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1. INTRODUCTION AND PRELIMINARIES

Cone metric spaces were introduced by Huang and Zhang as a generalization of metric spaces in [8]. The
distance d (X, y) of two elements X and y in cone metric space X is defined to be a vector in an ordered

Banach spaces E, amapping T: X — X is said to be contractive if there is a constant k €[0,1) such that
d(T x,Ty)< kd(x,y), x,yeX.

In [8], the authors proved that there exists a unique fixed point for contractive mappings in complete cone
metric spaces then many authors have focused on fixed point theorems in such spaces. But recently, scholars
obtained that cone metric fixed point results are equivalent to the usual metric ones. Because of these
reasons, people have not worked on studying fixed point theorems in cone metric spaces. However, the
current situation changed, since very recently, Liu and Xu [15] introduced cone metric space over Banach
algebras and defined generalized Lipschitz mappings where the contractive coefficient is vector instead of
usual real constant.

Moreover, they gave an example to illustrate that the non-equivalence of fixed point theorems between
cone metric spaces over Banach algebras and usual metric spaces. Subsequently, Xu and Radenovi¢ [17]
omitted the normality of cones by using c-sequence. The main purpose of this paper is to obtain some
common best point theorems, which is a kind of generalization of common fixed point theorem using extra
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condition, in such framework without assumption of normal cones by using a kind of new Lipschitz
condition. Also we generalize some fixed results in [17] and [8]. Finally, by an example, we support our
results and obtain the non-equivalence of common best proximity results between b-metric spaces over
Banach algebras and usual b-metric spaces. Let E be a real Banach algebra. That is, E is a real Banach
space in which an operation of multiplication is defined, subject to the following properties (for all

X,¥,z€E, aeR):
1. (xy)z = x(yz);

2. x(y+z) = xy+xzand (x+y)z = xz+yz;
3. a(xy)=(ox)y=x(ay);
4. [xyl <[yl

Throughout this paper, we shall assume E be a Banach algebra with a unit (i.e., a multiplicative identity)
e such that ex=xe=X for all Xx e E and 0 the zero element of E. An element X € E is said to be

invertible if there is an inverse element y € E such that Xy = yx = e. The inverse of x is denoted by x .

Proposition 1 [16]. Let E be a Banach algebra with a unit e, and X € E. If the spectral radius r(X) of x
is less than 1, i.e.,

1 1
n =jinf|x"" <1,

n>1

r(x)=lim|x"

nN—o0

then e —X is invertible. Actually,

(e—x)" = > X

i=0

Now let E be a Banach algebra. A subset P of E is called a cone of E if
P is non-empty closed and {0, e} = P;

oP +BP < P for all non-negative real numbers a, f3;

P2 =PPcP;

PN(-P)={0}.
For a given cone P — E, we can define a partial ordering < with respect to P by X <y if and only if

y—X € P. X <y will stand for X <Yy and X # Yy, while X < Yy will stand fory — X €intP,

where IntP denotes the interior of P. If intP = & then P is called a solid cone. The cone P is called normal
if there is a number M > O such that, for all X,y eE,

0<x=y = [x|<Mly|.

The least positive number satisfying above is called the normal constant of P. In the following we always
assume that P isaconein E with intP = and <" is the partial ordering with respect toP .

Definition 1 [15]. Let X be a nonempty set and E be a Banach algebra. Suppose that a mapping
d: XxX—E satisfies for all x,y,z e X,

1. 0=d(x,y) and d(x,y)=0 ifand only if x =y;
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2.d(x,y)=d(y,x);
3.d(x,z) <d(x, y)+d(y,z).
Then d is called a cone metric on X and (X,d) is called a cone metric space over Banach algebra.

Definition 2 Let X be a nonempty set, S>1 be a constant and E be a Banach algebra. Suppose that a
mapping d: Xx X — E satisfies for all x,y,z e X,

1. 0=d(x,y) and d(X,y)=0 ifand only if x =y;
2.d(x,y)=d(y,x);
3.d(x,z) <s[d(x, y)+d(y,z)].

Then d is called a cone b-metric on X and (X, d) is called a cone b-metric space over Banach algebra.

Note that a cone metric space over Banach algebra must be a cone b-metric space over Banach algebra.
Conversely, it is not true.

Example 1 Let E=Cj [a,b] be the set of continuous functions on the interval [a, b]with the supremum

norm. Define multiplication in the usual way. Then Eis a Banach algebra with a unit 1. Set
P={xeE:x(t) > 0,te[a,b]} ad X=R. Define a mapping d:XxX—>Eby

d(x, y)(t)=|x- y|2 e' forall X, y e X. So (X,d) is acone b-metric space over Banach algebra E with

the coefficient S = 2, but it is not a cone metric space over Banach algebra since the triangle inequality
is not satisfied.

Definition 3 [8]. Let (X,d)be a cone b-metric space over a Banach algebraE, x € X and let {X, }be a
sequence in X. Then:

1. {x,} converges to X whenever for each ¢e EwithO<c, there is a natural number Nsuch that

d(x,,x)<c forall n>N. We denote this by limx, =X or X, —X.

N
2. {Xn} is a Cauchy sequence whenever for each ¢ € Awith 0 < cthere is a natural number N such that
d(X,, X, )<c forall n,m> N.

3. (X, d) is a complete cone b-metric space if every Cauchy sequence is convergent.

In the following we have some lemmas that we use them in main theorems.

Lemma 1 [16]. If r(k)<1then [k || =0 (n— ).

Lemma 2 [16]. Let E be a Banach algebra with a unit e and u,veE. If ucommutes withv, then
r(u+v)<r(u)+r(v), r(uv)<r(u)r(v).

Lemma 3 [17]. Let E be a Banach algebra with a unit eand let a be a vector in E. If r(a) <1, then

=] 1
r((e—a) ) (@)



162 Seyed Masoud AGHAYAN et al. / GU J Sci, 30(2):159-172 (2017)

Lemma 4 [17]. Let E be a Banach algebra with a unit eand P be a cone (not necessarily normal) in E.
The following properties hold for each u,v € E,

1. If O0<u < c foreach c intP, then u=0.
2. 1f uxvandv <« w, then U<k w.
un

3.1f uePand r(u) <1, then —0 (n—>x).

4. 1f u<ku, where u,k e Pand r(k) <1, then u=0.

5.1f ceintPand u, —0 (n — ), then there exists N such that, for all n > N, one has u, <c.

Let (X,d) be a cone b-metric space over Banach algebra E and A a nonempty subset of X.We say that

A is bounded whenever there exists ¢ € P such that d (X, y)jc forall X,y € A.

Definition 4 Let (X,d) be a cone b-metric space over Banach algebra E and A and B nonempty subsets of
X. An element pePis said to be a lower bounded for AxBwhenever p < d(a, b) for all

(a,b) € Ax B. Moreover, if p>q for all lower bounded q for AxB,then pis called the greatest lower
bounded for AxB.In this case, we denote it by dis(A,B). Clearly in above definition, dis(A,B)is a

unique element in P. Also, 0 is always a lower bounded for AxB.

Let (X,d)be a cone b-metric space over Banach algebra Eand A and B nonempty subsets of X. We
define

A, ={xeA: d(x, y)=dis(A,B) for some y B},
BO:{yeB: d(x,y)=dis(A,B) for someXGA}.

From the above definition, it is clear that for every XeAjthere exists YyeBjsuch that
d(x,y)=dis(A,B) and conversely, for every yeBjthere exists XeA,such that
d(x,y)=dis(A,B).

Definition 5 Let (X, d) be a cone b-metric space over Banach algebra Eand A and B nonempty subsets

of X. S:A—B and T:A — Bbe non-self mappings, an element x € Ais called a common best
proximity point of the mappings if they satisfy the condition that

d(x,Sx)=dis(A,B)=d(x,Tx).
Definition 6 Let (A, B) be a pair of nonempty subsets of a cone b-metric space (X,d) over Banach algebra

E with A, = @. Then that pair (A, B)is said to have the weak P-property if and only if
d(Xy, y;) = dis(A,B)

{d(X2|YZ):diS(A,B) :>d(X1, Xz) = d(y1’ yz),

(1)

where X, X, e Ajand y,, Y, € By.
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Definition 7 Let A and B be two non-empty subsets of a cone b-metric space (X,d) over Banach algebra

E.The mappings S:A—B and T:A — Bare said to be commute proximally if they satisfy the
condition that [ d(u,Sx) =d (v, Tx)=dis(A,B)|= Sv=Tu.

2. COMMON BEST PROXIMITY POINT THEOREMS FOR GENERALIZED LIPSCHITZ
MAPPINGS OF THE FIRST KIND

In this section, by omitting the assumption of normality of the cones, we shall prove some common best
proximity point theorems of generalized Lipschitz mappings of the first kind in the setting of cone metric
spaces over Banach algebras. We begin this section with reviewing some facts on c-sequence theory.

Definition 8 [12]. Let P be a solid cone in a Banach space E. A sequence {un } c Pis a c-sequence if for

each ¢>>0 there exists n, € N suchthat u, < ¢ for n>n,.

Lemma 5 [12]. Let P be a solid cone in a Banach algebra E, {u,} and {v, } be two c-sequences in P. If

o, B € Pare two arbitrarily given vectors, then {ocurl +Bv, } is a c-sequence.

Definition 9 Let A and B be two non-empty subsets of a cone b-metric space (X,d) over Banach algebra
E with s>1and P be a solid not necessarily normal cone of E. Non-self mappings S, T: A — Bare
said to satisfy generalized Lipschitz condition of the first kind if there exist a, € P where i=1,...,4,

s(r(oy)+r(oy))+r(og)+s(s+ 1)r(a,)<land a; (i = 1..,4) commute with each other, then for
each X,y € A,

d(Sx,8y) < a,d(T X, Ty)+a,d(T X,5x)+0,d(Ty,Sy) +a,[d(Ty,Sx)+d(Sy,T x)|.

Theorem 1 Let (X, d) be a complete cone b-metric space over Banach algebra E with the coefficient s>1
and P be asolid cone of E. Let A and B be two non-empty subsets of X and the pair (A, B) satisfies the

weak P-property. Moreover, assume that A is non-empty and closed and S, T : A — Bare two non-self
mappings satisfying the following conditions:

(@ Sand T commute proximally;
(b) T is continuous;

© S(A,) = Byand S(A,) = T(A,);

(d) Sand T satisfy the generalized Lipschitz condition of the first kind. Then, there exists a unique point
X € A such that

d(x,Tx)=dis(A,B)=d(x,Sx).
Proof Let X,be a fixed element in A,. Since S(A,)=T(A,), then there exists an element X, € A,

such that SX, = TX,. Then by continuing this process we can choose X, € A, such that there exists
X €A, satisfying

Sx, =Tx,,, for each ne N.
(2)

Since S(A,) < B, there exists an element u, € A, such that

n+1
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d(Sx,,u,)=dis(A,B) for each neN.
)
Further, it follows from the choice X, and u, that d(Sx,,u, )=dis(A,B)=d(SxX,.,,U,.,),

By using the weak P-property and generalized Lipschitz condition of the first kind, we have

d(u,,u,.;) =d(Sx,,5%,.;) =<o,d(T X, T X1 )+0,d(T X,,S%, ) +o3d(T X,,;,5X,.;)

n!=n+l n+1?

o, [ d(T X0, 8%, ) +d(SX,.;, T, ) |

n+1?

<o, d (SX,_;,SX,, ) +a,d (SX,_;,SX,, ) +a,d (Sx,, Sx

Since o, commute with o, so r(o,+sa,)<r(a,)+sr(a,)<1, by Proposition 1 we have that

)+sa, [ d(SX,;,8x, )+d(Sx,,5%,.1) ] (4)

n+l

e— (o +sa,) is invertible. Hence by (4), we deduce that

d(u, u,,) <hd(Sx,,,Sx,) <...=<h"d(Sx,,Sx,), 5)

where h =(e— (o, +Soc4))7l (o, +0a, +50, ). By Lemma 2, Lemma 3 and the fact that o, (i = 1,...,4)

commute, we speculate that

r(o,+o,+sa,) r(oy)+r(a,)+sr(o,)
h) = ( _ ) 2 4) < 1 2 4

r(h)=r (e (o +Sa4)) (o +ot, +50t, ) T Tt (a,)—sr(on)

(note that by assumption we haves(r (o, )+r(ot,))+r(a;)+s(s+1)r(a,)<1). Let mneN and

<1. (6)

m > n, we have

d(Uy,Up,) <[ d (U, Uy )+d (U, | =sd(u,, U, )+57[d(Upg Uy, ) +d (U, U,) ]
<5 d(u,, Uy, )+5°d (U Uy )+ .. s™ [d mzr U )+ 0 (U U )]
<sd(u,, Uy, )+87d (U, Uy )+ A8 d (U, Uy ) 8™ d (U, Uy ).
Since r(sh)=sr(h)<1so (e—sh) isinvertible and by (5), we imply that
d(u,, U, ) <(sh"+s’h" +..+™"h™* )d(SX,,SX,)
—sh"(e+sh+...+ (sh)™"™)d(Sx,,5%,)< sh" (e~sh) ™ d(Sx,,5%,).

Because r(h)<1 it verifies that , {h,} is a c-sequence. Therefore, we

obtain from Lemma 5 that {Sh" (e—sh)fld(Sxo,le)} is a c-sequence. Therefore, {u,} is a Cauchy

sequence. Since (X,d) is complete, {un} c A, and A, isclosed. There exists U € A, suchthat u, —u
as n — oo, Also, we have that

d(Sx,,u,)=dis(A,B)=d(T x,,u,_,). Since S and T commute proximally we get that

Tu, =Su, ,. (7)
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By continuity of T we have Tu, — Tu as n—oco. Also (7)implies that Su, — Tu as n —oo. It

means that {d(un,u)}, {d(Tun,Tu)} and {d(Sun,Tu)} are c-sequence. We claim that Tu =Su
because

d(Su,Tu) < s[d(Su,Su,) +d(Su,,Tu)] <sd(Su,Su,)
<so,d(Tu, Tu,) +so,d(Su,Tu) +sa.d(Tu,,Su,)+sa,[d(Tu,,Su)+d(Su, +Tu)]
<so,d(Su, Tu)+sa, [ sd(Tu,, Tu)+sd(Tu,Su) | =(so, +s°0t, )d(Su, Tu).

Put k=sa, +s%a,, since r(k)<1 then by part 4 of Lemma 4 we obtain d(Su,Tu)=0. Since
SueS(A,)< By, there exists X € A, such that
d(x,Su)=dis(A,B)=d(x,Tu).
(8)
Therefore, TX =SX because S and T commute proximally. Since SXeS(AO)gBO, there exists
zeA,, itimplies that
d(z,Sx)=dis(A,B)=d(z,T x).
(9)
By generalized Lipschitz condition of the first kind, we get that
d(Su,Sx) = o,d(Tu, TX)+a,d(Su, Tu)+oi,d (SX, TX) + ot [ d (Su, Tx)+d (Sx, Tu) |
=(a, +20,)d(Su,Sx).
(10)

Since r(a, +20,) <1 then d(Su,Sx) =0 and Su=Sx. From (8) and (9) we have
d(x,Su)=dis(A,B)=d(z,Sx), the weak P-property of the pair (A, B) implies
d(x,z) <d(Sx,Su)=0. So x=z and
d(x,Sx)=dis(A,B)=d(x,Tx).
11)
Suppose that X~ is another common best proximity point of the mappings S and T so that
d(x*,Sx*):dis(A, B):d(x*,T x*).

12)
Since S and T commute proximally, then Sx =Tx and Sx™ = Tx". So we have

d(Sx,5X") < o,d(Tx, TX" )+, d (T, 5x) + 0, d(Tx",SX") + [d(T x*,Sx)+d(Tx,Sx*)]

= (o, +2a,)d(Sx,5x"),
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which r(a, + 20, ) <1 implies that Sx =Sx . Since the pair (A,B) satisfies weak P-property, from (11)
and (12) we have that d(X,X*)-_< d(Sx,Sx*). Eventually, we have that X =x". Hence S and T have

a unique common best proximity point. O

Example 2 Let E = C}, [, b] be the same as in the Example 1. The

P={xeE: x(t)> 0,te[a,b[} isanon-normal cone in E. Let X = R? and define d: XxX —E by
d(x,y):(|xl —y.[ +]x, =Y, 2)et, for all tefa,b], where x=(x;,X,) and y=(y;,Y,). So
(X,d) is a cone b-metric over Banach algebra E with the coefficient s=2. Put A, B be two subsets of
X given by A={(x,y)eR*:x=0,0<y<1}, B={(x,y)eR’:x=1 0<y<il} Let
T,S:A—>B be defined as T(0,y)=(1y) for each 0<y<1, and

S(0,y)= (1,%) for each 0 <y <1. Then (A,B) is a pair of nonempty closed and bounded subsets of

X such that A, =A, B, =B and dis(A,B)=e'. It is verified that the (A,B) satisfies the weak P-
property. Also T and S satisfy the properties mentioned in Theorem 1. Hence the conditions of Theorem
1 are satisfied and it is seen that 0 = (0, 0) is the unique common best proximity point of S and T.

Remark 1 Since in Example 2 the solid cone P in the Banach algebra E is not normal, it shows that the
main results without assumption of normality in this paper is meaningful.

If we suppose that S and T are self-mappings on X and A =B =X then Theorem 1 implies the
following common fixed point theorem, that generalizes and complements some results in the literature.

Corollary 1 Let (X,d) be a complete cone b-metric space over Banach algebra E with the coefficient
s>1 and P be a solid not necessarily normal cone of E. Moreover, assume that S, T: X — X are two
self mappings on X, satisfy the following conditions:

(@ S and T commute;

(b) S(X) = T(X);

(c) T is continuous;

(d) S and T satisfy the generalized Lipschitz condition of the first kind.

Then Sand T have a unique common fixed point.

The following Corollary is a generalization of Theorem 2.1 in [15], Theorem 3.2 and Theorem 3.3 in [17]
and also results Theorem 2.1 in [8] and shows existence and uniqueness of fixed point theorems in cone b-
metric spaces over Banach algebras which the solid cone is not necessarily normal.

Corollary 2 Let (X,d)be a complete cone b-metric space over Banach algebra E with the coefficient

s>1and P be a solid not necessarily normal cone of E. Moreover, assume that S: X — Xis a self
mappings on X, which satisfies the generalized Lipschitz condition of the first kind. Then S has a unique
fixed point.

Proof If we put T = I (I is identity map), then from Corollary 1 we obtain that S has a unique fixed
point.
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3. COMMON BEST PROXIMITY POINT THEOREMS FOR GENERALIZED LIPSCHITZ
MAPPINGS OF THE SECOND KIND

Definition 10 Let A and B be two non-empty subsets of a cone b-metric space (X,d) over Banach

algebra E with the coefficient s>1 and P be a solid not necessarily normal cone of E. Non-self mappings
S, T:A — B are said to satisfy generalized Lipschitz condition of the second kind if there existsa a. € P

which r(oc)<§ such that for all x, y in A,
d(Sx,Sy) < a o,
13)

where

cox'ye{d(Tx,Ty),d(Tx,Sx),d(Ty,Sy), d(Tx.Sy) +d(Ty,Sx)}

2s

Theorem 2 Let A and B be two non-empty subsets of a cone b-metric space (X, d) over Banach algebra

E with the coefficient S>1 and P be a solid not necessarily normal cone of E. Assume that the pair
(A, B) satisfies the weak P-property. Moreover, A, is a non-empty and closed and S, T: A — B be two
non-self mappings, which satisfy the following conditions:

@ S(A,) =B, and S(A,) = T(A,) ;

(b) S and T commute proximally;
(c) T is continuous;
(d) S and T satisfy the generalized Lipschitz condition of the second kind.

Then there exists a unique element X € A such that

d(x,Tx)=dis(A,B) and d(x,Sx)=dis(A,B).

Proof Let X, be a fixed element in A,. Since S(A,) = T(A,), then there exists an element X, € A,

such that Sx, =TX,. Then by continuing this process we can choose X, € A, such that there exists

X €A, satisfying Sx, =T x

such that

d(Sx,,u,)=dis(A,B) for each neN.
(14)

for each ne N, since S(A,) < B,, there exists an element u, € A

n+1

By choosing x,, and u,, it follows that

d(Sx,,u,)=dis(A,B)=d(SX,,,,U,.,)-
(15)

By using the weak P-property and generalized Lipschitz condition of the second kind, we have

d(u,,U,,) <d(Sx,,8%,,,) <a o, , where ceP, r(oc)<% and
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d(Tx,,SX,.,,)+d(Tx
2s

SX, )

n+l?

o, ,  e{d(Tx,, Tx,,;),d(TX,,S%, ), d(TX,.1,5%,.,1), }

n+1?

= {d (SX”’l’SXn)’d(sxnasxnﬂ), d(SXn_21;SXn+1)}

We distinguish three cases. We will prove in each cases that {un} is a Cauchy sequence then, we continue
the proof.

Case I. If we have that

d(u,,u,,) <d(Sx,,Sx,,,) < ad(Sx,,Sx,)=< a" d(Sx,,Sx, ).

n?=“n+l

Since r(a)<%, it implies that ‘oc”

—0 and {oc”} is a c-sequence. By Lemma 5 we get that

{oc” d (Sxo,le)} is a c-sequence as well. Hence {un} is a Cauchy sequence.

Case Il. If we consider that d(u,,u,.;) < d(Sx,,SX,,,) < ad(Sx,,Sx,.,). Because r(a)<1, it

n+l

shows that d(Sx,,Sx,,,)=0 and also d(u,,u,,;)=0. Therefore, u, =u,., forall ne N and clearly

n+1
{u,} isa Cauchy sequence.

Case Ill. Assume that

d(SX,_4,SX,,1) d(Sx,_,Sx, )+d(Sx,,SX,,,)

d(u,,Uy.,;) <d(Sx,,S%,,) <o s <a 5 .

Since (o) <§£ 1 implies that (2e — o) is invertible, then (16) leads to

d(SX,,S%, ) < (2e—a) " ad(Sx,,,SX,).

Puth:(2e—oc)_1oc,then r(h) < "(a) < s _ 1 gl,sowehavethat
2-r(a) 2-1/s 2s-1 s

d(u, u,,,)=d(Sx,,Sx,.;) <h"d(Sx,,Sx,).

n+1

Like Case I., because of r(h) <1, itimplies that {un} is a Cauchy sequence. In all cases we proved that
{u, } is a Cauchy sequence. Since X is complete, {u,} = A, and A, is closed, there exists U € A, such
that u, — u. By hypothesis, mappings S and T are commuting proximally and by (15) we have that

Tu,=Su,,, foreveryneN. Since T and S are continuous it implies that
Tu=Ilim Tu, = lim Su, ;. We show that Su=Tu because

d(Su,Tu) < s[d(Su,Su,)+d(Su,,Tu)| =sd(Su,Su,) < sa o,, ,

(17)

where
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o e{d(Tu,Tu,),d(Tu,Su),d(Tu,,Su, ), d(Tu,Sun);Sd(Tun,Su)}:{d (Tu,Su),d(Tuz_;’SU)} (18)

If we assume that ®,, = d(Su,Tu) then d(Su,Tu)=<sc d(Tu,Su). Since r(sa)=sr(a)<1 hence
d(Tu,,Su)

d(Su,Tu)=0. If we suppose that @, , = s then
y s

d(Tu,,Su) d(Tu,,Tu) N d(Tu,Su)}< " d(Tu,Su)'

- 2

d(Su,Tu) < sa. ———~<sa
2s 2

Because r(s?a): %r(a)<%< 1, it shows that d(Su,Tu)=0 and Tu=Su. As SueS(A,)< B,

there exists an X € A, such that
d(x,Su)=dis(A,B)=d(x,Tu).
19)
Since S and T commute proximally, SXx =TX. Also, SX € S(AO) c By, thereexistsa z e A, such that
d(z,Sx)=dis(A,B)=d(z,T x).
(20)
By generalized Lipschitz condition of the second kind, we get that d(Su,Sx) < oo, ,, where

d(Tu,Sx) +d(Tx,Su)
2s

o, €{d(Tu,Tx),d(Tu,Su),d(Tx,Sx), }.

Since. Sx=Tx and Su=Tu it implies that o, = {d(Su,SX)}. Consequently,
d(Su,Sx)=ad(Su,Sx). Because of (o) <1 we have that Su = Sx. Since the pair (A, B) satisfies the
weak P-property from (19) and (20), we can conclude that d(x,z) < d(Su,Sx)=0. It follows that
X =Z. Therefore we have that
d(x,Sx)=dis(A,B)=d(x,Tx).

(21)

We now show that S and T have unique common best proximity point. For this, assume that X" in A is
a second common best proximity point of S and T, then

d(x",Sx") =dis(A,B) =d(x", Tx").
(22)

Since S and T commute proximally, from (21) and (22) we obtain that Sx = Tx and Sx” =Tx". By
generalized Lipschitz condition of the second kind, we get that

d(Sx,SX*) < 0o, .,

X

where
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Ot E{d(TX,TX*),d(TX,Sx),d(Tx*,Sx*), (7.8 );Sd(TX ’SX)}:{d(SX'SX*),d(SXS’SX ) }

It is easy to show that d(Sx,Sx") =0 and Sx =Sx". By weak P-property, from (21) and (22), we have

that d(x,x*) < d(Sx,Sx*) =0. Consequently, x=X". Hence S and T have a unique common best
proximity point. O

Example 3 LetE =R? . For each (X;,X,) € E, |(X,,X, )| =[x,|+|X,|. The multiplication is defined by

XY = (X0 X, ) (Y1 Y2 ) = (XoYis X,Y, +X,Y,). For each X =(X,,y,) and y=(Y.,y,). Then E is a
Banach algebra with unit e =(1,0). Let P ={(x,,X,) € R* |X;,X, 20}. Then P is normal with normal
constant M =1. Let X =R? and the metric d be defined by

d (X’ Y) =d ((Xl’ X2)1(y11 yz )) = (|X1 _y1|2 ’|X2 _y2|2) eP.
Then (X,d) is a complete cone b-metric space over a Banach algebra E with s=2. Let A and B be

two subsets of X given by

A={(x1,x2)eR2 X, =1, OSXzsl}U{(xl,xz)eR2 : X, =10 szsl},
B:{(xl,xz)e]R2 DX, =2, O£x2£1}U{(xl,x2)eR2 L X, =2, Osxzsl}.

Then A and B are closed and bounded subsets of X such thatdis(A,B)=(1,0), A, =A, B, =B. Let
T,S:A— B be defined as

T(x,,%,) =(2]x,],x,) and S(xl,x2)=(2|x1|,x—22 x2) for each (x,,X,)eA.
Therefore T and S satisfy the properties mentioned in Theorem 2. Hence the conditions of Theorem 2 are
satisfied and (1,0) is the unique common best proximity point of S and T.

By Theorem 2 we obtain the following results in the fixed point theorem.

Corollary 3 Let (X,d) be a complete cone b-metric space over Banach algebra E with the coefficient
s>1 and P be asolid not necessarily normal cone of E. Let S, T: X — X be self mappings on X, also
T commutes with S and T is continuous. Further, let S and T satisfy S(X) < T(X) and there exists a

1
constant r(a) <= such that for every X,y e X
S

d(Sx,Sy) < a o,
(23)

where

o, € {d(Tx,Ty),d(Tx,Sx),d(Ty,Sy), d(Tx,Sy);sd(Ty, SX)}.

Then S and T have a unique common fixed point.
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If T is assumed to be identity mapping in Corollary 3, then we have the following result, which is a
generalization of Theorem 3.1-3.3 in [17] and results Theorem 2.5 in [8].

Corollary 4 Let (X,d) be a complete cone b-metric space over Banach algebra E with the coefficient
s>1 and P be asolid not necessarily normal cone of E. Let S: X — X be self mappings on X and there

. 1
exists a constant r(a) < = such that for every X,y e X
s

d(Sx,Sy) < a o,

where

o, € {d(x, y).d(x,Sx),d(y,Sy), d(xSy)+d(y, SX)}.

2s
Then S has a unique fixed point.
Example 4 [8] LetE =R?. For each (X;,X,)€E, H(xl,xz)u =|x1]+[x2|. The multiplication is defined

by Xy =(X,, %, ) (Y1, ¥,) = (XY1, XY, +X,¥;). Then (X,d) is a complete cone b-metric space over a
Banach algebra E  with coefficient s=2. Now define mapping S:X—>X by

S(xl,xz):(%(cos %_le_%lj’ arctan (2+|x, |)+In(x, +1)). Then we have

d(S(Xl,Xz),S(yl,yz))s(%,2)(le—y1|2,|xz—y2|2) S(é,Z)d((xl,xz),(yl,yz)),

1 11 - " : :
where r((§,2)) =§<§. In addition, all the other conditions of Corollary 2 are fulfilled (if we put

o, = (%,2), o, =0, o, =0 anda, =0 ). Therefore, S has a unique fixed point in X.

Remark 2 In Example 4 (see Example 2.7 in [8]), we see the main results in this paper are indeed more
different than the standard results of cone b-metric spaces in the literature.

CONFLICT OF INTEREST

The authors declare that they have no competing interests.

ACKNOWLEDGMENTS

The authors wish to thank the referee, for the careful reading of the paper and for the helpful suggestions
and comments.

REFERENCES

[1] Al-Khaleel, M., Al-Sharifa, S. and Khandagji, M., “Fixed points for contraction mappings in
generalized cone metric spaces”, Jordan J. Math. Stat., 5(4): 291-307, (2012).



172

(2]

(3]

[4]

[5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

Seyed Masoud AGHAYAN et al. /GU J Sci, 30(2):159-172 (2017)

Azam, A., Mehmood, N., Ahmad, J. and Radenovi¢, S., ”Multivalued fixed point theorems in cone
b-metric spaces”, Fixed Point Theory Appl., 2013: 582, (2013).

Cakall, H., Sénmez, A. and Geng, C., ’On an equivalence of topological vector space valued cone
metric ” spaces and metric spaces”, Appl. Math. Lett., 25 429-433, (2012).

Feng, Y. and Mao, W., ”The equivalence of cone metric spaces and metric spaces”, Fixed Point
Theory, 11(2): 259-264, (2010).

Gaji¢, L., and Rakocevi¢, V., ”Quasi-contractions on a nonnormal cone metric space”, Funct. Anal.
Appl., 46(1): 75-79, (2012).

Huang, L. and Zhang, X., ”Cone metric spaces and fixed point theorems of contractive mappings”,
J. Math. Anal. Appl., 332 1468-1476 (2007).

Huang, H. and Xu, S., ”Fixed point theorems of contractive mappings in cone b-metric spaces and
applications”, Fixed Point Theory Appl., 2013: 112 (2013).

Huang, H. and Radenovi¢, S., ”’Some fixed point results of generalized Lipschitz mappings on cone
b-metric spaces over Banach algebras”, J. Computational Aanl. and Appl., 20(3): 566-583 (2016).

Huang, H., Xu, S. and Liu, H. and Radenovi¢, S., ”Fixed point theorems and T-stability of Picard
iteration for generalized Lipschitz mappings in cone metric spaces over Banach algebras”, J.
Computational Aanl. and Appl., 20(5): 869-888 (2016).

Jiang, S. and Li, Z., "Extensions of Banach contraction principle to partial cone metric
spaces over a non-normal solid cone”, Fixed Point Theory Appl., 2013: 250 (2013).

Jankovi¢, S., Kadelburg, Z. and Radenovi¢, S., ”On the cone metric space: A survey”,
Nonlinear ~ Anal., 74: 2591-2601, (2011).

Kadelburg, Z., Radenovi¢, S. and Rakocevi¢, V., ”A note on the equivalence of some metric
and cone metric fixed point results”, Appl. Math. Lett., 24: 370-374, (2011).

Kadelburg, Z. and Radenovi¢, S., ”A note on various types of cones and fixed point results
in cone metric spaces”, Asian J. Math. Appl., 2013: Article ID ama0104, (2013).

Kumam, P., Dung, N.V. and Hang, V. T. L., ”Some equivalence between cone b-metric
spaces and b-metric spaces”, Abstr. Appl. Anal., 2013: Article ID 573740 8 pages, (2013).

Liu, H. and Xu, S. ”Cone metric spaces with Banach algebras and fixed point theorems of
generalized Lipschitz mappings”, Fixed Point Theory Appl., 2013: 320, (2013).

Rudin, W., Functional Analysis 2nd ed., McGraw-Hill, New York, (1991).

Xu, S. Y. and Radenovi¢, S., ”Fixed point theorems of generalized Lipschitz mappings on

cone metric spaces over Banach algebras without assumption of normality”, Fixed Point
Theory Appl., 2014: 102, (2014).

W. Hundsdorfer, J. G. Verwer, Numerical Solution of Time-Dependent Advection-Diffusion-
Reactio



