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1. Introduction

It is known [1] that the Fibonacci sequence is defined recursively as
Fo=Fp 1+ Fo
for n > 2 with initial values Fy = 0 and F; = 1 (A000045 in OEIS). As a similar, L,, is the nt" term in the
Lucas sequence (A000032) and defined by
Ly=Lpq+Ly, Ly=2 and L;=1

1+2‘/§ and g = %g Hence, the Binet formulas

Their characteristic equation is x? = x + 1 and itsroots are « =
for the Fibonacci F, and Lucas L,, numbers are
an_ﬁn

a-p
Binet formulas can be used to prove certain properties of the Fibonacci and Lucas numbers. For instance, for
negative subscripts the nt"* Fibonacci number can be established as F_,, = (—1)"*1E,, for all n > 1, or two
useful identities can be confirmed the Cassini identity and the d’Ocagne identity [1-3], respectively,

Fpi1Fpoq — B = (=1)"

F, =

and L, =a"+p"

and
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FnFpns1 = BiFpgr + CD"Epp, m>n2=1

Additionally, the formulas sum and subtraction for the Fibonacci numbers squared are
F7$1+n+1 + FT?l—Tl = Fom+1Fone1 1)
and
FT%l+Tl - FT?l—Tl = FomFon 2

Many sum properties [1-3] can be provided as examples of sequences derived from the Fibonacci numbers.
The sum of the Fibonacci numbersis .7, F; = F,,4, — 1 (A000071 in OEIS [2]), and the sum of even-indices
Fibonacci numbers is Y.i-, Fo; = Fopye1 — 1 (A027941 in [2]). These findings have been scrutinized as the
altered Fibonacci sequences [4]. The sum of odd-indices Fibonacci numbers is 3.7 ; Fy;_1 = F,L, (A001906
in [2]). The sum of the Fibonacci numbers squared between F; and F, is Y™, F? = F,F,,, (A180662, The
golden rectangle numbers in [2]).

In the literature, numerous researchers [4-8] have developed novel sequences utilizing Fibonacci numbers and
analyzed some of their basic properties. Dudley et al. [4] studied two altered Fibonacci sequences
{G,} ={E, + (-1)"} and {H,} = {E, — (—1)™}, concerned with number sequences A000071 and A027941,
using the equations given by Theorem 1 in [4]

Fue +1 = Fop-q1Llok+1 Fye =1 = Fopya1lag-1 3
Fiks1 +1 = Fopy1Llok Fakr1 — 1= Forlagsr 4
Fikr2 +1 = FopyzLlok Fikr2 =1 = Foplagqo ®)
Fikrs + 1= Fopy1lok+2 Fakrz =1 = Fopq2log (6)

Some of those are easily obtained according to whether n is odd or even in the Cassini identity. Moreover,
{(Gp, Gry1)3Ins0 and {(H,, Hy+1)}ns0 Sequences are defined by using the greatest common divisor (GCD) of
the numbers G, and H, considering Equations 3-6 are multiplication cases. These sequences produce
Fibonacci subsequences, such as (Ga, Gak+1) = Lak+1, (Gar+2, Garss) = Farrzr (Hag Har1) = Fapyqq, and
(Hyk42,Hakv3) = Lokso [4]- Hernandez and Luca [5] proved the existence of an integer c in the form of an
infinite number (F, + a, E,, + b) > e(©™ of any positive integer n < m, according to various n and m for the
positive integers a and b. Chen [6] defined a sequence {F,, + a},s( such that a € Z, called a shifted Fibonacci
sequence, and established a sequence {f,,(a)}ns0 = {(F, + @, Fh11 + @)}nso, referred to as a GCD sequence
of the shifted Fibonacci sequence. He showed that some successive terms of the altered and shifted sequences
have different behavior, such as f3,,-1(1) = Fop—1, fan+1(1) = Lan, fan-1(—1) = Lyp_1, and fy41(—1) =
F,,,. The author showed that {f,,(a)} is bounded from above if a # +1. In [7], in addition to the properties of
{f.(a)}, Spilker showed that for two integers a and n if m = a* — 1 is not 0 and f;,(a) divides a® + (—1)™,
then f, (a) is simply periodic such that a period p is defined by F, = 0 (modm). Koken [8] defined the altered
sequences {L},}n>o and {L7}n>o such that Ly, = 5Fppq1Far—1, Liks1 = SFars1Faks Liks2 = Laks2Lor, and
Likss = LakszLlorrr and Loy = Logyalog-1, Laksr = Logsiloks Laksz = SFakazFor, and Ligys =

S5Fzk+2Fak+1. Furthermore, he presented the numbers L}, ; = 5Fpp41,k = 1, Ly 51 = Log, k = 1, Lyg; =
Lojs1 @nd Ly = S5Fayp Where L . = (L, L) denotes r-successive GCD numbers. Besides, the GCD
numbers L} . and L;, - are obtained by r € {2,3,4}. For over 50 years, many authors [9-14] have studied to

determine all such numbers of the forms w?, w3, w? + 1, and w3 + 1 in the Fibonacci sequences. Marques
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[15] has considered the Fibonacci variant of the Brocard-Ramanujan equation and claimed that the Diophantine
equation

FoFpy1 - Fnyk—oFnpk1 +1= Fr?l (7)

has no solution according to the positive integer values k, m, and n. However, according to equations F,F, +
1=FF,+1=F;andF,Fs + 1 = F;F, + 1 = FZ, it can be observed that the Fibonacci Brocard-Ramanujan
version in Equality 7 has solutions. Szalay [16] obtains the solutions of the equations by accepting a correct
version of the result of Marques [15] more general than the Fibonacci Brocard-Ramanujan equation in Equality
7. Pongsriiam [17] has continued to search for the solutions of the Diophantine equations:

FpFo, - Foy_  Fn, *1=Fa and Ly Ly L

ny —

Ln, £1=F}

2 Ng—1 -

suchthat0 <n; <n, <+ <np_; <n,m=0andk > 1.

Inspired by previous research on altered Fibonacci numbers and the Brocard-Ramanujan equation, this study
aims to explore their applications and altered sequences of Fibonacci numbers squared. This investigation is
continued by the question of whether it is possible to define altered Fibonacci sequences, specifically those of
the form {E? + a}. Unlike [18,19], related to the sum of sequences of k-consecutive Fibonacci numbers, the
paper considers the results of altered Fibonacci numbers squared through the following sums:

2n 2n
z FiFj1q1 = F3pyq —1 or Z FiFji1 = F3p4q — 2
j=1 j=2
and
2n-1
FiFjq = Fiy
j=1

Koken [20] investigate two types altered Lucas numbers GL(f,)l)(a) and Hff,)l)(a). Since these numbers form as
the consecutive products of the Fibonacci numbers, they give the GCD sequences of r—successive terms of

altered Lucas numbers denoted {GL(é)l)f(a)} and {HL(?,)I)'T(a)} such that~ € {1,2} and a € {1,9}. We show that

these sequences are periodic or Fibonacci sequences.

This present paper is organized as follows: Section 2 provides brief definitions and properties. Section 3 defines
two altered sequences and investigates some of their properties. This includes analyzing the sum and

difference, Binet formula, and closed forms for the numbers G;a) (a) = E? + (-=1)"a and Hﬁa) (a) = E? —

(—1)"a. Section 4 establishes two types of r-successive altered Fibonacci GCD sequences, referred to as

(2) (2)
GF(n),r (a) and HF(n),r

Grehy (@) and HZ) (@) such that a € {1,4}.

(a), and investigates these sequences according to the cases r € {1,2,3} for the values

2. Preliminaries

This section defines two types of altered numbers derived by using a value {a} from the nt"* Fibonacci number
squared. It works on taking values {+1} instead of {a}.

Definition 2.1. The nt" altered Fibonacci numbers denoted by GFE?) (a) and HFE?) (a) are defined as

Gy (@ =F2 + (-1)"a (8)
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and

Hiny (@) = 2 — (-1"a ©)

where F, be the n* Fibonacci number and a € Z.

For example, particular values GF(Z)(l) and HF(Z)(l) numbers are provided in Table 1, and they follow
G (1) = Hpd (—1) and Hp(2) (1) = G (—1).

(n) (n) m) (m)
Table 1. First few terms of 62 (1) and H,? (1)
F(n) F(n)
n 0 1 2 3 4 5 6 7 8 9 10 1 12
62, 1 0 2 3 10 24 65 168 442 1155 3026 7920 20737
H-2 (1) 1 2 0 5 8 26 63 170 440 1157 3024 7922 20735

(n)

Table 1 shows that Gpgzl)(l) and Hpgzl)(l) are odd, and the others are even, any increasing sequences with

special values except the first few values. The general terms of the sequences {Gpg))(l)} and {HF(Z) (1)} can
be given as follows:

Theorem 2.2. Let GF(Z) (1) and HF(Z) (1) denote the nt" altered Fibonacci numbers. Then,

()]
Grea (1) = Fryp1Fos (10)
and
Efl))(l) = Fpi2Fn—2 (1)
Proor.
If m =k +1andn = k in Equation 1, then GFggc)(l) = Fyp_1Fsk+1, Tor a = 1 and n = 2k in Equation 8.
In addition, if m = k + 1 and n = k in Equation (2), then Gpgzﬁl)(l) = Fop42For, fora=1landn = 2k +

1 in Equation 8. The number GF(Z) (1) is observed from these equations for n = 2k and n = 2k + 1.

If m=k+2 and n =k in Equation 1, then Hpg?ﬁl)(l) = Fopy3For_q1, fora=1and n=2k+1 in

Equation 9. For m = k + 2 and n = k in Equation 2, Hng)(l) = Fyr42F2_» when n = 2k in Equation 9.

The number HF(Z)(l) is observed from these equations forn = 2k andn =2k +1. O
We have conducted research on several addition and subtraction identities of numbers GF%(l) and HF%(l).

Theorem 2.3. Let GF(Z)(l) and HF(Z)(l) be the nt" altered Fibonacci numbers. Then,

Gr () + G2, 1) (1) = Hp ) (1) + Hpoy 1y (1) = Fanga (12)

(2) (2) _ ) )

(n+1)(1) (n—1)(1) - HF(n+1)(1) - HF 1)(1) = Fon (13)
262 (D + 62 1) = 62 (1) = Fynys (14)

(n+1) (n) (n-1)
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ZHFgl)H)(l) + HFEfl))(l) - HFEi)_n(l) = Fny1lnst (15)

Proor.

From Equations 10 and 11 and the identities E2 + F2,, = Fyp4q and E,L,, = Fpy,

Ei))(l) + HFEi)_H)(l) = FpyoFn_z + (Fpyz + Fpp1)Faoq = Fopga

and
2) 2) _
(n+1)(1) (n 1)(1) K (Fn+1 + F n—Z) - FnLn

The others in Equations 12 and 13 are obtained similarly. If Equations 12 and 13 are summed side-to-side
collection, then Equations 14 and 15 are obtained. O

2.1. Altered Fibonacci Sequences GF(Z)(F 2y and H F(Z) (F?)

This subsection generalizes the value {a} in Equations 8 and 9 as the square of t* Fibonacci numbers such
thatt € Z.

Theorem 2.4. Let GF(Z) (FZ) and HF(Z) (FZ) denote the nt" altered Fibonacci numbers. Then,

Gry(F?) = FuycFu—,  tisodd (16)
and
Hp(o)(F2) = FacFay,  tiseven (17)

where F? is the square of the t*" Fibonacci numbers.
PROOF.

Lettisodd. Ifm =k + (t + 1)/2andn = k — (t — 1)/2 are taken in Equation 1, for a = F? and n = 2k in
Equation 8, then GF%()(FE) = Fok)+tF 2k)—¢- Moreover, if values of m =k + (t+1)/2 and n =k —

(t —1)/2 are considered in Equation 2, according to a =F? and n =2k + 1 in Equation 8, then
GF83<+1)(F3) = F(2k+1)+tF(2k+1)—t-

Similarly, let t iseven. If m =k +t/2 and n = k —t/2 in Equations 1 and 2, then the desired result is
obtained. O

As a result, the sum of two successive altered Fibonacci numbers equals the Fibonacci number, and no alike

Fibonacci recurrence relation is provided. However, a Binet-like formula for the numbers GF(Z) (F?) and

H.®

Hr ) (F2) can be obtained by using the Fibonacci Binet formula.

Theorem 2.5. Let GF(Z) (F?) and HF(Z) (F2) be the n*" altered Fibonacci numbers. Then,

( 2n+/32n)+(_1)n(a2t+ﬁ2t)
5 ,

Gp? (F}) = t is odd (18)

(n)

and
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2n 4 p2NY _ (_1\n(n2t 1 P2t
gl))(Ft)—( ) (5 DG ), t is even (19)

Proor.

Let ¢ is odd. If we substitute the Fibonacci Binet formula in Equation 16. Then,

( n+t __ ﬁn+t)(an—t _ 'Bn—t)
(a —p)2

By using @ — 8 = /5 and a8 = —1, the desired expression is obtained. The other appeared as an application
of the Fibonacci Binet formula in Equation 17. O

2
Grm)(FD) =

As a result of Equations 18 and 19, Binet-like formulas for the numbers GF(Z) (1) and HF(Z) (1) are

(@®™ + ) + (=1)"3 Ly +(-D"3
Grm(D) = - =
and
(@ + %) — (=17 Ly — (=1)"7
Ei))(l) : _L2 -

More details about the sequences a(n) = F,F,4, and b(n) = F,F,,, can be found in (A059929) and

(A192883). We study the special terms of the altered Fibonacci numbers GF(Z) (F3) = Efl))(—th) and

Ei))(th) gfl))( F2). The altered number GF(Z)(4) =F,,3F, 3 is the case t = 3 in Equation 16.
Furthermore, the sequence x(n) = F,,,3F,_3 has been studied in the literature (A292612) with its different
applications. The altered number Hpgfl))(9) Fn4F,_4 is the case t = 4 in Equation 17. In addition, the
sequence b(n) = F,4F,_4, has been studied in the literature (A292612) with its different applications.
However, Hpgfl)) (4) and Gpgfl)) (9) could not be generalized as the product of Fibonacci or Lucas humbers.

3. Altered Fibonacci GCD Sequences G F(z) (a) and H;? (a)

m),r

A GCD of two Fibonacci numbers is a Fibonacci number, such as (K, F,) = Fmny and (B, E,) = (F,, E.),
forall m = gqn + r such that m, n, r, ¢ € N. Thus, two successive Fibonacci numbers are relatively prime, i.e.,
(Ey, Fpyq) =1and (Fqn_l, F,) = (Fy, Fn42) = 1[1-3]. This section investigates properties related to GCD of

two numbers whose indices differ r from the altered sequences {GFE?) (a)} and {HFE?) (a)}.

Definition 3.1. Let GF(Z) (a) and HF(Z) (a) be the nt™ altered Fibonacci numbers. Then,

@ ()= (c.@ @
6r 3, (@ = (6@, G2, (@)
and
(2) (2) (2)
He (@) = ( P (@) HF(n+r)(a))

The sequences {Gpgl))r(a)} and {Hpgl))r(a)} formed by these numbers are called the r-successive altered

Fibonacci GCD sequences.

Table 2 shows {Gpgfl)) 1(1)} and {HFE?) 1(1)} are not increasing or decreasing but can be periodic sequences.
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Table 2. 1-successive altered Fibonacci GCD numbers G(Z))l(l) and Hx® (1)

(m),1
n o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
62, .M 1 2 1 1 2 1 1 2 1 1 2 1 1 2 1 1
@
He ) (D) 1 2 5 1 2 1 1 10 1 1 2 1 5 2 1 1

The following theorem investigates whether 1-successive altered Fibonacci GCD sequences take special values
in certain periods.

Theorem 3.2. Let G2 (1) and Hz'® (1) be the nt" 1-successive altered Fibonacci GCD numbers. Then,

(n)1 (n)1
6@ (1) = { , n=1(mod3)
Gr ()1 1, otherwise
and
10, n =7 (mod 15)
H.@ 1) = 5, n = 2,12 (mod 15)
F1 2, n=1410,13 (mod15)
1, otherwise
Proor.

According to Equation 10, GFEfl))l(l):(Fn+1Fn_1,FnFn+2). Since  (Fpi1, E) = (Fuy1, Fraz) =

(F,_1,E) =1, then Géam(l) = (Fy-1,Fpy). Therefore, let (Fp_,Fny2) =d. By using (F,F,) =
Flxy—x) (Fn-1, Fay2) = Fn-13y=F3n=1 (mod 3). Otherwise, (Fy_q, Fr42) = Fy.

According to Equation 11, H (n)1(1) (Fpt2Fy_2, Fpy_1Fpny3).Since (Fy 42, Frys) = (Fp—2, Fp_q) = 1,then

Hp(n)@(l) = (Fn—ZJFn+3)(Fn+2' n—l)- Thus, if (Fn—Z'Fn+3) = F(n—Z,S) =F;, n=2 (mOd 5) and
(Fpt2,Fn—1) = Fin-13) = F3, n =1 (mod 3), then we can obtain desired results by using the Chinese
remainder theorem. O

Table 3 manifests that the 2-successive altered Fibonacci GCD sequence { %1) 2(1)} forn > 2, takes values
()

according to a specific increasing sequence, and the sequence {Hp(n) )

(1)} is seen periodic.

Table 3. 2-successive altered Fibonacci GCD numbers Gg(,)l) ,(1) and Hpg))_z(l)

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Gr,() 1 3 2 3 5 24 13 21 34 165 89 144 233 1131 610 987

HeD,) 1 1 8 1 1 2 1 1 8 1 1 2 1 1 8 1

Some properties of the aforesaid sequences are as follows:

Theorem 3.3. Let GF(Z) (1) and HF(Z) (1) be the nt™ 2-successive altered Fibonacci GCD numbers. Then,

(n),2 (n),2
G.@ 3F,+1, n=1(mod4)
G2 = { Fpi1 otherwise
and
8, n=2(modé6)
H}:‘Efl))z(l) = {2, n =5 (mod 6)
1, otherwise
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Proor.

@ 1y (@
GF(n)Z(l)—( Fn)

=F,, n=1(mod4) by using (F,F,)=
F, or F;.

(1,652

According to Equation 10, (n+2)

(Fn 1’ n+3) - F(n 1,4) —
(Fn—lt n+3) - F(n—1,4) -

80

(1)) = Fpi1(Fp—1,Fny3).  Therefore,

F(xy-x). Otherwise, it is seen that

According to Equation 11, H(a)z(l) (Fpy2Fn—2, E Fpia). Because of (Fpio,E,) = (Fpyo, Fusa) =

(Fh—5, F,) =1, we study on H

21) 2(1) = (Fn-2,Fn44). Thus, Hp(n)_z(l) =Fn26) =Fe, n =2 (mod6).

Otherwise, the others are H((n)z(l) = Fn-2,6) = F3, n =5 (mod 6); Hl(va),z(l) = F,,n = 0,4 (mod6); or

H®

F(n)z(l) =F;,n=13(mod6). O

Theorem 3.4. Let GFEi))z

Fn+1 + Ln+2'

Ln+3'
Fn+3'

G.@ ©) —
(n) 2(1) + GF(n+1),2(1) -

Proor.

According to GFE?) ,(1) in Theorem 3.3,

e @ Fry2 + 3Fp41,
(n) 2(1) + GF(n+1),2(1) =13Fnt2 + Fuyq,
Fpi1 + Fria,
Foiz +2Fp4q,
=1 Fntz t Frta

Fn+3'

by the identity F,,1 + F,_q = L,. O

(1) be the n" 2-successive altered Fibonacci GCD number. Then,

n =1 (mod4)
n =0 (mod4)
otherwise
n =1 (mod4)
n = 0 (mod4)
otherwise
n =1 (mod4)
n = 0 (mod4)
otherwise

(2)

This study continues according to the particular values of the numbers GF(Z) (4) = Fp43F,_;and He ) =

Fpy4Fy_4 provided in Table 4.

Table 4. Altered Lucas numbers G;’Ql) (4) and HF(Z) 9)

n 0 1 2 3 4 5 6 7 8 ©o 10 11 12

NG 4 3 5 0 13 21 68 165 445 1152 3029 7917 20740

Hp ) (9) 9 10 8 138 0 34 55 178 432 1165 3016 7930 20727
(2)

By utilizing properties divisibility and GCD of Fibonacci numbers, GCD sequences GF(n)T(4), r € {1,2,3},

of the sequences G @) )(4) presented in Table 4 are observed periodic.

FsF,,
2 F7,
En))1(4) = (FuysFn_s, FnpaFn_2) = F7
5
1,
Fg,
GeP (8) = (FppsFys, FrycFoy) = .
(n)z n+3'n-3'n+5'n-1) — )4

1,

n =17 (mod35)
n = 3,10,24,31 (mod 3 5)
n=2,71222,27,32 (mod 35)

otherwise

n = 3 (mod 8)

n = 1,5,7 (mod 8)

otherwise
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and
F3Fy, n =3 (mod8)
Ei)) 3 (4) = (Fn+3Fn—3; Fn+6Fn) = F32, n = 1,57 (mod8)
1, otherwise
We haven’t got a closed-form expression for the numbers GF(Z) 9 = Efl)) (—=9) and GF%(—A}) = HFE,?) 4.
Thus, the properties of the GCD sequences GF%J (9) and HFE?),r(‘L)’ r € {1,2,3}, have been investigated by

using MAPLE up to n < 100. It is seen that all sequences are bounded and periodic sequences.
4. Conclusion

In this study, we derived two types of altered numbers of the Fibonacci numbers squared, defined as

g?) (a) = E? + (-1)"a and H,,Efl))(a) = E2 — (—1)"a, for a € Z. We observed that the numbers Gpgfl))(l)
and HF(Z)(l) correspond to an extraordinary multiplication of the Fibonacci numbers. Furthermore, their

generalizations GF(Z) (F?) and HF(Z) (F#) exhibit the same unique Fibonacci multiplication as follows:

Efl)) (F?) = FrytFnoy, tisodd

and

2 :
En))(FtZ) = FptFoets t is even

Therefore, we researched r-successive altered Fibonacci GCD sequences {Gpg))r(a)} and {Hpgfl))‘r(a)},

where a € {—1,1} and r € {1,2}. We could refer that the sequences { (n)z(l)} and {Hpgfl)m(l)} are

Fibonacci subsequences. The other GCD sequences are periodic and bounded. In future studies, other

properties of the sequences {GF Ei)) T(th)} and {H Fg)) T(FE)} and their r-successive GCD sequences are worth

studying. Besides, matrix and graph applications may be handled.
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