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Abstract

In this article, we introduced higher order Lucas hybrid quaternions with the help of higher order Lucas numbers. We also examined some
algebraic properties of these quaternions. By obtaining the recurrence relation, we found the Binet formula, the generating function and the
exponential generating function. Finally, we calculated the Vajda identity for the higher order Lucas hybrid quaternions and obtained the
Catalan, Cassini and d’Ocagne identities with the help of this identity.
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1. Introduction

The real quaternions were first described by Irish mathematician William Rowan Hamilton in 1843. Hamilton [1] introduced the set of
quaternions which can be represented as

H={q=qo+iqi+jq+kqs | 0,491,492, 93 €R} (1.1
where
P=p=k=—1,ij=—ji=k, jk=—kj=i, ki=—ik=j. (12)

In 1963, Horadam [2] defined Fibonacci and Lucas quaternions as follows:

Qn:Fn+E1+li+Fn+2j+E1+3kv (1.3)

Ky =Ly+Lyy1i+Lyoj+Losk, (1.4)

respectively. In 2012, Halic1 [3] has derived generating functions and some important identities of these quaternions. Other studies on the
generalizations of Fibonacci and Lucas quaternions are available in references[4, 5, 6, 7, 8, 9, 10].

The higher order Fibonacci numbers defined by Ozvatan [11] in 2018 as follows:

_ ﬁ (a‘v)n_(ﬁs)n

_ (1.5)

()
Fr F, s — ﬁs

Since F; is divisible by Fy , the ratio % is an integer. So, all higher order Fibonacci numbers are integer. Note that for s = 1, higher order

(1)

Fibonacci number F,, "’ is the ordinary Fibonacci numbers.
In 2021, the higher order Fibonacci quaternions defined by Kizilates [12] as follows:

o8 =FY +F i+ FY, j+FOL k. (1.6)

In 2022, the higher order Jacobsthal-Lucas quaternions defined by Uysal et al. [13] as follows:

i =i i ik a7

n
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x 1 i € h
1 1 i € h
i i -1 1-h €e+i
£ € 1+h 0 —£
h h —e—i € 1

Table 1: Multiplication scheme of hybrid numbers [15]

In 2023, the higher order Jacobsthal quaternions defined by Ozkan et al. [14] as follows:

= o &

The hybrid number system can be accepted as a generalization of the complex, dual and hyperbolic number systems. In 2018, firstly, set of
hybrid numbers was introduced by Ozdemir [15] as follows:

K={a+bi+ce+dh|ab,c,dcR,i>=—1,6>=0,h*=1},

where units satisfy the rules

ih=—hi=¢e+Ii.

The set K of hybrid numbers forms non-commutative ring with respect to the addition and multiplication operations. Accordingly, we will
use table above (Table 1) for the multiplication of any two hybrid numbers. This table shows us that the multiplication operation in the
hybrid numbers is not commutative. But it has the property of associativity.

There are several studies on hybrid quaternions for example Horadam hyrid [16], Leonardo hybrid [17].

The aim of this work is to present new quaternions whose components are higher order Lucas hybrid numbers and derive some al-

gebraic properties of these quaternions. In addition, Binet’s Formula, generating function, exponential generating function, Vajda’s identity,
Catalan’s identity, the d’Ocagne’s identity, Cassini’s identity for higher order Lucas hybrid quaternions are given.

2. Higher order Lucas numbers

Definition 2.1. The higher order Leonardo numbers described by

() _ @ B (X"S-i-ﬁm
L= = Q.1

Since L, is divisible by L, the ratio Lf’; is an integer. So, all higher order Lucas numbers are integer. Note that for s = 1, higher order

(1)

Lucas number L, ’ is the ordinary Lucas numbers.

Theorem 2.2. The higher order Lucas numbers provide the following identity.

L, =1, — (~1yrl) 22)

—1>

where (0t 3)° = (—1)*.

Proof.
L(A) o (as)(n+l)+(Bs>(n+l)
w1l = ot

a(nﬁd)+a(s)ﬁ(rxs)+ﬁ(s)a(zxs)_a(n:)ﬁ(s)_’B(m)a(j)_‘_ﬁ(nwrj)
o +p*

(ns) (ns) (ns—s) (ns—s)
= (0B (Yot ) — (aB) ()

= L (-1,

Thus, the proof is completed.
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3. Higher order Lucas hybrid quaternions

In this section, we we define the higher order Lucas hybrid quaternions and derive some algebraic properties of these quaternions.

Theorem 3.1. The higher order Lucas hybrid quaternions is denoted by QS,S) and defined as follows:
o) = +L£z4)rl’+L;(zlzg+LiJ)rsh

(s)

where {i,€,h} are hybrid quaternion units and Ly,
hybrid quaternions in Eq.(3.1) are as follows:

Thus, we have
o) =1 +u.

The conjugate of the higher order Lucas hybrid quaternion Q,(f> is denoted by Qﬁls)* as

Theorem 3.2. For the higher order Lucas hybrid quaternions, we have

o+l =2L).
Proof.

o 40l = L1l il e+ Ll () — L) i L) e — L) )

2Ly

Thus, the proof is completed.

Theorem 3.3. For the higher order Lucas hybrid quaternions, we have

0908 = (2 + 1) 12— (1), — 2L, L)

n—+ n+ n+1 n+2
Proof.
o)) .ol = (L%S; + Lgfl 1(,->+ Lf:lz 5(*) L(S) 3h). ((L)S,S) ? )L;(as+)1 - Lﬁz €— L;(123 h)
(Lns )2 + (LnS.H )2 - (Ln+ ) 2Ln+l Ln+2

Theorem 3.4. For the higher order Leonardo hybrid quaternions, we have

()2 = -0 .08 +21l 0.

V2= LY2-(t j) A 2D @) i) e+ L) w20 1Y),
- - i e
= —oV.of -On

where Eq.(3.5) is used.

+3 +2

Theorem 3.5. (Binet’s Formula) The Binet formula of the higher order Lucas hybrid quaternions as follows:

() _ G(a)" +B(B)"
RN T

where & = (1+ai+a®e+a*h) and = (1+B*i+p¥e+B¥n).

3.1

is higher order Lucas numbers. The real and imaginary parts of the higher order Lucas

3.2)

(3.3)

34

(3.5)

(3.6)

3.7)
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Proof.

o = 1 il it e il

s\n s\n 5\ (n+1) 5)(n+1) 5 (n+2) 5\(n+2) 5\ (n+3) (n+3)
= (LR ¢ (ST oy (TP o (TR

= g @) (+atita®e+o®h)+(B) (1+p%i+ B e+ B h)}

& (o) +B (B
o+ p .

Thus, the proof is completed. O

Theorem 3.6. There is the following recurrence relation for higher order Lucas hybrid quaternions

ol =L, +(—1y " QY. (33)
Proof.

Q(s) - a(as)(nJrl)JrB(ﬁs)(»H»l)
n+1 = o+

ooy smts) +'BB(m+;) +B'B(xn) as+aa(x11)ﬁA _'BB(M) o _da(;n)ﬁs
as+p*

Ay (s1) 1R R(sn) Ay (sn—s) 1R R(sn—s)
= (004 B (BB — (o) (BB

= L@ -(-1rel,.
Thus, the proof is completed. O

Theorem 3.7. By extending n and s to negative integer numbers for higher order Lucas hybrid quaternions Q3 the following identities can
be derived as

() _ (_py(om QB +B(a)
05, =(-1) B ; (3.9)
05 = (—1y 0, (3.10)
0" = (=170 (3.11)

Proof. By using Eq.(3.7), we have

Q(S) (a( DB )

-n = o'+

&4 B
[CALN
(ETET)

a(py flay
= (@yrEres)

o _sn @C(ﬁ:)"+l§(a:)"
(71) a+p° .

(=) a9y —5)y(=n)
Q_nY _ (0‘(0‘ ) ig((ﬁ )¢ )

s &a:n+ﬁﬁsn
= U s
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—_s Ay (—sn) L R R(—sn)
o = (%)

asBs

= (=1) (o) "+ (B) "

s+
(-1°0").

O
Lemma 3.8. The following identities hold:
G+p =2+Li+Lose+Lash, (3.12)
0—P = (o' —B°)[i+Lse+ (Log+ (—1)*) h], (3.13)
ap’—pBo’ = (1) (a* = B*)[(=1) + e+ (Lsh], (3.14)
QB+ Bat =Ly +2(—1) i+ (—1)°Lye + (—1)* Lysh, (3.15)
ot — BB = (af —B%)[14Lei+ (Los+ (—1)%) e+ (Lzs + (—1)*(a* + B*) ) h]. (3.16)

where & =1+ o’ i+a®e+a*hand =1+ B*i+ B¥e+ B> h.

Proof. From the definitions of & and B , we have

a+B= (I+a’i+a¥e+a*n)+(1+p%i+B¥e+p>h)
_ 2+((X"‘+Bs)i+(0625+ﬁ2s)8+(0635+ﬁ3s)h
= 2+4Lsi+Lrse+Lssh,
a—p (1+a51+azse+a%h) (14B%i+B¥e+B>h)
= (&’ =PBY)i+(a”~p>)e+(a”—p¥)h
= (a'—B)[i+(a’+B%)e+(a® + B> +a’B*)h]
= (@ =p)[i+Lse+ (Los+(=1)")h],
aps—Bat= (1+o'i+ae+a¥h)p —(1+p%i+p¥e+p o’
_ (ﬁs_a) ((Xzsﬁs B2s )8+(O(35[35—ﬁ35055)h
= (B —a)+(ap) (o' —B)e+(ap)’ (a® —p>h
= (B o)+ (1) (@ =Bt (~1)* (o~ B
= (' =p) -1+ (=1)"e+(=1)"Lsh],
&BS‘FB(X?: (1+a‘vi+a2f8+a3‘“h)ﬁf+(l+Bsi+[32ss+,83xh)af
_ (ﬁs-l—as)-l-(Oczsﬁs—i-ﬂzsas)s-l—((X3Sﬁs+[33sas)h
= Li+2(—1)%i+(—1)*Lye+ (—1)*Lysh,
aa’ —Bp° (1+a’ i+a¥e+a*h)ot — (14 B%i+ B> e+ P h)ps

( B ) (a2s stz+(ags+ﬁ35,£+(a4sﬁ4sh
(B‘ aé) (OcB)( —B*)e+(ap) (e —B>h

= (& =B [1+ (0 —BY)i+ (a™+ B> +a'B)e
+(a 35—0—[33*—#052*[35—!-063'[323')]1
= (o =B*)[1+Lyi+ (Los+(—1)%)e

+(Las + (=1)"(o" + B%) ) ]
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Theorem 3.9. (Generating function) The generating function of the higher order Lucas hybrid quaternions QSZS> as follows:
v s 24Lyi+Lyse+Lysh)—x[Li+(—1)* (2i+Lse+Losh
GW(x)= ¥ o e = EtstthetasoalbotlC ) Qi etlah)], (3.17)
Proof. By using Eq.(3.7), we have
v oW v (70 ) 1® (5) ()
n§0 QnY X! nEO(L n3+1l+L 28+Lns+3h)xn
= ﬁﬁx L (af)"x"+ asﬁﬁ: ): (B°)"x"
n=0 =0
_ G 1 B 1
- a*iﬁf T—ox o' +B5 1-Bsx
- a(1-p*x)+B(1—c’x)
T (@+p)(I-ex)(1-px)
_ a+p—(ap+Ba’)x
T (@B (I-Lix+(=1)x%)
_ (24Lsi+Lyse+Lzsh)—[Ly+(—1)° (21+L e+Lysh)]x
= L (Lot (—1)x9)
O
Theorem 3.10. (Exponential generating function) The exponential generating function of the higher order Lucas hybrid quaternions QS,S> as
follows:
oo ) o dea5x+BeB°'x
el - 1
Yol - (3.18)
Proof.
v ool _ g o) +Bp)
nE‘OQn e nEO(W)%
Py e S nxn ] b s ’an
= @ (L ) ahp (L B
e PP
- '+
Thus, the proof is completed. O
Theorem 3.11. For m,n € Z, the generating function of the higher order Lucas hybrid quaternions Q;, is
_@hrntox
B & s (3.19)
Proof.
=) ! o A (yS) (m+n 5\ (m+n)
Y o= ¥ (%w
n=0 n=0
= ipla z ()t o 4 B zoum () ]
n=0 n
= g e X (o) "+ BB X (B)"x"]
n=0 n=0
= e L8 g+ BB
_ 1 [ Ao )" (1B x)+B(B)" (10 x) ]
o’ +B* (I—os x)(1—B*x)
_ (X((Xs) +B(ﬁx)m _ o Bs(&(a.v)(mfl)Jrﬁ(ﬁx)(mfl) )x
(o +B%) (1—Lyx+(—1)*x?) (o +B%)(1—Lyx-+(—1)*x?)
— oL (G(e) " DB (B) V) x (=1)°
T I-Lox+(=1)a%) a+p’ (I—Lyx+(=1)22)
_ (< I (A GVt
= 0Lt ()~ (Lt (=17 2)
_ Qm ( )JH Qz(n)—l x
- 1—Lix+(—1)*x2
Thus, the proof is completed. O
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4. Some Identities for Higher Order Lucas Hybrid Quaternions

In this section, we derive some identities of higher order Lucas hybrid quaternions. We will give the following Lemma to calculate our next
result.

Lemma 4.1. The following equations hold:

af=A-AB, (4.1)
and

B&=A+AB. 4.2)
where

A=[1+(=1)Ly+Lgi+Lyse+Lsh],
B=[(—1)*(Lyi+ (Ls—1)e —h),
A= (a’—B*).

Proof.

aBf= (I+afi+a¥e+a>h)(14+p%i+B>e+p>h)

1= (@B)* +(@B) + (ap)* (B + )]
Hla B+ (@) (B — o) +e[o + B2 + (aB)*(B> — 02 — B> + 03B |+ hlo® + B — (aB)*(a* ~ B)]

= [1= (=1 + (=D + (=1 L +i[Ls+ (= 1) (* = B*) Ly] + € [Los + (= 1) (o = B*) (@* + B*) — (aB)*]
+hlss+(=1)"(a' = B*)]

(14 (=1)Ly+Lyi+ Ly e + Lagh] + (= 1)* T (a* — B%) [Lgi + (Ls + 1) e — h]

(14 (=1)*Ls+ Lyi+Loge + Lash] = A{(=1)"[Lsi + (Ls+ 1) € — h]}

A—AB.
Boa= (1+B%i+B¥e+Bp¥n) (1+a'i+ae+a*h)
— (1—ﬁ‘vaf—kﬁ“a“—k(aﬁ)s(as+B“))
+i(065+ﬁs+(0£ﬁ)s (aZS_ﬁZs))+€(a23+ﬁ2s+ﬁsa3s_ﬁ2sa3s_ﬁSSas+ﬁ3sa2s)+h(a3s+ﬁ3s_ﬁsa2s+ﬁ25as)
= (I+ (=) (1) (—1) s) FilLs+(=1)" (0" = B*) (e + B + € [Log + (= 1) (&' = B) (" + B* — (= 1)*]
+h (Las + (=1)" (o — B*))
= [1+(71)SLA‘+(Lsi+L2s£+L3sh)]+(71)S(0‘S7BS[Lsi+(Ls+1)£7h]
= [+ (=1 L+ (Lsi+ Lose + Lash) |+ A{ (= 1)"[Lsi+ (Ls + 1) € — h]}
= A+AB.
Thus, the proof is completed. O
Theorem 4.2. (Vajda’s Identity) For n,m,r € 7, we have
01,08, 0 O, = () A2, (L) 2 (AED) 1 BLy). “3)
Proof.

s s s s s (»x+m) (»x+m) (S \n+r) LB (RS (n+r) s (n) (n) A (yS\nm+r) B (Rs)(n+m+r)
O 0], — 0 O]y, = (GBI AT BNy (M TRy Mol P p

= g (OB (@) ) (B2)r) — e (o) ) (B)47) - Bu(B2) o) (o) ) — Bea(B) ") (@) )]

((X‘L:B“)z [&B o) ,B(ns+rs) ((as)™ — (B*)™) +l§dﬁ(ns)a(ns+rs)( (B*)™ — (a*)™))]

= g (D™ (@) = (B*)") (6 B — pacar)]
_1)(ns) s\m__(Rs\m ! ,

— %[(A*AB)[;UQ *(A‘FAB)OC(”)]

= (—1)AES (L) 2 (~AAF"® — ABL,)

= (1) A2ES (L) 2 (AR +BL,y).
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where (a®)" — (B*)" = AF,£,5) is used.
Thus, the proof is completed.

Now, we have the following identities from the Vajda’s identity:
Corollary 4.3. (Catalan’s identity) For n,r € Z, we obtain

o)), ol — (@)= —(=1)0 A F8) (L) 2 (AR +BLy).
Proof. For m = —r, we have

0., 0 — (VP = —(=1) A L) (AR +BLy).
Now let’s obtain the Catalan identity using the Binet formula:

D (s s (o) BB, au( ) D) 4B (B ) (o) DB (BYM Gl B (B M
Q,(,,),Q() _(Q())2: (tx(a) +B(B*) )(a(a) BB )_(06(06)< +B(B*) )(a(a) +B(B*) )

ntr a+p @t aip i

= e @B (@) (B — (@) (B)) + Bau(B)7) (%)

a°+ﬁ (aﬁ)”’[aﬁ( ﬁ sr) 71) 3&(B(—Sr)a(sr)71”

(=3
=3
=

=3

K

= (L) 2 (=1)" (B — o) [ G — s

= (L) 2 (=)™ (1)) AFL) [ SBEPe

= (L) 2(~1)"AFY) (A~ AB) B — (A+AB) @]
= (L) 2 (- )" AFY) [~A(a — ) — AB(a + )]

:(71)(sn+l)( ) 2A2 ()[AF(>+BLN].

where ()" — (B*) = AF) and (B*)" — ()" = (—1)" AF") is used.
Thus, the proof is completed.

Corollary 4.4. (Cassini’s identity) For n € Z, we obtain
o 08l — ()2 = (-1 a2 FY (L) (AR +BLy).
Proof. For r = —m =1, we have
o 0l — (@) =~ R F(L) 2 (4R +BL).
Thus, the proof is completed.
Corollary 4.5. (d’Ocagne’s identity) For n € Z, we obtain
00 —0l 0 =~ AR (L) (AR + BLy).

Proof. Form+n=kand r= 1, we have

oV 0l —o) o = —(-1)A2EY) (L) 2 (AFY) 4+ BL,).

Thus, the proof is completed.

5. Conclusion

4.4)

4.5)

(4.6)

In this paper, we introduced higher order Lucas hybrid quaternions. We proved some propositions for these quaternions. Also, we obtained
the recurrence relation, the Binet formula, the generating function and exponential generating function which are basic concepts in number
sequences for these quaternions. Additionally, we gave the Vajda’s identity, which is important for higher order Lucas hybrid quaternions,

and used this identity to obtain the Catalan’s, Cassini’s and d’Ocagne’s identities.
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