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1. INTRODUCTION

In 1922, the Polish mathematician Stefan Banach proved his noteworthy theorem
relating to the existence and uniqueness of a fixed point under appropriate
conditions for the first time (Banach, 1922). In the last decades, the Banach
contraction principle has been studied and generalized considerably by several
authors in different ways, for more details see (Matthews, 1994; Schellekens, 2003;
Oltra and Valero, 2004; Valero, 2005; Altun et al., 2010; Altun and Erduran, 2010;
Karapimnar, 2011; Mustafa and Sims, 2006; Beiranvand et al., 2009; Ran and
Reurings, 2003; Nieto and Ldpez, 2005; Harjani and Sadarangani, 2009; Chen and
Lee, 2007).

One of the such generalizations is a Gp -metric space. The notation of Gp -metric

space was defined by Zand and Nezhad as a new generalization and unification of
both partial metric space and G -metric space (Zand and Nezhad, 2011). In

particular, Aydi, Karapmar and Salimi introduced the notions of 0 -Gp -Cauchy

sequence and O-Gp—complete Gp—metric space (Aydi et al., 2012), for more

details see (Barakat and Zidan, 2015; Bilgili et al., 2013; Ciric et al., 2013;
Parvaneh et al., 2013; Popa and Patriciu, 2015; Salimi and Vetro, 2014; Kaya et al.,
ud., Parvaneh et al. 2014 ).

Now, we review the necessary notations, definitions and fundamental results
produced on Gp -metric spaces that we will need in this work.

Definition of a Gp -metric space was given by Zand and Nezhad as follows:

Definition 1 (Zand and Nezhad, 2011) A Gp -metric on a non-empty set X is a

function Gp:XxXxX —[0,0), such that for all X,y,z,ae X the

following properties hold:

Gp. X=Y=2if G,(X,Y,2)=G,(2,2,2) =G, (Y, Y, Y) =G, (X, X, X);

GPZ- OS Gp(X!X!X)ﬁ Gp(X1 Xv y) < Gp(x7 y! Z)’
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G G, (%Y,2)=G,(X2,Y)=G,(y,z,X)=..., symmetry in all three

variables;
G G,(X,¥,2) G (xa,8)+G,(a,y,2)-G,(a,a,a).
In this case, the pair (X,G ) is said to be a G, -metric space.

On the other hand, instead of (G,), Parvaneh, Roshan and Kadelburg used the
following condition (Parvaneh et al., 2013):

Gp . 0LG, (X, X, X) LG, (XX Y) LG, (X,Y,2) for all x,y,ze X with
zZFYy.
Also, they stated an important remark as following:

Remark 1 With (G, ) assumption, it is very easy to obtain that
G,(x,x,¥) =G, (x,y.Y)
holds for all X,y € X, i.e., the respective space is symmetric.

On the other hand, there are a lot of examples of asymmetric G -metric spaces.
Hence, the claim stated in (Zand and Nezhad, 2011; Aydi et al., 2012) that each G -

metric space is a Gp -metric space (satisfying (G,.)) is false. With the assumption

(Gp2) this conclusion holds true.

We will use definition of Gp -metric space given by Zand and Nezhad throughout

the rest of this paper, that is, (X,Gp) is a symmetric Gp -metric space in this

paper.

Example 1. (Zand and Nezhad, 2011) Let X =[0,00) and let
G, XxXxX —[0,0) be a mapping defined by
G,(x,y,z) =max{Xx,y,z},forall x,y,ze X .Then (X,G,) is a symmetric

Gp -metric space but nota G -metric space.
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The following proposition gives some properties of a Gp -metric space.

Proposition 1.1 (Zand and Nezhad, 2011) Let (X ,Gp) be a G, -metric space.

Then, the following statements hold:
i G (% Y,2) <G, (X% Y)+G,(X,%,2) =G, (X, X, X);
i. G,(X,Y,Y)E2G,(X,X,Y¥) =G, (X, X, X);

G,(x,y,2)£G,(x,a,a)+G,(y,a,a) +G,(z,a,a) -2G,(a,a,a);
iv. G,(x,Y,2)£G,(x,a,2)+G,(a,y,2)-G,(a,a,a);
forany X,y,Z and ae X .

The following proposition shows that to every Gp -metric space we can associate

one metric.

Proposition 1.2 (Zand and Nezhad, 2011) Every Gp—metric on X induces a
metric d;, on X defined by
P

de (X Y) =G, (%Y, Y)+G, (Y, X, X) =G, (X, X, X) =G (Y, Y, Y)

forall x,ye X .

In their paper, Zand and Nezhad also introduced the basic topological concepts like

G, -convergence, G -Cauchy sequence and G, -completeness in G -metric

spaces as follows.
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Definition 2 (Zand and Nezhad, 2011) Let (X,G ) be a G, -metric space and let
{X,} be a sequence of points of X . A point x € X is said to be the limit of the
sequence {X,} and denoted by X, — X if

lim G, (X, X, X,) = G, (X, X, X).

n,m—oo

In this case, we say that the sequence {X,} is G -convergent to X.

Thus if X, — X ina G, -metric space (X,G,), then for any & >0, there exists

| N suchthat |G, (X, X, X,) =G, (X, X, X)[< &, forall n,m>1.

n?

Using the above definition, one can easily prove the following proposition.

Proposition 1.3 (Zand and Nezhad, 2011) Let (X,G) be a G, -metric space.

Then, for any sequence {X,} in X and a point xe X the following are
equivalent:

i {x}is G, -convergentto X;

i. G (X, %, X) > G (X, X, X) as N —>0;

i. G, (X, X,X) > G, (X X,X) as N —>c0.

Proof. If we take M =N in (i), we get that (i) implies (ii). Also, we obtain that (ii)
&> (i) with (G, ) assumption. For the converse we have:

G, (X, X, %,) =G, (X, X, X) = G, (X, X, X) =G, (X, X, X)
<G, (X, X, X) + G, (X, Xy, X) =G, (X, X, X) =G, (X, X, X)
=[G, (%, X, X) =G, (X, X, X)]+[G, (X, X;,, X) =G, (X, X, X)].

If we take the limit as N,M — oo in the previous inequality, we get that (iii)
implies (i).

The proof is completed.

Definition 3 (Zand and Nezhad, 2011) Let (X,G,) bea G, -metric space.
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i.  Asequence {X,} iscalled a Gp -Cauchy sequence if and only if

liMnmose G (Xys Xy X,) exits and is finite;

ii. A G, -metric space (X,G,) is said to be G -complete if and only if
every
G, -Cauchy sequence in X is G -convergesto x € X such that

G, (%X, X) = lim G, (X, Xy, Xy)-

n,m—oo

The following lemma, which given by Parvaneh et al. provides the characterizations
of concepts of Cauchy and completeness for Gp -metric spaces (Parvaneh et al.,

2013).
Lemma 1.4

i. Asequence {X,} isa G, -Cauchy sequence ina G, -metric space (X,G) if

and only if it is a Cauchy sequence in the metric space (X, de) .

ii. A G,-metric space (X,G,) is G,-complete if and only if the metric space

(X,dg ) is complete. Moreover,
p

|idep(x,xn) =0

n—o0

if and only if

lim G, (X, X, X,) = limG, (X, X, X) = lim G, (X,, X, X;,)
n—o n,m—oo

n—oo

= lim G, (X,, Xy: Xp) = G, (X, X, X).

n,m—oo

The following useful lemmas have a crucial role in the proof of our main results.

Lemma 1.5 (Aydi etal., 2012) Let (X,G,) be a G, -metric space. Then
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i G (X,y,2)=0,then x=y=17;
ii. If x=y, then G (X,Y,y)>0.
Proof. Let G (X,Y,2) =0.Then, by (G, ) we get

0G,(2,2,2),G, (Y, ¥, ¥),G, (X, %, x) <G, (x,Y,2) = 0.

Hence, we have G,(z,2,2) =G (Y,Y,y) =G, (X, X,X) =G,(X,y,2) =0.

By (Gp1) we conclude that X =Y = Z. So, the assertion (i) is proved.

On the other hand, let x # y and G, (X,Y,y) = 0. Then, by (i), X =y whichisa
contradiction. Thereby, (ii) holds.

Lemma 1.6 (Aydi et al., 2012) Assume that {X,} - X as N —> ina Gp -metric
space (X,G,) suchthat G (X, X,X) =0.Then, forevery y e X,
lim G, (., ¥, ¥) = G, (X, ¥, ).

Proof. First note that |imn_mGp(Xn,X, X) = Gp(X, X, X) = 0. By the rectangle
inequality and (Gp;), we get

G, (X, Vs V)G, (X, X, X) + G (X, Y, Y) =G, (X, X, X)
=G, (X X, X)+G,(X,Y,Y)
and
G, (X% Y, Y)EG, (XX, X, )+ G, (%, ¥, Y) = G (X, Xq0 X,)
LG, (XX, %) +G,(X,, ¥, )
=G, (X, % X)+G (X, Y, Y)

Hence, we have
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0[G,(X,, Y, ¥Y) =G, (X, ¥, ) £G,(X,, X, X).

Letting N — o0 we conclude our claim.

The following proposition of Zand and Nezhad will be required in the sequel (Zand
and Nezhad, 2011).

Proposition 1.7 Let (X,,G,) and (X,,G,) be G, -metric spaces. Then a
function f : X; — X, is G, -continuous at a point x € X, ifand only ifitis G,
-sequentially continuous at X ; that is, whenever {X.} is Gp -convergent to X one
has {f (x,)} is G, -convergentto f(x).

Kaya et al. given an important remark, which investigates relationship between the
concepts of Gp -continuity and d -continuity, as follows (Kaya et al., ud).
P

Remark 2 It is worth noting that the notions of Gp -continuity and d; -continuity
P

of any function in the contex of Gp—metric space are incomparable, in general.

Indeed, if
X =[0,+x), G,(X,Y,z) = max{x, Yy, z}, de (x,y)=|x-y|, f(0)=1

—_ 2 s . .
and f(x)=x"forall x>0, g(x)=|sinx|, then f isa G, -continuous and
d. -discontinuous at point X = 0; while g is a Gp—discontinuous and dg -

P p

continuous at point X = 7. Therefore, in this paper, we take that T : X — X is
continuous if both T :(X,G,) = (X,G,) and T :(X1dgp) - (X,de) are

continuous.

Also, Kaya et al. defined the concepts of sequentially convergent and
subsequentially convergent (Kaya et al., ud).

Definition 4 Let (X,G) bea G -metric space. A mapping T : X — X is said
to be:

i.  sequentially convergent if for any sequence {y,} in X such that {Ty, }
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is convergentin (X, d, ) implies that {y,} is convergentin (X,d; ).
P P

ii.  a subsequentially convergent if for any sequence {y,} in X such that

{Ty.} is convergent in (X,de) implies that {y,} has a convergent
subsequence in (X, d; ).
P

The concept of Banach operator pair was introduced by Chen and Li as following
(Chen and Li, 2007):

Definition 5 Let f and T be self mappings of a nonempty set M of a normed

linear space X . Then, (f,T) is a Banach operator pair, if any one of the
following conditions is satisfied:
: fFF(T< F(T).
TfX = X ¢ each X € F(T),
- FTX=TX 50 cach X € F(T)’
iv. [ FTx=Tx [ =<k | Tx = x| for some k = 0.
Definition 6 (Altun and Simsek, 2010) Let (X, <) be a partially ordered set. A

pair (f,g) of self maps of X is called weakly increasing if fx < gfx and
gx < fgx forall x € X.

In this work, our purpose is to obtain common fixed point theorems and their results
related to f -contraction mappings in partially ordered Gp—complete Gp—metric

spaces and also to illustrate the usability of our results with a number of examples.

2. MAIN RESULTS

The aim of this section is to present our findings on common fixed point theorems
and their results related to f -contraction mappings in partially ordered Gp-

complete Gp -metric spaces. We start by stating our first result.

Theorem 2.1 Let (X,G,<) be a partially ordered G -complete G, -metric

space and T : X — X be a nondecreasing self mapping. Let f : X — X be a
continuous, injective mapping and subsequentially convergent such that
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G, (fTx, fTy, fTy) <kM (f, fy, fy) @.1)

1
for all comparable X,y e X , where kK € [O,E) and

M (fx, fy, fy) = max{G, (fx, fTx, fy),G,(fy, fT2x, fTy),G, (fTx, fT*x, fTy),

G, (fy, fTx, fTy), G, (#x, fy, fy),G, (fx, fTx, fTx), G (fy, fTy, fTy),
G, (fy, fTx, fTx), G, (fx, fTy, fTy)}.

If there exists X, € X with X, <TX, and one of the following conditions is

satisfied:

i. T isacontinuous self map on X ;
ii. for any nondecreasing sequence {X,} in (X, <) with X, — z it follows

X, <Z forall neN;
then, T has a fixed point in X . Furthermore, the set of fixed points of T is well

ordered if and only if fixed point of T is unique. Moreover, if (f,T) is a Banach

pair, then f and T have a unique common fixed pointin X .

Proof. Let X, € X be an arbitrary point in X and define the sequence {X,} in

X with X, =Tx,, =T"X, for L<n.As X, <Tx, and T is a nondecreasing

mapping with respect to ~" <’, by given assumption, we obtain the following:

Xo <TXy =X <TX; =X, <... <X, < X,y <

n+1

Notice that, if X, = X,,, forany n e N, then obviously T has a fixed point. Thus

n+1

suppose X, # X,,, forany neN. As X, , <X, for all neN, applying the

n+1

considered contraction (2.1), we get

G, (X, .05 TX0) = G, (FTx,, fTX, fTX) <kM (fx , X, X)) (2.2)

n+1?

where

10
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M (X4, %, ) = max{G (fx,,, fTx,, X,),G, (fx,, fT2x 4, fTx.),
G, (fTx, 4, fT°x, 4, fTx,),G, (X, fTx 4, fTx.), G, (x4, X, fX,),

G, (X, fTx, ., 1% 4), G, (X, X, fTx,), G, (fx,, fTx 4, fTx ),
G, (fx,, fTx,, fTx,), G, (., Tx , fTx, 1), G, (x4, fTx;, fTx )}
=max{G, (fx,,, fx,, %), G, (., .1, £%,.1), G, (T, X1, X,,0),
G, (fx,, &, X,..1), G, (x4, &, %), G, (x4, X, £X,),

Gp(fxn' fXn+1’ fxn+1)’Gp(an! 1:Xn’ fxn)’Gp(an—ll fxn+1’ fXn+1)}
=max{G, (fx,, fx,, ), G, (X, X1, %,,,1), G, (X, ., X)),

Gp ( fxnfl’ an+l’ an+l)}

=max{G, (X, fx,, &), G, (., X ;. X,,),

n+l?

G, (X, 4, X0, BX,0)} (2.3)

Now, we have to examine three cases in (2.3). For the first case, assume that
M (X, 1, X, ) = G, (T, X, X)) . Then, the expression (2.2) turns into

G, (fx,, fx.p, B ) <kM (fx, ,, T, %) = kG, (X, X, ), (2.4)

n+l?
1
where K € [O,E).

For the second case, assume that M (fx ., fx;, ) =G (X, X ;, 1)
By the inequality (2.2), we derive that

G, (fx,, X0, X,1) <KG, (X, T, X 1) (2.5)

n+1?

1
which is a contradiction since K € [0, E) .

11
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For the last case, assume that M (fx_,, X, fx) = G (X, X ,;, £X.,;) . By
(Gps) and the inequality (2.2), we have

G p ( an ! an+17 an+1) = kG p ( an—ll an+1’ an+1)
K[G, (x4, B, &)+ G (X, X5, X,0)],

which is equivalent to

G, (fx,, X1, IX0) <hG, (x4, X, X)) (2.6)

where h :L<l since k e[O,E).
1-k 2

As a result, from (2.4)-(2.6), we conclude that

G, (X, X1, X)X TG, (X 4, X, X)),

n+1?

where r e {h,k} and hence r <1.
Similarly, from (2.1), it can be shown that
n-11

G, (x4, X, &) rG, (X, 5, X4, X ;)

where  <1.

Therefore, we deduce that

G, (X, X TXL) ZrG (X, B, X)L Z0G (g, X, X))
forall neN and r <1.We show that the sequence {fx,} isa G, -Cauchy

n+1?

sequence in X . By the inequality (G,4), we have for m,n e N with m >n,

X, 1X,)

G, (fx,, fx,, ) <G, (X, X1, X)) + G, (X4,

n+1?

- Gp ( fx an+1’ an+1)

n+1?

12
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LG, (X X X)) + G (X, X, X))+

n+l?

m-1
+G, (0 B, )= DG, (i, fx,, X))

i=n+1

S ™G, (g, B, )
=1L+ 441G, (g, B, )

m-n
nl-r

G, (X, fx;, fx)

<

rn
T G, (X, fx,, fx).

.7)

Letting N,M —> oo in (2.7), we get that G, (fx,, fx, fx ) — 0, thatis, {fx }

is a Gp—Cauchy sequence. By Lemma 1.4, {fX } is a Cauchy sequence in

(X,dg ) metric space and the completeness of (X,G,) G, -metric space
P

requires the completeness of (X,d, ) metric space. Then, there exists Z € X
p

such that

|idep(fxn,z) =0.

n—ow

So, from Lemma 1.4 we get

limG,(fx,,z,2) = LLnJOGp(fxn, fx,,2)

n—oo

= lim G, (fx,, fx,, X))

=G,(z,2,2)

=0.

(2.8)

13
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As f is subsequentially convergent in (X,d; ), {X,} has a convergent
p

subsequence in (X,d; ). Hence, there exist U e X and a subsequence {X“i}
p

such that

limd (¢,,u) =0, 29)

[Emded

As f iscontinuous, (2.9) implies that

lim de ( fxni , fu) =0.

I—00

From (2.8) and by the uniqueness of the limit in metric space (X,d; ), we obtain
P

that fu = z . Consequently,

IimGp(ani, fu, fu) = !LrQGp(fxni, fxni, fu) =G, (fu, fu, fu) =0.

i—o0
i. If T is a continuous self map on X, by Remark 2, TXni —Tu and

fTx, = fTu as i —> 0. Since fX, — fu as i — o0, we obtain
1 1
fu= fTu.As f isinjective, sowe have u=Tu.
ii. If T is not continuous then by given assumption we get X, <U for all
1

i € N. Now, assume that Tu # U . Therefore, from (2.1) we get

G,(fx, ,,, fTu, fTu) = Gp(fTX“i' fTu, fTu) <kM (fxni, fu, fu), (2.10)

n; +11
where

M (fxni, fu, fu) = max{Gp(fxni, fTX”i' fu),G,(fu, fTZX“i’ fTu),
GP(fTX“i’ fTZX”i’ fTu),G, (fu, fTX”i’ fTu),

Gp(ani, fu, fu),Gp(fxni, fTX”i’ fTX”i)’

G, (fu, fTu, fTu),G (fu, fTX”i’ fTX"i)’

14
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Gp(fxni, fTu, fTu)}

= max{Gp(fxni, fX, .10 fU), G, (fu, fx, 5, fTu),

n+1 nj+2!

Gp(fx fxni+2,fTu),Gp(fu,fx fTu),

ni+l’ ni+1’

Gp(fxni, fu, fu),Gp(fxni, fxni+l, fxni+1),
G, (fu, fTu, fTu), G, (fu, fx, s, ¥, .2),
Gp(fxni, fTu, fTu)}. (2.11)

On taking limit as 1 — o0 and using Lemma 1.6 in (2.10) and (2.11), we get

G, (fu, fTu, fTu) < kG, (fu, fTu, fTu)

1
by the rectangular property. Since ke[O,E), the inequality above causes

contradiction.

Hence, we have u =Tu .
Hence, from (i) and (ii), U is a fixed point of T .

Now, suppose that the set of fixed points of T is well ordered. Then fixed point of
T is unique. Assume on contrary that, Tu=u and Tw=w but U= W. As U
and W are comparable, we have from (2.1)

G, (fu, fw, fw) = G (Tu, fTw, FTw) < kM (fu, fw, fw) (2.12)

where

15
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M (fu, fw, fw) = max{G, (fu, fTu, fw),G_(fw, fTu, fTw),
G, (fTu, fT?u, fTw), G, (fw, fTu, fTw), G, (fu, fw, fw),

G, (fu, fTu, fTu),G, (fw, fTw, fTw),G, (fw, fTu, fTu),

G, (fu, fTw, fTw)}

=max{G, (fu, fu, fw),G,(fw, fu, fw),G(fu, fu, fw),

G, (fw, fu, fw),G, (fu, fw, fw),G, (fu, fu, fu), G, (fw, fw, fw),
G, (fw, fu, fu),G,(fu, fw, fw)}

=G, (fu, fu, fw).

Hence the inequality (2.12) is equal to

G, (fu, fw, fw) < kG, (fu, fu, fw) = kG, (fu, fw, fw).

1
Since k € [O,E) , this is a contraction and so we get U =W. Thus, U is the unique
fixed point of T .

Conversely, if T has only one fixed point, then the set of fixed points of T being
singleton is well ordered.

Since we have assumed that (f,T) is Banach pair; {f, T} commutes at the fixed
point of T . This implies that fTu =Tfu for ue F(T). So, fu =Tfu which
gives that fu is another fixed point of T . In that case, by the uniqueness of fixed

pointof T fu =u.Hence fu=Tu=u, U is unique common fixed point of f
and T in X .

If we take f =1, the identity mapping in Theorem 2.1, we get the following result:

Corollary 2.2 Let (X,G,,<) be a partially ordered G, -complete G, -metric

spaceand T : X — X be a nondecreasing self mapping such that

G, (T Ty, Ty)[<kM(x,y,Y)
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1
for all comparable X,y e X , where kK € [O,E) and

M (X, y, yyFmax{G, (x,Tx, y),G, (Y, T*X,Ty), G, (Tx, T X, Ty),G, (v, Tx, Ty),
G, (%Y, ¥),G, (X, T, TX), G, (Y, Ty, Ty), G, (¥, TX, Tx),G, (x, Ty, Ty)}.

If there exists X, € X with X, <TX, and one of the following conditions is

satisfied:

i. T isacontinuous self mapon X ;
ii.  for any nondecreasing sequence {Xx } in (X, <) with X, — z it follows

X, <z forall neN;

then, T has a fixed point in X . Furthermore, the set of fixed points of T is well
ordered if and only if fixed point of T is unique.

Theorem 2.3 Let (X,Gp,-<) be a partially ordered G -complete G, -metric
space and T,S: X — X be weakly increasing mappings with respect to =~ <"’

Let f:X — X be a continuous, injective mapping and subsequentially
convergent such that

(2.13)

G , TSy, fSy)+G_ (fx, fSy, fSy),
Gp(fo,fSy,fSy)skmax{ (1150, 15)+ G, ( y y)}

2G, (fy, fTx, fTx)

1
for all comparable X,y e X , where k € [O,Z) . If one of the following conditions

is satisfied:
i. T or S isacontinuous self mappingon X ;
ii.  forany nondecreasing sequence {Xx } in (X,<) with X, — z it follows

X, <z forall neN;

then, T and S have a common fixed pointin X . Furthermore, the set of common
fixed points of T and S is well ordered if and only if common fixed point of T

17



M. Kaya, H. Furkan / Some Common Fixed Point Results For Contractive Mappings In Ordered G, -
Metric Spaces

and S is unique. Moreover, if (f,T) and (f,S) are Banach pairs, then f,T

and S have a unique common fixed pointin X .

Proof. Let X, € X be an arbitrary point in X and define the sequence {X, }
inductively by

X2n+1 = TX2n and X2n+2 = SX2n+l

for neN.As T and S are weakly increasing mappings with respect to “<"’, we
obtain the following:

X =TX, < STX, = X,

X, = SX; < TSX; = X,

X2n+1 = TXZn = STXZn = X2n+2

Suppose G, (fx,, X, 5, fX,.;) =0 for some neN. without loss of generality,

n+1?
we assume n = 2N for some N eN. Thus G, (fX,y, fX,y.;, X5y ,,) =0 and
by Lemma 1.5 Xon = onas- Now, we assume

G, (Mo .1r Xoniar on,2) > 0. Since X, and X,,, are comparable, using

the contractive condition (2.13), we have

Gp(fX2N+1’ fX2N+2’ fX2N+2) = Gp(fTXZN’ fSX2N+1' fSX2N+1)
Gp(fX2N+1’ fSX2N+1, fSX2N+1)+Gp(fX2N’ fSX2N+1v fSX2N+1)’
< k max 2G, (M1, oy TTX,y)

Gp(fX2N+l' Xon2s fX2N+2)+Gp(fX2N’ Xoni2r Ponsa)s
= k max 2Gp(fX2N+1’ Xm0 Ponia) )
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thus,
Gp(fX2N+1' Xoni2s o) < k[Gp(fX2N+l’ Xoni2s Xonsa)
+Gp(fX2N’ Xons2 Poni2)]

=2k Gp(fX2N+17 Xons2r Ponsa)

1
which is a contradiction since k [0, Z) . Then, we conclude that

Gp(fX2N+1’ Xon.2r Xonyo) = 0.
Hence, we have fX,,., = fX,\,,. As f isinjective, we get X,\,; = X,y,,. that

iS, Xon = Xona1 = Xons2- Then, X, is a common fixed point of T and S, that

is, X5 = TXyy = SXyy -
Therefore, we can suppose that the successive terms of {X_} are different. Then
G, (fx,, .4, X,,;) >0 forall n €N and the following holds:

Gp ( fX2n+1’ fX2n+21 fX2n+2) = Gp ( fTXZn’ fSX2n+l’ fSX2n+1)

Gp(fX2n+1’ fSX2n+l' fSX2n+1)+Gp(fX2n’ fsx2n+l’ fSX2n+l)’
< k max 2G, (X0, TTX,,, fTX5,)

Gp( fX2n+1’ fX2n+2’ fX2n+2)+Gp(fX2n’ fX2n+2’ fX2n+2)’
= k max ZGp( Xoni1r Ponar H001)

2c;p ( fX2n+l’ fX2n+2’ fX2n+2) + C;p ( fXZn ’ fX2n+1’ fX2n+l)’
< k max 2Gp ( fX2n+l' fX2n+11 fX2n+1)

thus,
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G p ( fX2n+l’ fX2n+2’ fx2n+2) = 2kG p ( fX2n+1’ fx2n+2 ' fX2n+2)

+ ka ( fXZn! fx2n+1’ fX2n+1)

and so

k
Gp ( fX2n+1’ fX2n+2' fX2n+2) < %_—Zka(fXZn! fX2n+l’ fX2n+1)'

Let r =

K ,then r e [O,E) since k € [O,E) and we deduce that
2k 2 4

Gp ( fX2n+1’ fX2n+2’ 1:)(2n+2) < er ( fXZn’ fx2n+1’ fX2n+l)' (214)
Similarly, by (2.13), we obtain

Gp(fXZn’ fX2n+1’ fX2n+1) = Gp(fX2n+l’ fXZn’ fXZn)

=G, (fTx,,, 8%, 4, X5, 4)

Gp(fXZn—l’ fSXZn—11 fSXZn—l) +Gp(fX2n1 fSXZn—l’ fSXZn—l)!
< k max 2G (X5, TTX,,, fTXy,)

G, (Xy s P50 B5,) + G (1%, Xy, 1X5,),
= k max ZGp(fXZH—l’ Xoneas Ponaa)

G, (X, P, 1%5,) + G (X5, Xy, TX5,)
<kmaxy 2[G, (Xpn, TXon, TXo0) + G (00 PXonis TXon,)]

SO

Gp(fXZn’ fX2n+l’ fX2n+l) < Ek[Gp(fXZn—l’ fXZn’ fXZn) + Gp(fXZn’ fX2n+l’ fX2n+l)]'
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Then, for h = Zkk , we get h €[0,1) since K e[O,%) and

Gp ( fXZn ’ 1:)(2n+1' fx2n+1) < hGp ( fXZn—l' fXZn ! fXZn)' (215)
As aresult, from (2.14) and (2.15), for A = max{r, h} we conclude that

G, (X, X0, X)) K AG, (X, 4, X, X))

n+l? n-1v

forall neN and A €[0,1) . Hence, we get

G, (%, X0, 7X1) SAG (X, X, B LK A'G (X, fxy, X))

n+l?

forall neN and 4 €[0,1).

Using the same technique as in the proof of Theorem 2.1, we can conclude that
{fx.} isa Gp -Cauchy sequence. By Lemma 1.4, {fX_} is a Cauchy sequence in

(X,dg ) metric space and the completeness of (X,G,) G, -metric space
P

requires the completeness of (X,d; ) metric space. Then, there exists Z € X
p

such that

Iidep(an,Z) =0. (2.16)

n—oo

So, from Lemma 1.4 we get

limG,(fx,,z,2) = LmGp(fxn, fX,,2)

n—oo

= lim G, (fx,, f,, ;)

=G,(z,2,2)

=0.
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As f is subsequentially convergent in (X,d; ), {X,} has a convergent
p

subsequence in (X,d; ). Hence, there exist U e X and a subsequence {X“i}
p

such that

limds, (%, 1) = 0. 2.17)

[Emded

As f iscontinuous, (2.17) implies that

lim de ( fxni , fu) =0.

I—00

From (2.16) and by the uniqueness of the limit in metric space (X,d; ), we
P

obtain that fu = z . Consequently,

IimGp(ani, fu, fu) = !LrQGp(fxni, fxni, fu) =G, (fu, fu, fu) =0.

i—o0
Now, let us show that U is a common fixed pointof T and S .

i. If T is a continuous mapping on X, then TX?_ni —Tu and

fTX2ni — fTu as i —o0. Since ani — fu as i — o, we obtain

fu= fTu.As f isinjective, sowe have u=Tu.
Assume that u = Su . Since U < U, we get from (2.13)

G, (fu, fSu, fSu) = G, (fTu, fSu, fSu)

G, (fu, fSu, fSu) + G, (fu, fSu, fSu),
< k max 2G ,(fu, fTu, fTu)
= 2kG, (fu, fSu, fSu),

1
which is a contradiction since k € [O,Z) and hence u = Su.

The proof, assuming that S is continuous, is similar to above.
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ii. If T and S are not continuous then by given assumption we get X, < U

for all n e N. Thus for the subsequence {XZni} and {X2ni ay of {x.} we

have Xon, < U and Xonsa S U. Assume that u=Tu and u=Su.
Therefore, from (2.13) we get

Gp ( fTU, fXZni+2’ fXZni+2) = Gp ( fTU, fSXZni +17 fSXZni +1)

Gp(fXZni+l’ fSXZni+l’ fSXZni+l)+Gp(fu’ fSXZni+l1 fSXZni+l)’
< k max ZGp(fx2ni 1 TTu, fTu)

Gp(fxzni+l’ fXZni+2’ fXZni+2)+Gp(fu’ fXZni+2’ fXZni+2)!

= k max ZGp(fXZniﬂ, fTu, fTu)

Taking the limit as i — oo in the last inequality, we have
G, (fTu, fu, fu) = 2kG (fu, fTu, fTu) = 2kG (fu, fu, fTu),

which is a contradiction and so u =Tu. Similarly, it can be seen Su=u.
Therefore, U is a common fixed pointof T and S .

The unigueness of common fixed point of T and S can be obtained easily. Also,
since (f,T) and (f,S) are Banach pairs as in the proof of Theorem 2.1, it can be

shown that f, T and S have a unique common fixed pointin X .

Taking f = |, the identity mapping in Theorem 2.3, we obtain the following result:

Corollary 2.4 Let (X,G,,<) be a partially ordered G, -complete G, -metric

space and T,S: X — X be weakly increasing mappings with respect to ~* <"’
such that
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G, (y, Sy, Sy)+ G, (x, Sy, Sy),
G, (Tx, Sy, Sy) < k max 2G, (Y, Tx, Tx)

1
for all comparable X,y e X , where kK € [O,Z) . If one of the following conditions

is satisfied:

i. T or S isacontinuous self mapping on X ;
ii.  forany nondecreasing sequence {X } in (X,=<) with X, — z it follows

X, <Z forall neN;

then, T and S have a common fixed point in X . Furthermore, the set of common
fixed points of T and S is well ordered if and only if common fixed point of T
and S is unique.

Putting T = S in Theorem 2.3, we have the following result:

Corollary 25 Let (X,G,<) be a partially ordered G, -complete G, -metric

space and T : X — X be a nondecreasing mapping. Let f:X — X be a
continuous, injective mapping and subsequentially convergent such that

G, (fy, fTy, fTy) + G (fx, fTy, fTy),
G, (fTx, fTy, fTy) < k max 2G, (fy, fTx, fTx)

1
for all comparable X,y e X, where K e[O,g). If there exists X, € X with

X, < TX, and one of the following conditions is satisfied:

i. T isacontinuous self mapon X ;
ii.  forany nondecreasing sequence {X, } in (X, <) with X, — z it follows

X, <z forall neN;
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then, T has a fixed point in X . Furthermore, the set of fixed points of T is well
ordered if and only if fixed point of T is unique. Moreover, if (f,T) is a Banach

pair, then f and T have a unique common fixed pointin X .

If we take f =1, the identity mapping in Corollary 2.5, we obtain the following
result:

Corollary 2.6 Let (X,G,,<) be a partially ordered G, -complete G, -metric
spaceand T : X — X be a nondecreasing mapping such that
G, (Y, Ty, Ty) + G, (x, Ty, Ty),
G, (Tx, Ty, Ty) < k max 2G, (Y, Tx,TX)

1
for all comparable X,y e X, where K e[O,g). If there exists X, € X with

X, < TX, and one of the following conditions is satisfied:

i. T isacontinuous self mapon X ;
ii.  forany nondecreasing sequence {X } in (X,=<) with X, — z it follows

X, <Z forall neN;

then, T has a fixed point in X . Furthermore, the set of fixed points of T is well
ordered if and only if fixed point of T is unique.

Theorem 2.7 Let (X,G,,<) be a partially ordered G, -complete G, -metric

space and T,S: X — X be weakly increasing mappings with respect to < "".
Let f:X — X be a continuous, injective mapping and subsequentially
convergent such that

G, (fTx, 1Sy, fSy) <aG, (fx, fy, fy) +bG, (fy, 1Sy, fsy)

G, (fx, 1Sy, 1Sy) + G (fy, fTx, fTx) + G (fy, fTx, fSy),
+ k max 2G, (fy, 1Sy, Sy) + G, (fx, 1Sy, 1Sy)
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for all comparable x,y € X ,where 0 < a,b,k and a+b-+4k <1.If one of the
following conditions is satisfied:

i. T or S isacontinuous self mappingon X ;
ii.  forany nondecreasing sequence {X,} in (X,=<) with X, — z it follows

X, <z forall neN;
then, T and S have a common fixed pointin X . Furthermore, the set of common

fixed points of T and S is well ordered if and only if common fixed point of T
and S is unique. Moreover, if (f,T) and (f,S) are Banach pairs, then f,T

and S have a unique common fixed pointin X .

Proof. The existence and uniqueness of the common fixed point of f,T and S
can be obtained applying the same method as in Theorem 2.3, so we omit it.

Taking f = |, the identity mapping in Theorem 2.7,

Corollary 2.8 Let (X,G,,<) be a partially ordered G, -complete G, -metric

space and T,S: X — X be weakly increasing mappings with respect to ~~ <"
such that

G,(Tx, Sy, Sy) < aG,(x,y,y) +bG,(y, Sy, Sy)

G, (x,3y,Sy) +G,(y, Tx,Tx) + G, (Y, TX, Sy),
+ Kk max 2G,(y,Sy,Sy) +G,(x, Sy, Sy)

for all comparable x,y € X , where 0 < a,b,k and a+b-+4k <1. If one of the
following conditions is satisfied:

i. T or S isacontinuous self mappingon X ;
ii. for any nondecreasing sequence {X,} in (X, <) with X, — z it follows

X, <z forall neN;
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then, T and S have a common fixed pointin X . Furthermore, the set of common
fixed points of T and S is well ordered if and only if common fixed point of T
and S is unique.

Putting T = S in Theorem 2.7, we have the following result:

Corollary 2.9 Let (X,G,<) be a partially ordered G, -complete G, -metric

space and T : X — X be a nondecreasing mapping. Let f: X — X be a
continuous, injective mapping and subsequentially convergent such that

G, (fTx, fTy, fTy) < aG, (fx, fy, fy) +bG (fy, Ty, fTy)

G, (fx, fTy, fTy) + G (fy, fTx, fTx) + G (fy, fTx, fTy),
+ k max 2G, (fy, fTy, fTy) + G, (fx, fTy, fTy)

for all comparable x,y e X, where 0<a,b,k and a+b+4k <1. If there

exists X, € X with X, <TX, and one of the following conditions is satisfied:

i. T isacontinuous self mapon X ;
ii. for any nondecreasing sequence {X,} in (X, <) with X, — z it follows

X, <z forall neN;

then, T has a fixed point in X . Furthermore, the set of fixed points of T is well
ordered if and only if fixed point of T is unique. Moreover, if (f,T) is a Banach

pair, then f and T have a unique common fixed pointin X .

If we take f =1, the identity mapping in Corollary 2.9, we obtain the following
result:

Corollary 2.10 Let (X,G,,<) be a partially ordered G, -complete G, -metric

space and T : X — X be a nondecreasing mapping such that
G,(Tx, Ty, Ty)[xaG,(x,y,y) +bG (y,Ty,Ty)
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G, (XTy, Ty) + G, (y, TX,TX) + G, (Y, Tx, Ty),
+k max 2G, (Y, Ty, Ty) + G, (x,Ty,Ty)

for all comparable x,y e X, where 0<a,b,k and a+b+4k <1. If there

exists X, € X with X, <TX, and one of the following conditions is satisfied:

i. T isacontinuous self mapon X ;
ii.  forany nondecreasing sequence {X,} in (X,=<) with X, — z it follows

X, <z forall neN;

then, T has a fixed point in X . Furthermore, the set of fixed points of T is well
ordered if and only if fixed point of T is unique.

3. EXAMPLES

In this section, some examples are given to illustrate the usability of the results
presented herein.

Example 1 Let X =[0,1] be endowed with the following relation: x <y if and
only if y<X where “<” is usual order on X . Then, (X,<) is a partially
ordered  set. Let G, XxXxX —[0,0) be  defined by

G,(x,y,2) = max{Xx,y, z}. Therefore, for any x,y e X
A, (X ¥) =G, (X Y, Y) + G (¥, X, X) =G (%, X, X) =G, (v, ¥, ¥) = x -y .
Then (X,G,) is G, -complete G, -metric space.

Define T,f:X — X as T(X) 22 and f(x)= % Obviously, f is

injective mapping, continuous, subsequentially convergent. Indeed, let {X } be a

sequence converging to X in (X,G,), then
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lim max{x,, X} = |imGp(xn,x,x) = Gp(x,x, X) = X,

n—o0o n—oo

hence by definition of f , we have

limG,(fx,, X, X) = lim max{fx,, fx} = lim max{4;(” ?X}

nN—o0 n—ow

=glim max{xn,x}=%=Gp(fx, fx, x), (3.1)

n—oo

that is, {fx} convergesto fx in (X,G,).

On the other hand, if {X,} convergesto X in (X,d, ). hence
p

Iidep(Xn,X) =lim|x, —x|=0.

n—oo n—o

Thus, by definition of d; and f , one can find
p

4x  4Ax| 4
L——|=—lim|x,—x|=0. 3.2)

5 5| 5n»

Iidep (fx,, ) = lim

n—ow n—ow

By convergences (3.1) and (3.2) yield that f is a continuous mapping.

Now, let we show that f is subsequentially convergent. Let { fy,} is convergent

to Y in (X,dg ). Then, we have
p

4
lim fy, = Iimi: Y,

Nn—o0 nN—o0 5
S5y ) .
Hence, {y,} a is convergent sequence in

which implies that lim,_.. Y, = T

(X,dg ) andso {y,} hasaconvergent sequence in (X,d; ).
p p
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Similarly, it can be easily shown that T is a continuous mapping. Furthermore, it is
clear that T is a nondecreasing mapping with respect to * <"". Also, for x, =0,

we have X, < TX,.

In particular, forany X <y, we get

ﬂ,max{ﬂ,i,x},z,max{ﬂ,z,x}ﬂ, N
M (fx, fy, fy) = max S 5 20 5] 5 S 55) 9
max{

1
Thenforall X,y e X with x <y and k :Z, we have

_ X yl_x_1
G X, fTy, fTy) = maxs—, = = = X =M (fx, fy, fy).
o (fTx, Ty, fTy) {5 5} =<7 (x, fy, fy)

Thus, all the conditions of Theorem 2.1 are satisfied. So, 0 is a unique fixed point of

T.

Finally, (f,T) is a Banach pair since fTO=Tf0 =0 for 0 e F(T). Therefore,

0 is a unique common fixed pointof T and f .

Example 2 Let X =[0,1] be endowed with the following relation: X <y if and
only if y <X where © <" is usual order on X . Then, (X, <) is a partially
ordered set. Let G I XxXxX —[0,0) be  defined by

G,(X,y,z) =max{Xx,y,z}. Therefore, (X,G,) is G,-complete G -metric

space.

Define T,f:X — X by T(X):g and f(x):??TX for all xeX.

Obviously, f is injective mapping, subsequentially convergent and continuous.
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Also, T is a continuous and nondecreasing mapping with respect to “<"’.
Moreover, for X, = 0, we get X, < TX,.

On the other hand, for any X < Yy, we obtain

max {G, (fy, fTy, fTy)+ G, (fx, fTy, fTy),2G, (fy, fTx, fTx)} =

w
NS

3Xx
+—.
4
, 1 1
In that case, for every x,y e X with x <y and K = 5 € [0,5) , we have

_ X yl|_X é 3y 3x
G, (fTx, fTy, fTy) =maxs —, =t ==< F| —+— |
o v 11y) {8 8} 8 6(4 4)

Thus, all the conditions of Corollary 2.5 are fulfilled. Hence, T has a unique fixed
point. Clearly, 0 is a unique fixed point of T . Furthermore, (f,T) is a Banach

pair since fTO=Tf0=0 for 0e F(T). So, 0 is a uniqgue common fixed point of
T and f.

Example 3 Let X =[0,1] be endowed with the following relation: x <y if and
only if y <X where ™ <" is usual order on X . Then, (X, <) is a partially
ordered  set. Let G, XxXxX —[0,00) be  defined by

G,(X,y,2) = max{X,y, z}. Hence (X,G,) is G, -complete G -metric space.

2 2

X X
Now, define the mappings T,S, f : X — X by T(X) :7, S(x) :? ve
X
f(X):E. It can be shown that f is injective mapping, subsequentially

convergent and continuous by similar arguments in Example 2. Also, it is clear that
T and S are continuous mappings.

Now, we denote that T and S are weakly increasing mappings. Let, X e X .
Since

31



M. Kaya, H. Furkan / Some Common Fixed Point Results For Contractive Mappings In Ordered G, -
Metric Spaces

2
STx = S(%}zix“ﬁ—xz =Tx,

we have Tx < STx . Similarly, we can show that SX < TSx. Thus, T and S are
weakly increasing mappings.
Without loss of generality, we assume that X < Y, thatis, y[< X . So, we get

X2 y2 X2
G (fTx, fSy, fSy) = max{—,2— = =—
p( y, fSy) {8 10} 3

and

- Xy _X
G,(fx fy, fy) = max{?g} =5

1
Then, we conclude that for a = Z and b=k =0

X2
G, (fTx, fSy, fSy) = r < G, (fx fy, fy).

N

X
8
Then, all the conditions of Theorem 2.7 holds and so, T and S have a unique
common fixed point which is X =0. Also, (f,T) and (f,S) are Banach pairs

since fTO=Tf0=0 for 0e F(T) and fSO=Sf0=0 for 0 F(S). Then,

f,T and S have a unique common fixed point 0 in [0,1].
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