f1, f2) is a commutative pair of map
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7. fo is continuous
ii. f1(B) < f2(B)
. o (f1b1, fib2) < tp (fabr, faba) such that ¢ € [0,1]

in which 9 is complete metric space with respect to metric function gp. In this case f; and fs have a
unique common fixed point p € B.

The condition specified by 4v in this theorem is known as the Jungck Contraction mapping, and when
taking fs as a unit function, it corresponds to the classical Banach Contraction Principle. Building
upon this theorem, Jungck introduced the following iteration method:

Assume that B be a Banach space, C any set, and S, T : 8 — C satisfy T'(C) C S (C).
Stp+1 =Txy (1)

This is referred to as the Jungck iteration method. If S = I and C = B in Equation 1, the
classical Picard iteration method [22] is obtained. Many researchers have worked on this method
introduced by Jungck and have obtained many fixed point theorems by rewriting the classical it-
eration methods in Jungck type. Some of the works done with this approach are as follows for

{an}nZos {Bntnzor {mnzo: {tntnzo: {an}nZo: {bn}nzo, {entnzo € 0, 1):

Jungck-SP iteration method [23] is defined as under:

Stpi1 = (1 —ap) Syn + anTyn
Syn = (1= By) Szn + BnTzn (2)
Szp = (1 =) Szp + Tz,

Jungck-CR iteration is defined by [24]:

Stpt1 = (1 — ayp) Svp + ayToy,
Svp, = (1 = By) Tuy, + BnTwy, (3)
Swp, = (1 =) Sup + Tun,

Furthermore, if {oy,},2, = 0 in Equation 3, the following Jungck-type Agarwal iteration method is
obtained [25]:

{Swn+1 =(1—ap) Ty + anTy, 0

Syn = (]- - Bn) S-Tn + BnT"En

If {an};2 g = 0 and {B,},~, = 1 in Equation 3, the following Jungck-type Sahu iteration method is

obtained [25]:
Sxpt1 = Tyn
{Syn =(1- ;n) ij—i— WL xy, ©)
The Jungck-Khan iteration method is defined as follows [26]:
Stupt1 = (1 — oy — Bn) Sup, + an/Tv, + BnTuy,
Svy, = (1 — by — ¢p) Sup + by Twy, + ¢, Tuy, (6)
Swy, = (1 = ayp) Suy + ayTuy,

The new four-step iteration method that we have defined inspired by the literature on the iteration

methods given above is as follows:
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Tnt+1 = (1 - an) Yn + anTyn
Yn = (1 - Bn) Ty + T2y
(7)
Zn = (1 - ’Yn) Wy, + T wy,
Wn = (1 - /~Ln) Tp + NnT$n

The following iteration method is obtained by rewriting the iteration method given by Equation 7 in
Jungck-type:
Stpi1 = (1 —ap) Syn + Ty,
Syn = (1= ) Txy + BT zn ®)
Szn = (1 =) Swp, + W Tws,
Swyp = (1 — pp) Sy + pnTxy,
The following statements hold for the Jungck-type iteration methods given above for n € {0,1,2...},
taking S = I and C = B:
Remark 2.2. i. The classical SP iteration method [27] can be obtained from the iteration method
provided by Equation 2;
ii. The classical CR iteration method [28] can be obtained from the iteration method provided by
Equation 3;

iti. The classical Agarwal-S [29] and classical Sahu [30] iteration methods can be obtained from the

iteration methods provided by Equation 4 and Equation 5, respectively.

iv. If pp, = 0 is chosen in the iteration method provided by Equation 7, the classical CR iteration [28]
is obtained.

v. If pp, = 0 is chosen in the iteration method provided by Equation 8, the Jungck-CR iteration
method provided by Equation 3 is obtained.

Some auxiliary theorems and definitions have been given to obtain the main results in the following:
Definition 2.3. [24] Suppose that B # () and S, T : B — B are mappings.

i. b € %5 is referred to as the common fixed point of 7" and S if b =Tb = Sb

7. ¢ € B is referred to as the coincidence point of 7" and S if ¢ =Tb = Sb

iti. The pair of maps (S, T) is referred to as commuting if 7.Sb = ST for all b € B

iv. The pair of maps (S, T) is referred to as weakly compatible if T'Sb = STb whenever Tb = Sb for
some b € ‘B.

Definition 2.4. [31] Let {97(5)}00 be two sequences with le ol = ©;, 1 € {1,2}. Then, it is said
o0

that {60} than {02 '

converges faster than {@n } 0 if
n=

e -6
B oo, =

s (i) ()1° .
Definition 2.5. [31] Assume that Oy and {11, are four sequences for ¢ € {1,2} such

. . n=0 n=0
that Hgf) > 0 for each n € N, lim @ﬁf) = 0% and lim Hgf) = 0. Suppose that the following error
n—oo n—oo
estimates are available:

(Vn € N) H@gp_@* <1 e {1,2}
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If {H,(Il)}oo converges faster than {Hg)}oo (in the sense of Definition 2.4), then it is said that

{97(11)}00 , converges to ©* faster than {6%2)}00

n= n=0"

Definition 2.6. [32] Assume that S, T : C — B are mappings satisfy T(C) C S(C) and p = Tb = Sb.
Suppose that {Sz,},-, attained by Sz,+1 = f(T,z,) converges to p for any xo € C. Let {Sy,, }.—q &

B be an arbitrary sequence and set €, = d (Syn+1, f (T, yn)), n € {0,1,2,...}. Then f (T, z,) will
be called (S, T)-stable if and only if nh_}ngo €, = 0 implies that nh_}néo Sy, =p

Definition 2.7. [33] Assume that (X,d) is a metric space and the maps S,7 : X — X satisfy the
following conditions for all xz,y € X:

i. T(X)CS(X)

7. for non-negative A and u satisfying the condition A + u < 1,

d(Sz,Tx).d(Sy, Ty)>
1+d(Sz,Sy)

d(Tx, Ty) < M\ (Sz,Sy) + u <

iti. S (X) is complete sub-space of X

Then, the mappings S and T have a coincidence point. In addition, if S and T are weakly compatible,
these mappings have a unique common fixed point.

Lemma 2.8. [34] Suppose that { pﬁz’“)}w , are two sequences such that p,(lk) > 0, for each n € N and

n—=
. 2 1 1 2 . 1
for k € {1,2}. Assume that 71113010 p%) =0and € (0,1). If ng)rl < upg) + p%), then nlggo pﬁﬂ =0.
Lemma 2.9. [35] Assume that {a,},, is a non negative real sequence and there exists ny € N such
that for all n > ng satisfying the following condition:

Anp+1 < (1 - ,un)an + UnMn
(o]
where i, € (0,1) such that > u, = oo and 7, > 0. Then, the following inequality holds:
n=1

< L < li
0< nh—>nolo sup a, < nh_}rgo sup

Definition 2.10. [36] Suppose that (B, d) is a metric space and A; : B — B is operator with fixed
point p and there exist a fixed point iteration method that converges to p. As : B — B is referred to
as approximate operator of A; for a suitable p > 0 if d (Ayx, Agz) < u, for each = € B.

3. Main Results

In this part of the study, the concept of convergence is analyzed using the new iteration method. It
is also shown that this result can be obtained independently of the condition applied to the control
sequences. In addition, the theorems such as stability, convergence speed, and data dependence are
proved.

Theorem 3.1. Assume that X is a Banach space, Y an arbitrary set and S,T : Y — X satisfy the
condition given by Inequality 9 with p = Tz, = Sx,. Suppose that S(Y) is a complete subset of X
such that T'(Y) € S(Y') and {Sx,},, be iterative sequence given by Equation 8 with Y72 a,, = 0.
Then, {Sz,},~, converges strongly to p. If Y = X and S and T are weakly compatible then, p is a
unique common fixed point of S and 7.

PROOF.
By using Equation 8, Inequality 9, and {an}o o, {Bn}reos {n b neos {0 ey C [0, 1], in the following
inequalities are obtained:
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1Szn11 —pll = [[(1 = an) Syn + anTyn — pl|
< (1 —an) [Syn — Tap|| +an [ Tyn — Ty

< (1= an) [[Syn — Sp|

n—T nl| - - T

L+ Syn — Sap|
< (1= an) [[Syn — Sapl| + Aan [|Syn — S|

= [1 = an (1= N)][[Syn — Sz

and
1Syn —pll = |(1 = Bn) Txn + BnTzn — pl|
< (1= Bn) [Tzn = Tapll + B T2 — Ty |
|S2n — Tan| - ||Swp — T
<(1- n n
S >{Aus$ Syl + 1 ( S T
1S2n — Tan| - |STp — Ty
LA NSz, — S
=A(1 = Bn) |Szn — Szpll + ABy, [|S2n — S|
Similarly,
[Szn —pll < [1 =740 (1 = A)] [|Swn — Szp|
and

[Swn = pll <[1 = pn (1= A} [[Szn — Sy |

If these inequalities are nested and necessary simplifications are made considering that [1—7, (1 — A)] <
1l and [1 — p, (1 — )] <1, then it is attained that

[S@n1 = pll < AL = an (1= V)] [|Szn — p (10)

If induction is applied to the last inequality, then

ISzns1 —pll < AT L = i1 = N)][[Szo — pl| (11)
1=0

By using 1 — 2z < e™?, for all x € [0,1], it is obtained in the following inequality:

n
1Sz 41 — pl| < X[ Sz — pl| [T eV
i=0
—(1-X) i a;
= \ntl |Szo — pll e i=0
If the limit for the last inequality as n — oo is taken, it can be observed that Sz, — p. It will be
demonstrated that S and T have a unique common fixed point like p. Suppose the pair (S,T") has

another coincidence point, say q. Therefore,

0<|lp—qll = HTQUp *quH < A(

1+ [|Sxp — Sz

=A ”55527 - qu”
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which implies that p = ¢, that is .S and T have a unique coincidence point. Since S and T are weakly
compatible and Sz, = Tz, = p, then TTp = TTx, = TSz, = STz, signifies Tp = Sp. Thus, Tp
is the unique coincidence point of (S,7T), then Tp = p. As a result, the (S,T") pair of maps have a

unique common fixed point. [
In the next theorem, it is proven that the result of Theorem 3.1 can be derived without the Y77 ; o, = 00
condition:

Theorem 3.2. Assume that X, Y and the mappings S and T are defined as in Theorem 3.1 with
p =Tz, = Sx,. Then {Sz,} -, converges strongly to p. Moreover, if Y = X and S and T are weakly

compatible, then p is a unique common fixed point of S and T'.

Proor.
Since [1 — ay, (1 — A)] < 1, from Inequality 10, it is attained the following inequality

Sz +1 = pll <A™ Szo — p|

Given that A < 1 and taking the limit in the last inequality, one can obtain Sz, — p as n — oco. It
can be observed from Theorem 3.1 that p is the unique common fixed point of the 7" and S. O

Theorem 3.3. Assume that X, Y and the mappings S and T are defined as in Theorem 3.1 with
p = Tz, = Sxp. Suppose that iterative sequence {Sxz,},~, given by Equation 8 converges to p with
g0y = 00. Then, it is (S, T)-stable.

PROOF.
Assume that &, = ||San+1 — f(T,a,)| and Jim e, = 0. Besides, {San}>2, € X is any sequence
obtained from the following equation:
Sant1 = (1 —ayp) Sby + a,Thy,
Sby, = (1= Bn) Tan + BrnTey,
Scn, = (1 —y) Sdy, + v Tdy,
Sdy, = (1 — pn) San + pnTay,

(12)

It will be shown that 1Lm San, = p. By using Inequality 9 and Equation 12, the following inequalities
n—oo
are obtained:

1Sdn —pl| = |(1 = pn) San + pnTan — p|

< (L= pn) [1San = pll +p1, [ Tan = Ty

|San — Tay|| . ||S, —T:cpu>} (13)

< (1 - Hn) HSan _pH + Hn {)‘ HSCLn - Szp” +p ( 14+ ||Sa — S ||
n p

< (1= pa (1= N)] [|San — p|
and

[1Sen —pll = (1 =) Sdn + ynTdn — p

< (1 =) 15dn = pll +75 | Tdn — T |

|Sdy — Tdy | . || Sz, —Tpo)} (14)

< (1 =) [19dn = pll + 7n {A |Sdn = pll + p ( 11 [[Sdy — S
mn p

< [1 —In (1 - )‘)} HSdn _pH
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Similarly,
HSbn _pH < (1 - 571) A Hsan - pH + 571)\ ”SCn _pH (15)

Substituting Inequality 13 in Inequality 14 and Inequality 14 in Inequality 15, and making the necessary
simplifications considering that [1 — pu, (1 —=A)] <1, [1 =7, (1 = A)] <1, and

15bn — pl| < A[San —p (16)
In addition,
[Sani1 = pll < [[Santr — f (T an)ll + £ (T, an) — pl|
<én+ [|Sant1 —pll

<eéen+ (1= an)[[Sby — pll + ay [T, — pl|

(17)
15bn — Thn|| . [|Szp — Tz |
<eéen+ (1 —ap)l|Sb, — nq A||Sby, —
< e (1= ) by — 5l + @ { || pll+u< TS e
=éen+[1—an (1= A)][|Sbn — pll
Substituting Inequality 16 in Inequality 17,
[Sant1 —pll < en+ Al — an (1= )] [|San — pll
Hence, from Lemma 2.8, it is obtained that nh—>Holo Sa, =p.
Conversely, assume that nh_}ngo Sa, = p. It will be shown that nh_)ngo en =0:
en = [|Sans1 — f (T, an)|
< [Sant1 = pll +1If (T, an) — pll (18)

< [ISant1 = pll + (1 = an) [|Sbn = pll + an [T — p

By using similar operations in Inequalities 13-17, from Inequality 18,
en < [[Sany1 = pll + A1 — an (L = A)] [|San —p]
If the limit for the above inequality is taken, then it is obtained that nlLHgO e, =0. O

Example 3.4. Assume that X = R is Banach space, Y = [0,1], and S,T : Y — X are defined by

St = %sin2x and Tx = %sin% respectively. It can be observed that S and T are pairs of maps

satisfying Inequality 9 and having unique common fixed point p = 0. If the iteration method given by
Equation 8 is rewritten for S and T with a,, = B, = Vn = tn = n%q:

Tnt1 = %Sin_l [(HLH) sin2y,, + 2(++1)Sinzyn }
Yn = %Sin_l {(%) sin?xz,, + msinzzn }

. -1 . .
Zp = 5sin [(niﬂ) sin2w,, + mSIHan ]

. -1 . .
Wy, = %sm [(HLH) sin2x,, + msmzxn }

It can be observed from Theorem 3.1 that the {Sz,} -, sequence to be obtained from the above equa-

. . 1 .
tion converges to p = 0. If the sequence {Say}, is chosen as Sa,, = (;15), then Jim |Szy, — Sa,| =

0. Hence, {Say},-, is approximate sequence of {Sz,},- . If the iteration method given by Equation
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12 is rewritten using S and 7"

Ap+t1 = 2s.1n [( sin2b,, +2n+1)sm2bn }

b, %sm [(

Cn = %sin_1 {(niﬂ) sin2d,, + msiHan }

1)
)sm an + 0 +1)Sm20” }

d, = %sin_1 Kniﬂ) sin2a,, + msinzan }
From the above equality, it is obtained that
2, . . -1 . . —1
B %(#) sinZa,, + msnﬂ {%sm (niﬂ) up + msm2 (%sm ul)}
apt+1 = %sin
. . -1 . -1

—l—ﬁsnﬂ {%sm { 5 +1)sm 2a, + 5 Jr1)81112 (%sm UQ)}}

in which u; = (n+1) sin2a,, + 2(n+1)sm2an and uy = (niﬂ) uy + msin2 (%sinflul). If ¢, =

|San+1 — f (T, ay)l|, then lim,, ’(m) — f(T, an)‘ = 0. As a result, T}Lngo en = 0.

Theorem 3.5. Assume that X, Y and the mappings S and T are defined as in Theorem 3.1 with
p = Tz, = Sx,. Consider the sequence {Sz,},~, obtained from the iteration method given by
Equation 8 and the sequence {Suy},-, obtained from the Jungck-CR iteration method given by
Equation 3 under the condition a1 < o, < 1, where zg = ug € Y. In this case, {Sz,},, has a better
convergence rate with respect to {Suy}, .

Proor.
From Inequality 11, it is attained that

ISzns1 —pll < AT L = i1 = N)][[Szo — | (19)
1=0

In addition, if similar steps are taken as in the proof of Theorem 3.1 for the Jungck-CR iteration
method, then
[Stns1 = pll < [1—an (1= A)][[Sun — pl|

If induction is applied to the above inequality, then

1Sunt1 = pll < TT 11 = (1 = N)][|Suo — pl| (20)
=0

If the assumption a1 < «a;, < 1 is applied to Inequalities 19 and 20, then

1Sz 41 = pll < XL = ax(1 = X)) [|Szo — p

and
[Stunt1 = pll < [1—ar(1 = N)]""|[Sug — pl|
Denote
= /\n+1[1 . al(l o )\)}T%Fl
and

bp=[1—ay(1 =\t

Then,
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an,
wn - E

AL — g (1= )]
1 —ag(1 =Nt
— )\n+1

Since A"t < 1, it is obtained that li_)rn ¥y, = 0. From Definition 2.5, {Sx,}, -, has a better conver-
n—oo

gence speed than {Suy,} 2. O

The following example shows that iteration method given by Equation 8 has a higher convergence
speed under favorable conditions than the other Jungck-type methods presented in this paper:

Example 3.6. Assume that X = R is Banacah space, Y = [0.5,1.5], and S,T : [0.5,1.5] — [1,81]
are defined by Sz = 16z* and Tz = 28 + 242 — 4422 + 35, respectively. It can be observed that
T1 = S1 = 16 and T (]0.5,1.5]) € S(]0.5,1.5]), and (S,T") are pairs of maps satisfying Inequality
9 with A = 0.4 and p = 0.2. The convergence of the Jungck-type iteration methods provided by
Equations 2-6 and Equation 8 to the p = T'1 = §1 = 16 with the control sequences a,, = B, = v, =
b = Gp = by, = ¢, = 23—0, for the initial condition zg = 0.75, are shown in Tables 1 and 2. The
following conclusions can be obtained from these tables:

e While newly defined iteration method given by Equation 8 reaches the fixed point at the 16th step,

the Jungck-SP iteration method given by Equation 2 reaches the fixed point at the 72nd step,

the Jungck-CR iteration method given by Equation 3 reaches the fixed point at the 17th step,

the Jungck-Agarwal iteration method given by Equation 4 reaches the fixed point at the 17th step,

the Jungck-Sahu iteration method given by Equation 5 reaches the fixed point at the 17th step, and

the Jungck-Khan iteration method given by Equation 6 reaches the fixed point at the 101st.

Table 1. Convergence of some iteration methods for the initial point ¢ = 0.75

x, New Jungck Type Jungck-CR Jungck-Agarwal
x 0.75 0.75 0.75

xo  1.05295512496838 1.05414377123399 1.06137648831351
11 0.99999999994918  0.99999999994220 0.99999999978115
x12  1.00000000000533  1.00000000000615 1.00000000002691
15 0.99999999999999  1.00000000000007  1.00000000000041
x16 1.00000000000000 0.99999999999999  0.99999999999995

T17

1.00000000000000

1.00000000000000




Journal of New Theory 45 (2023) 1-17 / Analyzing Stability and Data Dependence Notions by a Novel Jungck-Type - - - 11

Table 2. Convergence of some iteration methods for the initial point ¢ = 0.75

Tn Jungck-Sahu Jungck-SP Jungck-Khan

x 0.75 0.75 0.75
T 1.04466023384367 0.87897378710221  0.85315042838595

x11 - 0.99999999993357  0.99820409366943  0.999542288145375
12 1.00000000000718 0.99883957379660 0.999202265784102

216 0.99999999999999  0.99979688882405 0.999951335812014
17 1.00000000000000 0.99986856789305  0.99998589613924

72 : 1.00000000000000
2101 : : 1.00000000000000

Theorem 3.7. Assume that X, Y and the mappings S and T are defined as in Theorem 3.1 with
p = Tz, = Sx,. Suppose that S1,71 : ¥ — X are the approximation operators of S and T,
respectively, satisfying the conditions Tix, = S1zp = q, [Tz — Tiz| < €1, and ||Sz — S1z|| < e, for
€1 and €9 and for each x € Y. Consider the sequence {an}flo:o obtained from the iteration method
given by Equation 8 with the condition % < . Moreover, suppose that {Sie, } -, is any sequence

obtained from the following equation:

Slen—i-l = (1 - an) Slfn + anTlfn
Slfn = (1 - ﬁn) Tien + BnTlgn

(21)
Slgn = (1 - ’Yn) Sihy, + YnT1hy
S1hy = (1 — py) Sien + pnThen
If {Sie,}ory — q as n — oo, then
Ip — gl < T2
PRrROOF.
By using Equation 8 and Inequalities 9 and 21,
[Swn — S1hn|l = [[(1 = pn) STy + pnTxn — (1 — pn) S1en — pTien||
< (1= pn) |S2p — Si€nl| +pi | T2n — Thren ||
< (1= pin) [[Szp — Senl| + (1 — pn) [|Sern — Sieq| (22)
22

+ i | Txn — Tepl| + pin [[Ten — They||
< (1= pn) |5z — Sen|| + (1 = pn) 2

+ tn HTxn - Ten” + pn€l
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Moreover,

-T . -T

1+ ||Sz, — Seq||

Suppose that Dy = ("an;jﬁs*na;'[;“_sggnﬂTen“ ) Then, it is attained that

| Txn — Tepn| < M\||Szy, — Sep|| + uD1 (23)
Substituting Inequality 23 in Inequality 22,
[Swn = Sihn|| < [1 = pn (L= N)]|Szn = Senl| + pnpDr + (1 = pin) €2 + pner (24)
Similarly,
1520 = Signll < (1 = n) [|Swn — Shall + (1 =) €2 + v [Twn — Thall + vne1

and

”Twn—ThnHSAHSwn—ShnHJru(” wn = Twl. IS ||>

1+ ||Swy — Shy||

|Swrn—Twn||.[|Shn—Thx||

Suppose that Dy = ( ) Then, it is obtained that

1+||Swn—Shy||
1520 = S1gnll < [1 =y (L= N)]|Swn — Shnll + ynpD2 + (1 — ) €2 + mer (25)
Moreover,
|Swy, — Shyl|| < [|[Sw, — S1hy|| + €2 (26)

Substituting Inequality 26 in Inequality 25,
1520 = S1gnll < [1 =9 (1 = M][[Swy = Sihall + [1 =75 (1 = A)]e2 + ypDa + (1 — ) £2 + 1me1 (27)
Substituting Inequality 24 in Inequality 27,
1520 = S1gall <[ = pn (1= N1 = (1 = ] Szn = Sienll + [1 = pn (1 = N1 =30 (1 = A)le2
+ 1= (1= M]pnpDr 4+ [1 =3 (L= N (1 = pn) €2 + [1 = 7 (1 = A)] e

+[1 =90 (1= N]ea + (1 = vn) €2 + Yne1 + yapDo

Similarly,

15yn = Sifull < (1= Bu) [[T2n — Ten| + (1 = Bn) €1+ Bn [ T2n — Tgull + Bner (28)

and

-T . -T
HTZn—Tgn\S)\||Szn—5gn||+,u<”szn zull - 1159 gn||>

1+ ||Szn — Sanll

[Szn=Tzn||-|Sgn—Tgn||
1+[|Szn—Sgnl|

Suppose that D3 = ( ) Then, it is obtained that

[Tz — Tgnll < A[Szn — S1gnll + Ae2 + pDs
Therefore,

1Tz — Tgnll < AlL = pn (1 = N1 = 0 (1= A)] [|Sz — Sren]|
F AL = (L= X)L =90 (1 = A)Je2
F AL =70 (1= X)]pnpDr + Al =75 (1= A)] (1 = pin) €2 (29)
F AL = 9n (1= A)pmer + AL =y (1= N

+ A (1 =) €2 + A1 + Y ApDa + Aea + pD3
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In addition,

-T . -T

1+ ||Sz, — Seq||

|Sxpn—TTr|.||Sen—Ten||
1+]|Szn—Sen||

Suppose that D4 = (' ) Then, it is attained that
|Txy, — Teyn| < XSz — Sien| + Aea + uDy (30)
Substituting Inequalities 29 and 30 in Inequality 28,
15yn = S1full < (1= Bn) M[Szn = Stenll + (1 = Bn) pDa+ (1 = Bn) Ae2 + (1 = Bn) €1
+ B Al = i (1= M][L =y (1= )] [[S25 — Sien|

+ ﬂn)‘[l — Hn (1 - )‘)Hl —Tn (1 - A)]EQ

(31)
+ B Al = vn (1 = N)]pnptD1 + Bryn AuD2 + BnpuDs
+ B[l =4 (1= N)] (1 = pn) €2 4 BuA[L — v (1 = X)) pner
+ B Al = Yo (1= N)]e2 + BuA (1 — ) €2 + BuvnAer + Budes + Brel
Moreover,
1Szp11 — Steny1ll < (1 —an) [|Syn — S1fall (32)
+ an | Tyn — T full + aner
e IStm = Tonll. 1S — Tl
Yn — L Yn]| - n - n
Ty — T4l < NS0 — Sl +.11 )
” 1= ” T+ 15— S
Suppose that D5 = (”Synl_ﬂfgiulfg}”n_lfrf "”). Then,
HTyn*Tan S )‘Hsynfslfnu +)‘52+HD5 (33)

Substituting Inequalities 31 and 33 in Inequality 32,
[Szn1 = Sientall < [1—an (1= N1 = Bn) AM[Szn — Sien] + [1 — an (1= A)] (1 = ) Aea

+[1—an (1 =X)L = Bn) pDs+ [1 = an (1 =A)] (1= Bn)er
+ = (I =N]B, [1 = pn (I = V] [L = w1 = A [|Szn — Sien|
1 —an (L= BA[L = pn (1= )] [1 =7 (1 = A &2
1 —an (L =N]BpA [l =y (1= A)] pnpDr
+[1—an(1=N)]B,mA pDz + [1 — oy (1 = A)] BupDs
1= an (T=N]BaA [l =7 (1= A)] (1—-p,) €2
1= an (L= N]BpA [l =y (1= A)] pner
+ 1 —an(1=N)] BuA[l =7 (1= A)]e2
1 —an (1 =N]B A1 =) a2+ [1 = an (1= N)] B, Mner
+ 1= (1= N] B, A2+ [1—ay, (1 = N)] 8,61 + andea + appDs + ane

For the above inequality , if necessary simplifications are made considering that % < an and ag, Bny Yo, tn €
[0,1] and A < 1, then it is attained that
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[Sznt1 = Srenall < {[l=an (1 =N (1= Bn) +[1 = an (1= A)] B} [|[Szn — Sien|
+l—a,(1=N]Di+[1—-an,(1—=XN)]Da+[1l—an(l—X)]Ds

+[1—a,(1—A)]Ds+ a,Ds

+{[1—an(1—)\)](l—ﬁn)+[1—an(1—)\)]ﬂn
—|—[1—an(1—)\)]+[1—an(l—)\)]—i-an}al
= 0 (L= = B) 1= an (1= X)) B+ [1 = (1= )

+[1—an(1—)\)]+[1—an(l—)\)]+[1—an(1—)\)]+an}€2
and
1Sz0s1 — Sremia] < [1—an (1= N [S2n — Sren| + [1 — an (1— A)] (D1 + Ds + Ds + Da)

+anDs +{3[1—a, (1= N)]4+anter +{5[1 —an (1 = N)]+an}es

Therefore,

[1Szn1 = Sienall < [1—an (1= A)]|[Szn — Sien|
+2an (D1 + D2 + D3 + Dy + Ds)
+Taner + 1layer

Hence,

[Szp11 — Stenyll < [1 —ap (11— )\)] [|Szy — Sienl|
(34)

1—-A
It is clear that nh_)rrgo (D1 + Do+ D3+ Dy+ Ds) = 0. With this in mind, consider the following

equalities:

7 11 2(D D D D D
+Oén(1—>\){€1+ g2+ 2(D1+ Dy + D3+ Dy + 5)}

an, = ||Sz, — Sien||
tn = an (1 =X) € (0,1)

and

{751 + 11leg + 2 (D4 +D2+D3+D4+D5)}
M =
1—A
It can be observed that Inequality 34 satisfies all the conditions of Lemma 2.9. Hence, it follows by

its conclusion that

781+1152+2(D1+D2+D3+D4+Ds)}_ Te1 4 1ley

0 < lirgjgop | Sz, — Sien] < nli_}rrolosup{ T =T
By using {Sie, },—y — ¢ and {Sz,},2; — p,

Te1 + 1leg

—qll <
lp —dll = ——
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4. Conclusion

This paper introduces a new four-step fixed-point iteration method, which is rewritten with the help
of the Jungck Contraction Principle, and some fixed-point theorems for a general class of mappings are
investigated. The results show that the new iteration method converges faster than the other methods
presented in this paper. This method is stable and can obtain a data dependence result. Numerical ex-
amples are given to concretize the stability and convergence speed analysis. In future work, researchers
can rewrite the iteration method provided in this paper by considering the Volterra-Fredholm integral
equations as an operator in complex-valued Banach spaces with appropriate conditions and study the
solution of these integral equations.

Author Contributions

All the authors equally contributed to this work. This paper is derived from the second author’s
master’s thesis supervised by the first author. They all read and approved the final version of the

paper.
Conflicts of Interest

All the authors declare no conflict of interest.
References

[1] A. Amini-Harandi, H. Emami, A Fized Point Theorem for Contraction Type Maps in Partially
Ordered Metric Spaces and Application to Ordinary Differential Equations, Nonlinear Analysis:
Theory, Methods and Applications 72 (5) (2010) 2238-2242.

[2] A. Wieczorek, Applications of Fized-Point Theorems in Game Theory and Mathematical Eco-
nomics, Wisdom Mathematics (28) (1988) 25-34.

[3] L. C. Ceng, Q. Ansari, J. C. Yao, Some Iterative Methods for Finding Fized Points and for
Solving Constrained Convexr Minimization Problems, Nonlinear Analysis: Theory, Methods and
Applications (74) (2011) 5286-5302.

[4] J. Borwein, B. Sims, Fixed-Point Algorithms for Inverse Problems in Science and Engineering,
Vol. 49 of The Douglas—Rachford Algorithm in the Absence of Convezity, Springer, New York,
2011, Ch. 6, pp. 93-109.

[5] K. C. Border, Fixed Point Theorems with Applications to Economics and Game Theory, Cam-
bridge University Press, Cambridge, 19809.

[6] M. Chen, W. Lu, Q. Chen, K. J. Ruchala, G. H. Olivera, A Simple Fized-Point Approach to
Invert a Deformation Field, Medical Physics 35 (1) (2008) 81-88.

[7] S. Banach, Sur Les Opérations Dans Les Ensembles Abstraits Et Leur Application Aux Equations
Intégrales, Fundamenta Mathematicae 3 (1) (1922) 133-181.

[8] V. Karakaya, K. Dogan, F. Giirsoy, M. Ertiirk, Fized Point of a New Three-Step Iteration Algo-
rithm under Contractive-like Operators over Normed Spaces, Abstract and Applied Analysis 2013
(2013) Article ID 560258 9 pages.

[9] M. Ozdemir, S. Akbulut, On the Equivalance of Some Fized Point Iterations, Kyungpook Math-
ematical Journal 46 (2) (2006) 211-217.



Journal of New Theory 45 (2023) 1-17 / Analyzing Stability and Data Dependence Notions by a Novel Jungck-Type - - - 16

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

V. Karakaya, Y. Atalan, K. Dogan, N. Bouzara, Some Fized Point Results for a New Three Steps
Iteration Process in Banach Spaces, Fixed Point Theory 18 (2) (2017) 625-640.

Y. Atalan, V. Karakaya, Investigation of Some Fired Point Theorems in Hyperbolic Spaces for a
Three Step Iteration Process, Korean Journal of Mathematics 27 (4) (2019) 929-947.

V. Karakaya, F. Giirsoy, K. Dogan, M. Ertiirk, Data Dependence Results for Multistep and CR
Tterative Schemes in the Class of Contractive-like Operators, Abstract and Applied Analysis 2013
(2013) Article ID 381980 7 pages.

S. Maldar, Y. Atalan, K. Dogan, Comparison Rate of Convergence and Data Dependence for a
New Iteration Method, Thilisi Mathematical Journal 13 (4) (2020) 65-79.

Y. Atalan, On Numerical Approach to the Rate of Convergence and Data Dependence Results for
a New Iterative Scheme, Konuralp Journal of Mathematics 7 (1) (2019) 97-106.

S. Maldar, Y. Atalan, Common Fized Point Theorems for Complex-Valued Mappings with Appli-
cations, Korean Journal of Mathematics 30 (2) (2022) 205-229.

Y. Atalan, V. Karakaya, Obtaining New Fized Point Theorems Using Generalized Banach-
Contraction Principle, Erciyes University Journal of the Institute of Science and Technology
35 (3) (2019) 34-45.

K. Dogan, F. Giirsoy, V. Karakaya, S. H. Khan, Some New Results on Convergence, Stability and
Data Dependence in N-normed Spaces, Communications Faculty of Sciences University of Ankara
Series A1 Mathematics and Statistics 69 (1) (2020) 112-122.

L. J. Ciric, A Generalization of Banach’s Contraction Principle, Proceedings of American Math-
ematical Society 45 (2) (1974) 267-273.

M. Edelstein, An FExtension of Banach’s Contraction Principle, Proceedings of the American
Mathematical Society 12 (1) (1961) 7-10.

S. B. Presic, Sur Une Classe D’ Inequations Aux Differences Finite Et. Sur La Convergence De
Certaines Suites, Publications De I'institut Mathématique 5 (25) (1965) 75-78.

G. Jungck, Commuting Mappings and Fized Points, American Mathematical Monthly 83 (4)
(1976) 261-263.

E. Picard, Memoire Sur La Theorie Des Equations Aux Derivees Partielles Et La Methode Des
Approzimations Successives, Journal de Mathématiques Pures et Appliquées 6 (1890) 145-210.

R. Chugh, V. Kumar, Strong Convergence and Stability Results for Jungck-SP Iterative Scheme,
International Journal of Computer Applications 36 (12) (2011) 40-46.

N. Hussain, V. Kumar, M. A. Kutbi, On Rate of Convergence of Jungck-type Iterative Schemes,
Abstract and Applied Analysis 2013 (2013) Article ID 132626 15 pages.

R. Chugh, S. Kumar, On the Stability and Strong Convergence for Jungck-Agarwal et al. Iteration
Procedure, International Journal of Computer Applications 64 (7) (2013) 39-44.

A. R. Khan, V. Kumar, N. Hussain, Analytical and Numerical Treatment of Jungck-Type Iterative
Schemes, Applied Mathematics and Computation 231 (2014) 521-535.

W. Pheungrattana, S. Suantai, On the Rate of Convergence of Mann, Ishikawa, Noor and SP
Tterations for Continuous on an Arbitrary Interval, Journal of Computational and Applied Math-
ematics 235 (9) (2011) 3006-3014.



Journal of New Theory 45 (2023) 1-17 / Analyzing Stability and Data Dependence Notions by a Novel Jungck-Type - - - 17

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

R. Chugh, V. Kumar, S. Kumar, Strong Convergence of a New Three Step Iterative Scheme in
Banach Spaces, American Journal of Computational Mathematics 2 (4) (2012) 345-357.

R. P. Agarwal, D. O. Regan, D. R. Sahu, Iterative Construction of Fixed Points of Nearly Asymp-
totically Nonexpansive Mappings, Journal of Nonlinear and Convex Analysis 8 (1) (2007) 61-79.

D. R. Sahu, A. Petrusel, Strong Convergence of Iterative Methods by Strictly Pseudocontractive
Mappings in Banach Spaces, Nonlinear Analysis: Theory, Methods and Applications 74 (17)
(2011) 6012-6023.

V. Berinde, Picard Iteration Converges Faster Than Mann Iteration for a Class of Quasicon-
tractive Operators, Fixed Point Theory and Applications 2004 (2004) Article Number 716359 9

pages.

S. L. Singh, C. Bhatnagar, S. N. Mishra, Stability of Jungck-Type Iterative Procedures, Inter-
national Journal of Mathematics and Mathematical Sciences 2005 (2005) Article ID 386375 9
pages.

M. Kumar, P. Kumar, S. Kumar, Common Fized Point Theorems in Complex Valued Metric
Spaces, Journal of Analysis and Number Theory 2014 (2014) Article ID 587825 7 pages.

V. Berinde, On a Family of First Order Difference Inequalities Used in the Iterative Approximation
of Fized Points, Creative Mathematics and Informatics 18 (2) (2009) 110-122.

S. M. Soltuz, T. Grosan, Data Dependence for Ishikawa Iteration when Dealing with Contractive
Like Operators, Fixed Point Theory and Applications 2008 (2008) Article Number 242916 7 pages.

[36] V. Berinde, Iterative Approximation of Fixed Points, Springer-Verlag, Berlin, 2007.



	Introduction
	Preliminaries
	Main Results
	Conclusion

