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Abstract 

In this present article, the sufficient conditions for the existence and uniqueness of  fixed points and 
common fixed points of single and double mappings satisfying various contractive conditions within the 

partially ordered pG -complete pG -metric spaces have been obtained.  Also, some examples supporting

the results obtained have been given. The theorems obtained  generalize some fixed point results existing 
in the literature. 
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İÇİN BAZI ORTAK SABİT NOKTA SONUÇLARI 

ÖZ 

Bu çalışmada, kısmi sıralı pG -tam pG -metrik uzaylarda çeşitli daralma şartlarını sağlayan tek ve çift 

dönüşümlerin sabit noktalarının ve ortak sabit noktalarının varlığı ve tekliği için gerekli olan şartlar elde 
edilmiştir. Aynı zamanda, elde edilen sonuçları destekleyen birkaç örnek verilmiştir. Elde edilen 
teoremler literatürde bulunan bazı sabit nokta sonuçlarını genelleştirir. 
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1. INTRODUCTION 

In 1922, the Polish mathematician Stefan Banach proved his noteworthy theorem 
relating to the existence and uniqueness of a fixed point under appropriate 
conditions for the first time (Banach, 1922). In the last decades, the Banach 
contraction principle has been studied and generalized considerably by several 
authors in different ways, for more details see (Matthews, 1994; Schellekens, 2003; 
Oltra and Valero, 2004; Valero, 2005; Altun et al., 2010;  Altun and Erduran, 2010;  
Karapınar, 2011; Mustafa and Sims, 2006; Beiranvand et al., 2009; Ran and 
Reurings, 2003; Nieto and López, 2005; Harjani and Sadarangani, 2009; Chen and 
Lee, 2007). 

One of the such generalizations is a pG -metric space. The notation of pG -metric 

space was defined by Zand and Nezhad as a new generalization and unification of 
both partial metric space and G -metric space (Zand and Nezhad, 2011). In 

particular, Aydi, Karapınar and Salimi  introduced the notions of 0 - pG -Cauchy 

sequence and 0 - pG -complete pG -metric space  (Aydi et al., 2012), for more 

details see  (Barakat and Zidan, 2015; Bilgili et al., 2013; Ciric et al., 2013; 
Parvaneh et al., 2013; Popa and Patriciu, 2015; Salimi and Vetro, 2014; Kaya et al., 
ud., Parvaneh et al. 2014 ). 

Now, we review the necessary notations, definitions and fundamental results 
produced on pG -metric spaces that we will need in this work. 

Definition of a pG -metric space was given by Zand and Nezhad  as follows: 

Definition 1 (Zand and Nezhad, 2011) A pG -metric on a non-empty set X  is a 

function )[0,: ∞→×× XXXGp , such that for all Xazyx ∈,,,  the 

following properties hold: 

Gp1. zyx ==  if ),,(=),,(=),,(=),,( xxxGyyyGzzzGzyxG pppp ; 

Gp2. ),,(),,(�),,(�0 zyxGyxxGxxxG ppp ≤≤≤ ;  
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Gp3. =),,(=),,(=),,( xzyGyzxGzyxG ppp , symmetry in all three 

variables; 

Gp4. ),,(),,(),,(�),,( aaaGzyaGaaxGzyxG pppp −+≤ . 

In this case, the pair ),( pGX  is said to be a pG -metric space. 

On the other hand, instead of (Gp2), Parvaneh, Roshan and Kadelburg used the 
following condition (Parvaneh et al., 2013): 

Gp2
*. ),,(�),,(�),,(�0 zyxGyxxGxxxG ppp ≤≤≤  for all Xzyx ∈,,  with 

𝑧 ≠ 𝑦. 

Also, they stated an important remark as following: 

Remark 1 With (Gp2 ) assumption, it is very easy to obtain  that 

),,(=),,( yyxGyxxG pp  

holds for all Xyx ∈, , i.e., the respective space is symmetric. 

On the other hand, there are a lot of examples of asymmetric G -metric spaces. 
Hence, the claim stated in (Zand and Nezhad, 2011; Aydi et al., 2012) that each G -

metric space is a pG -metric space (satisfying (Gp2)) is false. With the assumption 

(Gp2
*) this conclusion holds true. 

We will use definition of pG -metric space given by Zand and Nezhad throughout 

the rest of this paper, that is, ),( pGX  is a symmetric pG -metric space in this 

paper. 

Example 1. (Zand and Nezhad, 2011) Let )[0,= ∞X  and let 

)[0,: ∞→×× XXXGp  be a mapping defined by 

},,{max=),,( zyxzyxGp , for all Xzyx ∈,, . Then ),( pGX  is a symmetric 

pG -metric space but not a G -metric space. 
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The following proposition gives some properties of a pG -metric space. 

Proposition 1.1 (Zand and Nezhad, 2011) Let ),( pGX  be a pG -metric space. 

Then, the following statements hold: 

i. ),,(),,(),,(),,( xxxGzxxGyxxGzyxG pppp −+≤ ; 

ii. ),,(),,(2 �),,( xxxGyxxGyyxG ppp −≤ ; 

iii.  
),,(2),,(),,(),,(�),,( aaaGaazGaayGaaxGzyxG ppppp −++≤ ; 

iv. ),,(),,(),,(�),,( aaaGzyaGzaxGzyxG pppp −+≤ ; 

for any zyx ,,  and Xa∈ . 

The following proposition shows that to every pG -metric space we can associate 

one metric. 

Proposition 1.2  (Zand and Nezhad, 2011) Every pG -metric on X  induces a 

metric 
pGd  on X  defined by

),,(),,(),,(),,(=),( yyyGxxxGxxyGyyxGyxd pppppG −−+

for all Xyx ∈, . 

In their paper, Zand and Nezhad also introduced the basic topological concepts like 

pG -convergence, pG -Cauchy sequence and pG -completeness in pG -metric 

spaces as follows. 
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Definition 2 (Zand and Nezhad, 2011) Let ),( pGX  be a pG -metric space and let 

}{ nx  be a sequence of points of X . A point Xx∈  is said to be the limit of the 

sequence }{ nx  and denoted by xxn →  if 

).,,(=),,(lim
,

xxxGxxxG pmnp
mn ∞→

 

In this case, we say that the sequence }{ nx  is pG -convergent to x . 

Thus if xxn →  in a pG -metric space ),( pGX , then for any 0>ε , there exists 

N∈l  such that ε|<),,(),,(| xxxGxxxG pmnp − , for all lmn >, . 

Using the above definition, one can easily prove the following proposition. 

Proposition 1.3 (Zand and Nezhad, 2011) Let ),( pGX  be a pG -metric space. 

Then, for any sequence }{ nx  in X  and a point Xx∈  the following are 

equivalent: 
i. }{ nx  is pG -convergent to x ; 

ii. ),,(),,( xxxGxxxG pnnp →  as ∞→n ; 

iii. ),,(),,( xxxGxxxG pnp →  as ∞→n . 
Proof.  If we take nm =  in (i), we get that (i) implies (ii). Also, we obtain that (ii) 
⇔  (iii) with (Gp2 ) assumption. For the converse we have: 

( , , ) ( , , ) = ( , , ) ( , , )

   ( , , ) ( , , ) ( , , ) ( , , )

   = [ ( , , ) ( , , )] [ ( , , ) ( , , )].

p n m p p n m p

p n p m p p

p n p p m p

G x x x G x x x G x x x G x x x
G x x x G x x x G x x x G x x x
G x x x G x x x G x x x G x x x

− −

≤ + − −

− + −

 

If we take the limit as ∞→mn,  in the previous inequality, we get that (iii) 
implies (i). 

The proof is completed. 

Definition 3 (Zand and Nezhad, 2011)  Let ),( pGX  be a pG -metric space. 
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i. A sequence }{ nx  is called a pG -Cauchy sequence if and only if 

         ),,(lim , mmnpmn xxxG∞→  exits and is finite; 

ii. A pG -metric space ),( pGX  is said to be pG -complete if and only if 
every 

         pG -Cauchy sequence in X  is pG -converges to Xx∈  such that 

).,,(lim=),,(
,

mmnp
mn

p xxxGxxxG
∞→  

The following lemma, which given by Parvaneh et al. provides the characterizations 
of concepts of Cauchy and completeness for pG -metric spaces (Parvaneh et al., 

2013). 

Lemma 1.4 

   i.  A sequence }{ nx  is a pG -Cauchy sequence in a pG -metric space ),( pGX  if 

and only if it is a Cauchy sequence in the metric space ),(
pGdX . 

   ii.  A pG -metric space ),( pGX  is pG -complete if and only if the metric space 

),(
pGdX  is complete. Moreover, 

0=),(lim npG
n

xxd
∞→

 

if and only if 

),,(lim=),,(lim=),,(lim
,

mnnp
mn

np
n

nnp
n

xxxGxxxGxxxG
∞→∞→∞→

 

                          ).,,(=),,(lim=
,

xxxGxxxG pmmnp
mn ∞→

 

The following useful lemmas have a crucial role in the proof of our main results. 

Lemma 1.5 (Aydi et al., 2012 ) Let ),( pGX  be a pG -metric space. Then 



 
 
 
 
 
 
 
 
 
 
 
 

Istanbul Commerce University, Journal of Science, 15(30), Fall 2016, 1-34. 

 

7 
 

i. If 0=),,( zyxGp , then zyx == ; 

ii. If yx ≠ , then 0>),,( yyxGp . 

Proof.  Let 0=),,( zyxGp . Then, by (Gp2 ) we get 

0.=),,(),,(),,,(),,,(�0 zyxGxxxGyyyGzzzG pppp ≤≤  

Hence, we have 0=),,(=),,(=),,(=),,( zyxGxxxGyyyGzzzG pppp . 

By (Gp1) we conclude that zyx == . So, the assertion (i) is proved. 

On the other hand, let 𝑥 ≠ 𝑦 and 0=),,( yyxGp . Then, by (i), yx =  which is a 

contradiction. Thereby, (ii) holds. 

Lemma 1.6 (Aydi et al., 2012) Assume that xxn →}{  as ∞→n  in a pG -metric 

space ),( pGX  such that 0=),,( xxxGp . Then,  for every Xy∈ , 

).,,(=),,(lim yyxGyyxG pnp
n ∞→

 

Proof.  First note that 0=),,(=),,(lim xxxGxxxG pnpn ∞→ . By the rectangle 

inequality and (Gp2), we get 

),,(),,(),,(�),,( xxxGyyxGxxxGyyxG ppnpnp −+≤  

                       ),,(),,(= yyxGxxxG pnp +  

and 

),,(),,(),,(�),,( nnnpnpnnpp xxxGyyxGxxxGyyxG −+≤  

                   ),,(),,(� yyxGxxxG npnnp +≤  

                    ).,,(),,(= yyxGxxxG npnp +  

Hence, we have 
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).,,(�|),,(),,(|�0 xxxGyyxGyyxG nppnp ≤−≤  

Letting ∞→n  we conclude our claim. 

The following proposition of Zand and Nezhad will be required in the sequel (Zand 
and Nezhad, 2011). 

Proposition 1.7 Let ),( 11 GX  and ),( 22 GX  be pG -metric spaces. Then a 

function 21: XXf →  is pG -continuous at a point 1Xx∈  if and only if it is pG

-sequentially continuous at x ; that is, whenever }{ nx  is pG -convergent to x  one 

has )}({ nxf  is pG -convergent to )(xf . 

Kaya et al. given an important remark, which investigates relationship between the 
concepts of pG -continuity and 

pGd -continuity, as follows (Kaya et al., ud). 

Remark 2  It is worth noting that the notions of pG -continuity and 
pGd -continuity 

of any function in the contex of pG -metric space are incomparable, in general. 

Indeed, if 
1=)0(  |,=|),(  },,,{max=),,(  ),[0,= fyxyxdzyxzyxGX

pGp −+∞  

and 2=)( xxf  for all 0>x , |sin=|)( xxg , then f  is a pG -continuous and 

pGd -discontinuous at point 0=x ; while g  is a pG -discontinuous and 
pGd -

continuous at point π=x . Therefore, in this paper, we take that XXT →:  is 

continuous if both ),(),(: pp GXGXT →  and ),(),(:
pGpG dXdXT →  are 

continuous. 

Also, Kaya et al. defined the concepts of sequentially convergent and 
subsequentially convergent (Kaya et al., ud). 

Definition 4 Let ),( pGX  be a pG -metric space. A mapping XXT →:  is said 

to be: 

i. sequentially convergent if for any sequence }{ ny  in X  such that }{ nTy  
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is convergent in ),(
pGdX  implies that }{ ny  is convergent in ),(

pGdX , 

ii. a subsequentially convergent if for any sequence }{ ny  in X  such that 

}{ nTy  is convergent in ),(
pGdX  implies that }{ ny  has a convergent 

subsequence in ),(
pGdX . 

The concept of Banach operator pair was introduced by Chen and Li  as following 
(Chen and Li, 2007): 

Definition 5 Let f  and T  be self  mappings of a nonempty set M  of a normed 

linear space X . Then, ),( Tf  is a Banach operator pair, if any one of the 
following conditions is satisfied: 

i. )()]([ TFTFf ⊆ ,

ii. fxTfx =  for each )(TFx∈ ,

iii. .  TfxfTx =  for each )(TFx∈ ,

iv. ||||�|||| xTxkTxfTx −≤−  for some  𝑘 ≥ 0.
Definition 6 (Altun and Şimşek, 2010) Let ),( X  be a partially ordered set. A 

pair ),( gf  of self maps of X  is called weakly increasing if gfxfx   and 

fgxgx   for all 𝑥 ∈ 𝑋. 

In this work, our purpose is to obtain common fixed point theorems and their results 
related to f -contraction mappings in partially ordered pG -complete pG -metric 

spaces and also to illustrate the usability of our results with a number of examples. 

2. MAIN RESULTS

The aim of this section is to present our findings on common fixed point theorems 
and their results related to f -contraction mappings in partially ordered pG -

complete pG -metric spaces. We start by stating our first result.

Theorem 2.1  Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXT →:  be a nondecreasing self mapping. Let XXf →:  be a 
continuous, injective mapping and subsequentially convergent such that 
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),,(),,( fyfyfxkMfTyfTyfTxGp ≤                                                           (2.1) 

for all comparable Xyx ∈, , where )
2
1[0,∈k  and 

)}.,,(),,,(

),,,(),,,(),,,(),,,(

),,,(),,,(),,,({max=),,( 22

fTyfTyfxGfTxfTxfyG
fTyfTyfyGfTxfTxfxGfyfyfxGfTyfTxfyG

fTyxfTfTxGfTyxfTfyGfyfTxfxGfyfyfxM

pp

pppp

ppp

 

If there exists Xx ∈0  with 00 Txx   and one of the following conditions is 

satisfied: 

i. T  is a continuous self map on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  has a fixed point in X . Furthermore, the set of fixed points of T  is well 
ordered if and only if fixed point of T  is unique. Moreover, if ),( Tf  is a Banach 

pair, then f  and T  have a unique common fixed point in X . 

Proof. Let Xx ∈0  be an arbitrary point in X  and define the sequence }{ nx  in 

X  with 01 == xTTxx n
nn −  for n≤1 . As 00 Txx   and T  is a nondecreasing 

mapping with respect  to `` ’’, by given assumption, we obtain the following: 

 121100 == +nn xxxTxxTxx  

Notice that, if 1= +nn xx  for any N∈n , then obviously T  has a fixed point. Thus 

suppose 1+≠ nn xx  for any N∈n . As nn xx 1−  for all N∈n , applying the 

considered contraction (2.1), we get 

1 1 1 1( , , ) = ( , , ) ( , , )p n n n p n n n n n nG fx fx fx G fTx fTx fTx kM fx fx fx+ + − −≤    (2.2) 

where 
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),,,(),,,({max=

)},,(

),,,(),,,(),,,({max=

)},,(),,,(,),,(

,),,(,),,(),,,(

),,,(),,,(),,,({max=

)},,(),,,(),,,(

),,,(),,,(),,,(

),,,(),,,(),,,(

),,,(),,,({max=),,(

111

111

111

11111

111

11111

111

11111

111
2

1

1
2

111

++−

++−

++−

++−++

−−+

++++−

−−−

−−−−−

−−−−

−−−−

nnnpnnnp

nnnp

nnnpnnnpnnnp

nnnpnnnpnnnp

nnnpnnnpnnnp

nnnpnnnpnnnp

nnnpnnnpnnnp

nnnpnnnpnnnp

nnnpnnnpnnnp

nnnpnnnpnnn

fxfxfxGfxfxfxG
fxfxfxG

fxfxfxGfxfxfxGfxfxfxG
fxfxfxGfxfxfxGfxfxfxG

fxfxfxGfxfxfxGfxfxfxG
fxfxfxGfxfxfxGfxfxfxG

fTxfTxfxGfTxfTxfxGfTxfTxfxG
fTxfTxfxGfTxfTxfxGfTxfTxfxG

fxfxfxGfTxfTxfxGfTxxfTfTxG

fTxxfTfxGfxfTxfxGfxfxfxM

 

)}.,,( 111 ++− nnnp fxfxfxG      (2.3) 

Now, we have to examine three cases in (2.3). For the first case, assume that 
),,(=),,( 11 nnnpnnn fxfxfxGfxfxfxM −− . Then, the expression (2.2) turns into 

1 1 1 1( , , ) ( , , ) = ( , , ),p n n n n n n p n n nG fx fx fx kM fx fx fx kG fx fx fx+ + − −≤   (2.4) 

where )
2
1[0,∈k . 

For the second case, assume that ),,(=),,( 111 ++− nnnpnnn fxfxfxGfxfxfxM . 

By the inequality (2.2), we derive that 

1 1 1 1( , , ) ( , , )p n n n p n n nG fx fx fx kG fx fx fx+ + + +≤      (2.5) 

which is a contradiction since )
2
1[0,∈k . 
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For the last case, assume that ),,(=),,( 1111 ++−− nnnpnnn fxfxfxGfxfxfxM . By 

(Gp4) and the inequality (2.2), we have 

)],,,(),,([�

),,(�),,(

111

11111

++−

++−++

+≤

≤

nnnpnnnp

nnnpnnnp

fxfxfxGfxfxfxGk
fxfxfxkGfxfxfxG

 

which is equivalent to 

1 1 1( , , ) ( , , )p n n n p n n nG fx fx fx hG fx fx fx+ + −≤      (2.6) 

where 1<
1

=
k

kh
−

 since )
2
1[0,∈k . 

As a result, from (2.4)-(2.6), we conclude that 

),,,(�),,( 111 nnnpnnnp fxfxfxrGfxfxfxG −++ ≤  

where },{ khr∈  and hence 1<r . 

Similarly, from (2.1), it can be shown that 

),,(�),,( 1121 −−−− ≤ nnnpnnnp fxfxfxrGfxfxfxG  

where 1<r . 

Therefore, we deduce that 

),,(��),,(�),,( 110111 fxfxfxGrfxfxfxrGfxfxfxG p
n

nnnpnnnp ≤≤≤ −++ 

for all N∈n  and 1<r . We show that the sequence }{ nfx  is a pG -Cauchy 

sequence in X . By the inequality (Gp4), we have for N∈nm,  with nm > , 

),,(),,(),,( 111 mmnpnnnpmmnp fxfxfxGfxfxfxGfxfxfxG +++ +≤  

                  ),,( 111 +++− nnnp fxfxfxG  
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++≤ +++++ ),,(),,(� 22111 nnnpnnnp fxfxfxGfxfxfxG  

          ),,(),,(
1

1=
1 iiip

m

ni
mmmp fxfxfxGfxfxfxG ∑

−

+
− −+  

          ),,()(� 110
11 fxfxfxGrrr p

mnn −+ +++≤   

          ),,()(1= 110
1 fxfxfxGrrr p

nmn −−+++                (2.7) 

          ),,(
1

1= 110 fxfxfxG
r

rr p

nm
n

−
− −

 

0 1 1( , , ).
1

n

p
r G fx fx fx

r
≤

−
      

Letting ∞→mn,  in (2.7), we get that 0),,( →mmnp fxfxfxG , that is, }{ nfx  

is a pG -Cauchy sequence. By Lemma 1.4, }{ nfx  is a Cauchy sequence in 

),(
pGdX  metric space and the completeness of ),( pGX  pG -metric space 

requires the completeness of ),(
pGdX  metric space. Then, there exists Xz∈  

such that 

( , ) = 0.lim G npn
d fx z

→∞
        (2.8) 

So, from Lemma 1.4 we get 

),,(lim=),,(lim zfxfxGzzfxG nnp
n

np
n ∞→∞→

 

                            ),,(lim=
,

mmnp
mn

fxfxfxG
∞→

 

                            ),,(= zzzGp  

                            0.=  
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As f  is subsequentially convergent in ),(
pGdX , }{ nx  has a convergent 

subsequence in ),(
pGdX . Hence, there exist Xu∈  and a subsequence }{

inx  

such that 

( , ) = 0.lim G np ii
d x u

→∞
        (2.9) 

As f  is continuous, (2.9) implies that 

0.=),(lim fufxd
inpG

i ∞→
 

From (2.8) and by the uniqueness of the limit in metric space ),(
pGdX , we obtain 

that zfu = . Consequently, 

0.=),,(=),,(lim=),,(lim fufufuGfufxfxGfufufxG pininp
iinp

i ∞→∞→
 

i. If T  is a continuous self map on X , by Remark 2, TuTx
in →  and 

fTufTx
in →  as ∞→i . Since fufx

in →  as ∞→i , we obtain 

fTufu = . As f  is injective, so we have Tuu = . 

ii. If T  is not continuous then by given assumption we get ux
in   for all 

N∈i . Now, assume that uTu ≠ . Therefore, from (2.1) we get 

1( , , ) = ( , , ) ( , , ),p n p n ni i i
G fx fTu fTu G fTx fTu fTu kM fx fu fu+ ≤         (2.10) 

where 

),,,(),,,({max=),,( 2 fTuxfTfuGfufTxfxGfufufxM
inpininpin  

),,,(),,,( 2 fTufTxfuGfTuxfTfTxG
inpininp  

           
),,,(),,,(

inininpinp fTxfTxfxGfufufxG
 

          
),,,(),,,(

ininpp fTxfTxfuGfTufTufuG
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)},,( fTufTufxG

inp  

              
),,,(),,,({max= 21 fTufxfuGfufxfxG

inpininp ++  

               
),,,(),,,( 121 fTufxfuGfTufxfxG

inpininp +++  

               
),,,(),,,( 11 ++ inininpinp fxfxfxGfufufxG

 

               
),,,(),,,( 11 ++ ininpp fxfxfuGfTufTufuG

 

  ( , , )}.p ni
G fx fTu fTu                 (2.11) 

On taking limit as ∞→i  and using Lemma 1.6 in (2.10) and (2.11), we get 

),,(�),,( fTufTufukGfTufTufuG pp ≤  

by the rectangular property. Since )
2
1[0,∈k , the inequality above causes 

contradiction. 

Hence, we have Tuu = . 

Hence, from (i) and (ii), u  is a fixed point of T . 

Now, suppose that the set of fixed points of T  is well ordered. Then fixed point of 
T  is unique. Assume on contrary that, uTu =  and wTw =  but wu ≠ . As u  
and w  are comparable, we have from (2.1) 

( , , ) = ( , , ) ( , , )p pG fu fw fw G fTu fTw fTw kM fu fw fw≤                (2.12) 

where 
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2

2

( , , ) = max{ ( , , ), ( , , ),

( , , ), ( , , ), ( , , ),

( , , ), ( , , ), ( , , ),

( , , )}

p p

p p p

p p p

p

M fu fw fw G fu fTu fw G fw fT u fTw

G fTu fT u fTw G fw fTu fTw G fu fw fw
G fu fTu fTu G fw fTw fTw G fw fTu fTu
G fu fTw fTw

= max{ ( , , ), ( , , ), ( , , ),

( , , ), ( , , ), ( , , ), ( , , ),

( , , ), ( , , )}

= ( , , ).

p p p

p p p p

p p

p

G fu fu fw G fw fu fw G fu fu fw
G fw fu fw G fu fw fw G fu fu fu G fw fw fw
G fw fu fu G fu fw fw

G fu fu fw

Hence the inequality (2.12) is equal to 

).,,(=),,(�),,( fwfwfukGfwfufukGfwfwfuG ppp ≤  

Since )
2
1[0,∈k , this is a contraction and so we get wu = . Thus, u  is the unique

fixed point of T . 

Conversely, if T  has only one fixed point, then the set of fixed points of T  being 
singleton is well ordered. 

Since we have assumed that ),( Tf  is Banach pair; },{ Tf  commutes at the fixed 

point of T . This implies that TfufTu =  for )(TFu∈ . So, Tfufu =  which 

gives that fu  is another fixed point of T . In that case, by the uniqueness of fixed 

point of T ufu = . Hence uTufu == , u  is unique common fixed point of f
and T  in X . 

If we take If = , the identity mapping in Theorem 2.1, we get the following result: 

Corollary 2.2 Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXT →:  be a nondecreasing self mapping such that 

),,(�),,( yyxkMTyTyTxGp ≤  
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for all comparable Xyx ∈, , where )
2
1[0,∈k  and 

)}.,,(),,,(),,,(),,,(),,,(

),,,(),,,(),,,(),,,({max=),,( 22

TyTyxGTxTxyGTyTyyGTxTxxGyyxG
TyTxyGTyxTTxGTyxTyGyTxxGyyxM

ppppp

pppp

 

If there exists Xx ∈0  with 00 Txx   and one of the following conditions is 

satisfied: 

i. T  is a continuous self map on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  has a fixed point in X . Furthermore, the set of fixed points of T  is well 
ordered if and only if fixed point of T  is unique. 

Theorem 2.3  Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXST →:,  be weakly increasing mappings with respect to `` ’’. 
Let XXf →:  be a continuous, injective mapping and subsequentially 
convergent such that 

( , , ) ( , , ),
( , , ) max

2 ( , , )
p p

p
p

G fy fSy fSy G fx fSy fSy
G fTx fSy fSy k

G fy fTx fTx
+  ≤  

  
            (2.13) 

for all comparable Xyx ∈, , where )
4
1[0,∈k . If one of the following conditions 

is satisfied: 
i. T  or S  is a continuous self mapping on X ; 

ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  and S  have a common fixed point in X . Furthermore, the set of common 
fixed points of T  and S  is well ordered if and only if common fixed point of T  
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and S  is unique. Moreover, if ),( Tf  and ),( Sf  are Banach pairs, then Tf ,  

and S  have a unique common fixed point in X . 

Proof. Let Xx ∈0  be an arbitrary point in X  and define the sequence }{ nx  

inductively by 

1222212 =    = +++ nnnn SxxandTxx  

for N∈n . As T  and S  are weakly increasing mappings with respect to “ ’’, we 
obtain the following: 

2001 == xSTxTxx   

3112 == xTSxSxx   

   

222212 == ++ nnnn xSTxTxx   

   

Suppose 0=),,( 11 ++ nnnp fxfxfxG  for some N∈n . Without loss of generality, 

we assume Nn 2=  for some N∈N . Thus 0=),,( 12122 ++ NNNp fxfxfxG  and 

by Lemma 1.5 122 = +NN fxfx . Now, we assume 

0>),,( 222212 +++ NNNp fxfxfxG . Since Nx2  and 12 +Nx  are comparable, using 

the contractive condition (2.13), we have 

2 1 2 2 2 2 2 2 1 2 1

2 1 2 1 2 1 2 2 1 2 1

2 1 2 2

( , , ) = ( , , )
( , , ) ( , , ),

                                     max 2 ( , , )

                       

p N N N p N N N

p N N N p N N N

p N N N

G fx fx fx G fTx fSx fSx
G fx fSx fSx G fx fSx fSx

k G fx fTx fTx

+ + + + +

+ + + + +

+

+ 
 ≤  
 
 

2 1 2 2 2 2 2 2 2 2 2

2 1 2 1 2 1

( , , ) ( , , ),
             = max 2 ( , , ) ,

p N N N p N N N

p N N N

G fx fx fx G fx fx fx
k G fx fx fx

+ + + + +

+ + +

+ 
 
 
 
 
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thus, 

),,([),,( 222212222212 ++++++ ≤ NNNpNNNp fxfxfxGkfxfxfxG  

   )],,( 22222 +++ NNNp fxfxfxG  

   ),,( 2= 222212 +++ NNNp fxfxfxGk  

which is a contradiction since )
4
1[0,∈k . Then, we conclude that 

0.=),,( 222212 +++ NNNp fxfxfxG  

Hence, we have 2212 = ++ NN fxfx . As f  is injective, we get 2212 = ++ NN xx , that 

is, 22122 == ++ NNN xxx . Then, Nx2  is a common fixed point of T  and S , that 

is, NNN SxTxx 222 == . 

Therefore, we can suppose that the successive terms of }{ nx  are different. Then 

0>),,( 11 ++ nnnp fxfxfxG  for all N∈n  and the following holds: 

2 1 2 2 2 2 2 2 1 2 1( , , ) = ( , , )p n n n p n n nG fx fx fx G fTx fSx fSx+ + + + +  

2 1 2 1 2 1 2 2 1 2 1

2 1 2 2

2 1 2 2 2 2 2 2 2 2 2

2 1 2 1 2 1

2 1 2 2

( , , ) ( , , ),
max 2 ( , , )

( , , ) ( , , ),
= max 2 ( , , )

2 ( ,
max

p n n n p n n n

p n n n

p n n n p n n n

p n n n

p n n

G fx fSx fSx G fx fSx fSx
k G fx fTx fTx

G fx fx fx G fx fx fx
k G fx fx fx

G fx fx
k

+ + + + +

+

+ + + + +

+ + +

+ +

+ 
 ≤  
 
 

+ 
 
 
 
 

≤
2 2 2 2 1 2 1

2 1 2 1 2 1

, ) ( , , ),
2 ( , , )

n p n n n

p n n n

fx G fx fx fx
G fx fx fx

+ + +

+ + +

+ 
 
 
 
 

 

thus, 
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),,(2�),,( 222212222212 ++++++ ≤ nnnpnnnp fxfxfxkGfxfxfxG  

                               ),,( 12122 +++ nnnp fxfxfxkG  

and so 

).,,(
21

�),,( 12122222212 +++++ −
≤ nnnpnnnp fxfxfxG

k
kfxfxfxG  

Let 
k

kr
21

=
−

, then )
2
1[0,∈r  since )

4
1[0,∈k  and we deduce that 

2 1 2 2 2 2 2 2 1 2 1( , , ) ( , , ).p n n n p n n nG fx fx fx rG fx fx fx+ + + + +≤                 (2.14) 

Similarly, by (2.13), we obtain 
















+
+

≤















 +















 +
≤

=

++−

−

++−

−

−

−−−−−

−−

+++

)],,(),,(2[
),,(),,(

max

),,(2
),,,(),,(

max=

),,(2
),,,(),,(

max

),,(
),,(=),,(

121222212

2222212

121212

2222212

2212

12122121212

12122

221212122

nnnpnnnp

nnnpnnnp

nnnp

nnnpnnnp

nnnp

nnnpnnnp

nnnp

nnnpnnnp

fxfxfxGfxfxfxG
fxfxfxGfxfxfxG

k

fxfxfxG
fxfxfxGfxfxfxG

k

fTxfTxfxG
fSxfSxfxGfSxfSxfxG

k

fSxfSxfTxG
fxfxfxGfxfxfxG

 

so 

)].,,(),,([2�),,( 12122221212122 ++−++ +≤ nnnpnnnpnnnp fxfxfxGfxfxfxGkfxfxfxG
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Then, for 
k

kh
21

2=
−

, we get [0,1)∈h  since )
4
1[0,∈k  and 

2 2 1 2 1 2 1 2 2( , , ) ( , , ).p n n n p n n nG fx fx fx hG fx fx fx+ + −≤                 (2.15) 

As a result, from (2.14) and (2.15), for },{max= hrλ  we conclude that 

),,(�),,( 111 nnnpnnnp fxfxfxGfxfxfxG −++ ≤ λ  

for all N∈n  and [0,1)∈λ . Hence, we get 

),,(��),,(),,( 110111 fxfxfxGfxfxfxGfxfxfxG p
n

nnnpnnnp λλ ≤≤≤ −++ 

 

for all N∈n  and [0,1)∈λ . 

Using the same technique as in the proof of Theorem 2.1, we can conclude that 

}{ nfx  is a pG -Cauchy sequence. By Lemma 1.4, }{ nfx  is a Cauchy sequence in 

),(
pGdX  metric space and the completeness of ),( pGX  pG -metric space 

requires the completeness of ),(
pGdX  metric space. Then, there exists Xz∈  

such that 

( , ) = 0.lim G npn
d fx z

→∞
                   (2.16) 

So, from Lemma 1.4 we get 

),,(lim=),,(lim zfxfxGzzfxG nnp
n

np
n ∞→∞→

 

                             ),,(lim=
,

mmnp
mn

fxfxfxG
∞→

 

                             ),,(= zzzGp  

                             0.=  
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As f  is subsequentially convergent in ),(
pGdX , }{ nx  has a convergent 

subsequence in ),(
pGdX . Hence, there exist Xu∈  and a subsequence }{

inx  

such that 

( , ) = 0.lim G np ii
d x u

→∞
                   (2.17) 

As f  is continuous, (2.17) implies that 

0.=),(lim fufxd
inpG

i ∞→
 

From (2.16) and by the uniqueness of the limit in metric space ),(
pGdX , we 

obtain that zfu = . Consequently, 

0.=),,(=),,(lim=),,(lim fufufuGfufxfxGfufufxG pininp
iinp

i ∞→∞→
 

Now, let us show that u  is a common fixed point of T  and S . 

i. If T  is a continuous mapping on X , then TuTx
in →2  and 

fTufTx
in →2  as ∞→i . Since fufx

in →  as ∞→i , we obtain 

fTufu = . As f  is injective, so we have Tuu = . 
Assume that Suu ≠ . Since uu  , we get from (2.13) 

),,,(2=

),,(2
),,,(),,(

max

),,(=),,(

fSufSufukG

fTufTufuG
fSufSufuGfSufSufuG

k

fSufSufTuGfSufSufuG

p

p

pp

pp















 +
≤  

which is a contradiction since )
4
1[0,∈k  and hence Suu = . 

The proof, assuming that S  is continuous, is similar to above. 
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ii. If T  and S  are not continuous then by given assumption we get uxn   

for all N∈n . Thus for the subsequence }{ 2 inx  and }{ 12 +inx  of }{ nx  we 

have ux
in 2  and ux

in 12 + . Assume that Tuu ≠  and Suu ≠ . 

Therefore, from (2.13) we get 
 

2 2 2 2 2 1 2 1( , , ) = ( , , )p n n p n ni i i i
G fTu fx fx G fTu fSx fSx+ + + +  

2 1 2 1 2 1 2 1 2 1

2 1

2 1 2 2 2 2 2 2 2 2

2 1

( , , ) ( , , ),

max 2 ( , , )

( , , ) ( , , ),

= max 2 ( , , ) .

p n n n p n ni i i i i

p ni

p n n n p n ni i i i i

p ni

G fx fSx fSx G fu fSx fSx

k G fx fTu fTu

G fx fx fx G fu fx fx

k G fx fTu fTu

+ + + + +

+

+ + + + +

+

+ 
 

≤  
 
 

+ 
 
 
 
 

 

Taking the limit as ∞→i  in the last inequality, we have 

),,,(2=),,(2�),,( fTufufukGfTufTufukGfufufTuG ppp ≤  

which is a contradiction and so .= Tuu  Similarly, it can be seen uSu = . 
Therefore, u  is a common fixed point of T  and S . 

The uniqueness of common fixed point of T  and S  can be obtained easily. Also, 
since ),( Tf  and ),( Sf  are Banach pairs as in the proof of Theorem 2.1, it can be 

shown that Tf ,  and S  have a unique common fixed point in X . 

Taking If = , the identity mapping in Theorem 2.3, we obtain the following result: 

Corollary 2.4 Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXST →:,  be weakly increasing mappings with respect to `` ’’ 
such that 
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













 +
≤ ),,(2

),,,(),,(
max),,( TxTxyG

SySyxGSySyyG
kSySyTxG p

pp

p  

for all comparable Xyx ∈, , where )
4
1[0,∈k . If one of the following conditions 

is satisfied: 

i. T  or S  is a continuous self mapping on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  and S  have a common fixed point in X . Furthermore, the set of common 
fixed points of T  and S  is well ordered if and only if common fixed point of T  
and S  is unique. 

Putting ST =  in Theorem 2.3, we have the following result: 

Corollary 2.5  Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXT →:  be a nondecreasing mapping. Let XXf →:  be a 
continuous, injective mapping and subsequentially convergent such that 















 +
≤ ),,(2

),,,(),,(
max�),,( fTxfTxfyG

fTyfTyfxGfTyfTyfyG
kfTyfTyfTxG p

pp

p  

for all comparable Xyx ∈, , where )
3
1[0,∈k . If there exists Xx ∈0  with 

00 Txx   and one of the following conditions is satisfied: 

i. T  is a continuous self map on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 
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then, T  has a fixed point in X . Furthermore, the set of fixed points of T  is well 
ordered if and only if fixed point of T  is unique. Moreover, if ),( Tf  is a Banach 

pair, then f  and T  have a unique common fixed point in X . 

If  we take If = , the identity mapping in Corollary 2.5, we obtain the following 
result: 

Corollary 2.6 Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXT →:  be a nondecreasing mapping such that 















 +
≤ ),,(2

),,,(),,(
max�),,( TxTxyG

TyTyxGTyTyyG
kTyTyTxG p

pp

p  

for all comparable Xyx ∈, , where )
3
1[0,∈k . If there exists Xx ∈0  with 

00 Txx   and one of the following conditions is satisfied: 

i. T  is a continuous self map on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  has a fixed point in X . Furthermore, the set of fixed points of T  is well 
ordered if and only if fixed point of T  is unique. 

Theorem 2.7  Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXST →:,  be weakly increasing mappings with respect to `` ’’. 
Let XXf →:  be a continuous, injective mapping and subsequentially 
convergent such that 

),,(),,(),,( fSyfSyfybGfyfyfxaGfSyfSyfTxG ppp +≤  
















+

++
+ ),,(),,(2

),,,(),,(),,(
max fSyfSyfxGfSyfSyfyG

fSyfTxfyGfTxfTxfyGfSyfSyfxG
k pp

ppp
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for all comparable Xyx ∈, , where ,,0 kba≤  and 1<4kba ++ . If one of the 
following conditions is satisfied: 

i. T  or S  is a continuous self mapping on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  and S  have a common fixed point in X . Furthermore, the set of common 
fixed points of T  and S  is well ordered if and only if common fixed point of T  
and S  is unique. Moreover, if ),( Tf  and ),( Sf  are Banach pairs, then Tf ,  

and S  have a unique common fixed point in X . 

Proof. The existence and uniqueness of the common fixed point of Tf ,  and S  
can be obtained applying the same method as in Theorem 2.3, so we omit it. 

Taking If = , the identity mapping in Theorem 2.7, 

Corollary 2.8 Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXST →:,  be weakly increasing mappings with respect to `` ” 
such that 

),,(),,(�),,( SySyybGyyxaGSySyTxG ppp +≤  
















+

++
+ ),,(),,(2

),,,(),,(),,(
max SySyxGSySyyG

SyTxyGTxTxyGSySyxG
k pp

ppp

 

for all comparable Xyx ∈, , where ,,0 kba≤  and 1<4kba ++ . If one of the 
following conditions is satisfied: 

i. T  or S  is a continuous self mapping on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 
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then, T  and S  have a common fixed point in X . Furthermore, the set of common 
fixed points of T  and S  is well ordered if and only if common fixed point of T  
and S  is unique. 

Putting ST =  in Theorem 2.7, we have the following result: 

Corollary 2.9  Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXT →:  be a nondecreasing mapping. Let XXf →:  be a 
continuous, injective mapping and subsequentially convergent such that 

),,(),,(�),,( fTyfTyfybGfyfyfxaGfTyfTyfTxG ppp +≤  
















+

++
+ ),,(),,(2

,),,(),,(),,(
max fTyfTyfxGfTyfTyfyG

fTyfTxfyGfTxfTxfyGfTyfTyfxG
k pp

ppp

 

for all comparable Xyx ∈, , where kba ,,0 ≤  and 1<4kba ++ . If there 

exists Xx ∈0  with 00 Txx   and one of the following conditions is satisfied: 

i. T  is a continuous self map on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  has a fixed point in X . Furthermore, the set of fixed points of T  is well 
ordered if and only if fixed point of T  is unique. Moreover, if ),( Tf  is a Banach 

pair, then f  and T  have a unique common fixed point in X . 

If  we take If = , the identity mapping in Corollary 2.9, we obtain the following 
result: 

Corollary 2.10 Let ),,( pGX  be a partially ordered pG -complete pG -metric 

space and XXT →:  be a nondecreasing mapping such that 

       ),,(),,(�),,( TyTyybGyyxaGTyTyTxG ppp +≤  
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














+

++
+ ),,(),,(2

,),,(),,(),,(
max TyTyxGTyTyyG

TyTxyGTxTxyGTyTyxG
k pp

ppp

 

for all comparable Xyx ∈, , where ,,0 kba≤  and 1<4kba ++ . If there 

exists Xx ∈0  with 00 Txx   and one of the following conditions is satisfied: 

i. T  is a continuous self map on X ; 
ii. for any nondecreasing sequence }{ nx  in ),( X  with zxn →  it follows 

zxn   for all N∈n ; 

then, T  has a fixed point in X . Furthermore, the set of fixed points of T  is well 
ordered if and only if fixed point of T  is unique. 

 

3.  EXAMPLES 

In this section, some examples are given to illustrate the usability of the results 
presented herein. 

Example 1  Let [0,1]=X  be endowed with the following relation: yx   if and 

only if xy ≤  where “≤ ” is usual order on X . Then, ),( X  is a partially 

ordered set. Let )[0,: ∞→×× XXXGp  be defined by 

},,{max=),,( zyxzyxGp . Therefore, for any Xyx ∈,  

.|=|),,(),,(),,(),,(=),( yxyyyGxxxGxxyGyyxGyxd pppppG −−−+

 

Then ),( pGX  is pG -complete pG -metric space. 

Define XXfT →:,  as 
4

=)( xxT  and 
5

4=)( xxf . Obviously, f  is 

injective mapping, continuous, subsequentially convergent. Indeed, let }{ nx  be a 

sequence converging to x  in ),( pGX , then 
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,=),,(=),,(lim=},{maxlim xxxxGxxxGxx pnp
n

n
n ∞→∞→

 

hence by definition of f , we have 









∞→∞→∞→ 5
4,

5
4maxlim=},{maxlim=),,(lim

xxfxfxfxfxfxG n

n
n

n
np

n
 

                     ),,,(=
5

4=},{maxlim5
4= fxfxfxGxxx pn

n ∞→
  (3.1) 

that is, }{ nfx  converges to fx  in ),( pGX . 

On the other hand, if }{ nx  converges to x  in ),(
pGdX , hence 

0.|=|lim=),(lim xxxxd n
n

npG
n

−
∞→∞→

 

Thus, by definition of 
pGd  and f , one can find 

4 4 4( , ) = = | |= 0.lim lim lim5 5 5
n

G n npn n n

x xd fx fx x x
→∞ →∞ →∞

− −     (3.2) 

By convergences (3.1) and (3.2) yield that f  is a continuous mapping. 

Now, let we show that f  is subsequentially convergent. Let }{ nfy  is convergent 

to y  in ),(
pGdX . Then, we have 

,=
5

4
lim=lim yyfy n

n
n

n ∞→∞→
 

which implies that 
4

5=lim
yynn ∞→ . Hence, }{ ny  a is convergent sequence in 

),(
pGdX  and so }{ ny  has a convergent sequence in ),(

pGdX . 
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Similarly, it can be easily shown that T  is a continuous mapping. Furthermore, it is 
clear that T  is a nondecreasing mapping with respect to `` ’’. Also, for 0=0x , 

we have 00 Txx  . 

In particular, for any yx  , we get 

.
5

4=

4
,

4
,

5
4max

,
5

4,
5

,
5

,
5

4max,
5

,
5

,
20

,
5

4max,
5

4

max=),,( x
xxy

yyxyxyxyx

fyfyfxM











































 

Then for all Xyx ∈,  with yx   and 
4
1=k , we have 

).,,(
4
1�

5
=

5
,

5
max=),,( fyfyfxMxyxfTyfTyfTxGp ≤







  

Thus, all the conditions of Theorem 2.1 are satisfied. So, 0  is a unique fixed point of 
T . 

Finally, ),( Tf  is a Banach pair since 0=0=0 TffT  for )(0 TF∈ . Therefore, 

0  is a unique common fixed point of T  and f . 

Example 2  Let [0,1]=X  be endowed with the following relation: yx   if and 

only if xy ≤  where ``≤ ” is usual order on X . Then, ),( X  is a partially 

ordered set. Let )[0,: ∞→×× XXXGp  be defined by 

},,{max=),,( zyxzyxGp . Therefore, ),( pGX  is pG -complete pG -metric 

space. 

Define XXfT →:,  by 
6

=)( xxT  and 
4

3=)( xxf  for all Xx∈ . 

Obviously, f  is injective mapping, subsequentially convergent and continuous. 
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Also, T  is a continuous and nondecreasing mapping with respect to “ ’’. 
Moreover, for 0=0x , we get 00 Txx  . 

On the other hand, for any yx  , we obtain  

{ } 3 3max ( , , ) ( , , ), 2 ( , , ) = .
4 4p p p
y xG fy fTy fTy G fx fTy fTy G fy fTx fTx+ +  

In that case, for every Xyx ∈,  with yx   and )
3
1[0,

6
1= ∈k , we have 

.
4

3
4

3
6
1�

8
=

8
,

8
max=),,( 






 +≤







 xyxyxfTyfTyfTxGp  

Thus, all the conditions of Corollary 2.5 are fulfilled. Hence, T  has a unique fixed 
point. Clearly, 0  is a unique fixed point of T . Furthermore, ),( Tf  is a Banach 

pair since 0=0=0 TffT  for )(0 TF∈ . So, 0  is a unique common fixed point of 

T  and f . 

Example 3  Let [0,1]=X  be endowed with the following relation: yx   if and 

only if xy ≤  where ``≤ ” is usual order on X . Then, ),( X  is a partially 

ordered set. Let )[0,: ∞→×× XXXGp  be defined by 

},,{max=),,( zyxzyxGp . Hence ),( pGX  is pG -complete pG -metric space. 

Now, define the mappings XXfST →:,,  by 
5

=)(  ,
4

=)(
22 xxSxxT  ve 

2
=)( xxf . It can be shown that f  is injective mapping, subsequentially 

convergent and continuous by similar arguments in Example 2. Also, it is clear that 
T  and S  are continuous mappings. 

Now, we denote that T  and S  are weakly increasing mappings. Let, Xx∈ . 
Since 
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,=
4
1�

80
1=

4
= 24

2

TxxxxSSTx ≤







 

we have STxTx  . Similarly, we can show that TSxSx  . Thus, T  and S  are 
weakly increasing mappings. 

Without loss of generality, we assume that yx  , that is, xy ≤� . So, we get 

8
=

10
,

8
max=),,(

222 xyxfSyfSyfTxGp








 

and 

.
2

=
2

,
2

max=),,( xyxfyfyfxGp






  

Then, we conclude that for 
4
1=a  and 0== kb  

).,,(
4
1=

8
�

8
=),,(

2

fyfyfxGxxfSyfSyfTxG pp ≤  

Then, all the conditions of Theorem 2.7 holds and so, T  and S  have a unique 
common fixed point which is 0=x . Also, ),( Tf  and ),( Sf  are Banach pairs 
since 0=0=0 TffT  for )(0 TF∈  and 0=0=0 SffS  for )(0 SF∈ . Then, 

Tf  ,  and S  have a unique common fixed point 0  in [0,1] . 
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