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1. INTRODUCTION 
 

Various statistical problems connected with repeated rotating surveys have constituted important 
issue among statisticians from years, see e.g. Binder and Dick (1989), Patterson (1950), Duncan and 
Kalton (1987), Jones (1980), Rao and Graham (1964) and still play important role in modern statistics, 
see e.g. Berger and Priam (2010), Kim et al. (2005), Kordos (2012), Kowalczyk (2003), (2004), 
(2013), Kowalski (2009), McLaren and Steel (2001), Park et al. (2001), Wesołowski (2010). In the 
present paper problem connected with multipurpose nature of repeated rotating surveys is considered. 

 
In finite population studies majority of repeated surveys are of multipurpose nature, which means 

that on the basis of one repeated survey we usually want to estimate several population parameters, 
like population mean or total on successive occasions, net changes between two successive occasions, 
population ratio, average of means or total over several occasions etc. Due to this fact many of 
repeated surveys are rotating surveys, which means that sample on each occasion consists of two parts: 
elements that has been examined also on previous occasion and elements that are new in the sample, 
that is elements that hasn’t been examined on previous occasion. The problem that is considered in the 
paper regarding rotating surveys is the following. We focus our attention on the question how increase 
of the efficiency of mean estimation affects estimation of net changes, that is changes between 
population means on two successive occasions. When the main aim of the survey is to estimate 
population mean on each successive occasion we want to increase efficiency of the mean estimation, 
which we often do in finite population surveys by using auxiliary information and composite 
estimators, e.g. difference estimators. When on occasion t, to estimate population mean, we use 
difference estimator, which takes into account auxiliary information and on occasion t+1, to estimate 
population mean, we also use difference estimator, which take into account auxiliary information we 
consequently have to use the same estimators to estimate net changes. Influences of such a procedure 
on properties of net changes estimator are presented in the paper.  

 
Formally situation described below is as follows. A simple random sample without replacements 

SRSWR of n elements is drawn from a finite population of N-elements on the occasion t. A sample on 
the occasion t+1consists of n elements, from which np, 10  p , elements are retained from the 
previous sample, that is selected by SRSWR from n elements that have been examined on occasion t 
and the remaining n-np elements are drawn by SRSWR from the population elements N-n that has not 
been examined on the previous occasion. We assume here that on two successive occasions structure 
of the population does not change, that is ,1 NNN tt    see also e.g. Kowalczyk (2003), Patterson 
(1950), Wesolowski (2010).  

 
Sample on occasion t consists of n elements from which np are examined on occasion t and will 

be examined on occasion  t+1 (they are matched elements) and  n-np elements that are examined on 
occasion t and will not be examined on occasion t+1 (they are unmatched elements). 

 
Analogously, sample on occasion t+1 consists of n elements from which np elements are 

examined on occasion t+1 and have also been examined on occasion t (they are matched elements) and 
n-np elements that are examined on occasion t+1 and have not been examined on occasion t (they are 
unmatched elements). 

 
On each occasion to estimate population mean difference estimators based on auxiliary 

information are used, more precisely on occasion t  to estimate population mean we  use difference 
estimator of the form: 
 

)( tttt
D
t xXByy                                                                                                   (1) 

 
and on occasion t+1 to estimate population mean we use difference estimator of the form: 

 
)( 11111   tttt

D
t xXByy                                                 (2) 
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Due to this fact for assessing net changes, that is for assessing tt YY 1 , in multipurpose surveys 
we consequently have to use estimator of the form: 

 
D
t

D
t

D yyd  1 .                                                                                                          (3) 
 
It is well known that difference estimators are unbiased estimators of a population mean and they 

increase efficiency of mean estimation compare to the usual sample mean, that is: 
 

)),(1(
)(

1)( 2
2

2
tt

tD
t XY

n

YS

N

n
yD 






                                                   (4) 

 
and analogously  
 

 ),(1
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1)( 11
21

2

1
2
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
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




  tt

tD
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n

YS

N

n
yD                                                      (5) 

 
See e.g. Särndal et all (1992).  

 
The problem arises when additionally net changes estimation is taken into account. It has to be 

remembered that samples on both occasions overlap in rotating surveys, which introduces additional 
complexity to the problem. In the next section properties of the estimator Dd  will be studied. 
Estimator Dd will also be compared to the usual one, i.e. to the estimator d of the form: 

 

tt yyd  1                                                                                                                (6) 
 
2. PROPERTIES OF THE ESTIMATOR 
 

When analyzing net changes estimation, first important step is to compare precision of the 
estimator dD given by (3), which takes into account auxiliary information with the precision of the 
usual estimator d given by (6). 

 
Necessary and sufficient condition for dD to be superior to the usual estimator d , that is necessary 

and sufficient condition for )()( 22 dDdD D  ,  should in some way depend on the matched fraction 
p in the sample. As we see later in this section, as far as auxiliary information is taken into account, 
the following formula proves to play important role in the analysis: 

 

),(),(),(

),(),(),(),(),(

111

11111

tttttt

tttttttttt

XXXYXY

XYXYXYXYYYM











                  (7) 

 

Exact conditions for )()( 22 dDdD D  to be satisfied are given in theorem 1. 
 

Theorem 1: If 0),( 1  MYY tt , where M  given by (7), necessary and sufficient condition for dD 
to be superior to the usual estimator d is the condition for the matched fraction p in the sample: 
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If 0),( 1  MYY tt , where M given by (7),  necessary and sufficient condition for dD  to be 
superior to the usual estimator d  is the condition for the matched fraction p in the sample: 
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Proof: see Kowalczyk (2013). 
 
 

The next important question that arises in multipurpose rotating surveys in which auxiliary 
information is used is the following. It is well known that to maximize efficiency of the estimation for 
estimating net changes, when using usual estimator tt yyd  1 , it is best to retain the same sample 

throughout all occasions providing that the correlation of 1tY and tY  is positive. Otherwise, that is if 

the correlation of 1tY and tY  is negative, it is best to select a new sample for the next occasion. When 
not only two study variables but also auxiliary variables are taken into account the problem becomes 
much more complicated. So the question arises when we should retain the same sample for the next 
occasion and when we should select a new sample if we want to maximize efficiency of the net 
changes estimation. Theorem 2 gives answer to this question. 

 
 

Theorem 2: If we assess net changes  by using composite estimator of the form Dd  given by (3) we 
have the following: 
 

if 0M , where M is given by (7),  minimum )(2 DdD  is achieved for matched fraction 1p ; 

if  0M  where M is given by (7),  minimum )(2 DdD  is achieved for matched fraction 0p .  
 

Proof: see Kowalczyk (2013). 
 

 

In other words, theorem 2 tells us, that it is best to retain the same sample for the next occasion 
providing that M is positive, and it is best to select a new sample for the second occasion providing 
that M is negative.  

 
 

It is worth to notice that when composite estimator is applied it is possible that correlation 
coefficient between study variable on two occasions is positive and nevertheless it is best to select a 
new sample for the second occasion to maximize efficiency of the net changes estimation. The answer  
to the question if we should retain the same sample for the next occasion or select a new sample does 
not depend in this case simply on the correlation coefficient between study variable on two occasions, 
it depends on M  given by (7), i.e. it depends on the combination of all correlation coefficients 
(between study and auxiliary variables). 
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3. SIMULATION STUDY 
 

3.1 Population 1 
 

According to multivariate normal distribution a population of N=15000 elements was generated. 
Finite population parameters were as follows: 
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
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
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15027.07003.07019.0

5027.016972.07019.0
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7019.07019.03980.01

R

 

 
On two occasions samples of 800 elements were selected according to SRSWR; four different 

matched fractions of two samples were taken into account: p=0, p=0,4, p=0,8, p=1.  For each case 
sampling was repeated h=1000 times and for each selected sample estimates based on estimator dD 
given by (3) and estimates based on estimator d given by (6) were obtained. For two estimators and 
1000 repetitions MSE were obtained: 

,))((
1000

1
)(

1000

1

2
1


 

j
tt YYddMSE

 
 

.))((
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j
tt
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Also percentage efficiency of the estimator dD compared to the estimator d was obtained: 

 

%.100
)(

)()(
)( 




D

D
D

dMSE

dMSEdMSE
dEFFP  

 
Results of a simulation study for population 1 are presented in Table 1 and table 2. 
 

Table 1. Mean Square Error and percentage efficiency of the estimation 

 

 p = 0 p = 0,40 p = 0,80 p = 1 

MSE(d) 0,0799 0,0773 0,0716 0,0662
MSE(dD) 0,0394 0,0469 0,0546 0,0535
EFFP(dD) 102,8% 65,0% 31,1% 23,6%

 
As we can see from table 1 estimator dD, which takes into account auxiliary information, is in all 

cases superior to the usual estimator d, i.e. MSE(dD)<MSE(d)  for all p. For estimator d efficiency of 
the estimation is the highest, that is MSE is the lowest for p=1, that is for the same sample on two 
occasions. For estimator dD efficiency of the estimation is the highest, that is MSE is the lowest for 
p=0, that is for disjoint samples on two occasions.  
 
Now we can compare these results with theoretical results from section 2.   
 
On the basis of theorem1 for this population we have:  
 

 )()( 22 dDdD D   for all 1,0p   
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On the basis of theorem2  we have:  
 

 min )(2 DdD  is achieved for p=0, because 0M . 

 
From statistical theory we have: 
 

 min )(2 dD  is achieved for p=1, because 0),( 12 YY . 

 
As we can see all simulation results agree with theoretical ones.  
 
From table 2 we can see that gain in the  efficiency of the estimator dD compare to the usual estimator 
d can be very high, it can exceed 100%.  Thus it has strong practical importance. 
 
3.2 Population 2 
 

According to multivariate normal distribution a population of N=5000 elements was generated. 
Finite population parameters were as follows: 
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On two occasions samples of 100 elements were selected according to SRSWR; five different 
matched fractions of two samples were taken into account: p=0, p=0,2, p=0,5, p=0,8, p=1.  For each 
case sampling was repeated h=1000 times.  

 
Results of a simulation study for population 2 are presented in Table 3 and table 4. 

 
 

Table 2. Mean Square Error and percentage efficiency of the estimation 
 

 p = 0 p = 0,20 p = 0,50 p = 0,8 p=1 

MSE(d) 0,0145 0,0143 0,0129 0,0119 0,0103
MSE(dD) 0,0114 0,0114 0,0119 0,0139 0,0146
EFFP(dD) 27,1% 25,4% 7,6% -14,3% -29,1%

 
 

As we can see from table 3 estimator dD, which takes into account auxiliary information, is not in 
all cases superior to the usual estimator d. It is superior only for p=0, p=0,2 and p=0,5. For p=0,8 and 
for p=1 superior is the usual estimator d, which does not use any auxiliary information.  

 
For estimator d efficiency of the estimation is the highest, that is MSE is the lowest for p=1, that is 

for the same sample on two occasions. For estimator dD efficiency of the estimation is the highest, that 
is MSE is the lowest for p=0, that is for disjoint samples on two occasions.  
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Now we can compare these results with theoretical results from section 2. 
 
On the basis of theorem1 for this population we have:  

 6099,0)()( 22  pdDdD D   

On the basis of theorem2  we have:  
 min )(2 DdD  is achieved for p=0, because 00935,0 M . 

From statistical theory we have: 
 min )(2 dD  is achieved for p=1, because 0),( 12 YY . 

 
As we can see all simulation results agree with theoretical ones.  
 

From table 4 we can see that gain in the  efficiency of the estimator dD compare to the usual 
estimator d  vary from -29,1% to 27,1%.  
 
3.3 Population 3 
 

According to multivariate normal distribution a population of N=5000 elements was generated. 
Finite population parameters were as follows: 
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On two occasions samples of 100 elements were selected according to SRSWR; five different 
matched fractions of two samples were taken into account: p=0, p=0,2, p=0,5, p=0,8, p=1.  For each 
case sampling was repeated h=1000 times.  

 
Results of a simulation study for population 2 are presented in Table 5 and table 6. 

 
Table 3. Mean Square Error 

 

 p = 0 p = 0,20 p = 0,50 p = 0,8 p=1 

MSE(d) 0,0170 0,0143 0,0103 0,0060 0,0035
MSE(dD) 0,0116 0,0099 0,0067 0,0035 0,0015
EFFP(dD) 46,7% 44,5% 54,2% 71,7% 127,3%

 
As we can see from table 5 estimator dD, which takes into account auxiliary information is in all 

cases superior to the usual estimator d, i.e. MSE(dD)<MSE(d)  for all p.  For estimator d efficiency of 
the estimation is the highest, that is MSE is the lowest for p=1, that is for the same sample on two 
occasions. For estimator dD efficiency of the estimation is the highest, that is MSE is the lowest also 
for p=1, that is for the same samples on two occasions.  

 
Now we can compare these results with theoretical results from section 2. 
 
On the basis of theorem1 for this population we have:  

 )()(1,0 22 dDdDp D    

On the basis of theorem2  we have:  
 min )(2 DdD  is achieved for p=1, because 0625,0 M . 

From statistical theory we have: 
 min )(2 dD  is achieved for p=1, because 0),( 12 YY . 
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As we can see all simulation results agree with theoretical ones.  
 

From table 6 we can see that gain in the  efficiency of the estimator dD compare to the usual 
estimator d  vary from  46,7% to 127,3%.  
 
4. CONCLUSIONS 
 

The use of auxiliary information in the form of composite estimators on each successive occasion 
in repeated rotating surveys and consequently increase of the efficiency of mean estimation on each 
occasion can cause two different effects. It can cause both increase or decrease of the efficiency of the 
estimation of net changes, which are commonly estimated together with the population mean in 
multipurpose rotating surveys. The type of the effect, increase or decrease of the efficiency of net 
changes, depends on number of matched units and various population parameters. Exact mathematical 
formulas are given in theorem 2. The second important conclusion that arises from the paper is the 
following. It is well known that when estimating net changes by using usual estimator, that is 
difference of two sample means, it is best to retain the same sample for the next occasion when 

0),( 1  tt YY . However this well-known theorem is valid only when usual sample means are 

applied on both occasions. When using composite estimator it is possible that 0),( 1  tt YY  and 
nevertheless it is best to draw a new sample for the next occasion. In the case of difference estimators 
and auxiliary information optimum number of matched units maximizing precision of the estimation 
depends on the combination of all correlation coefficients in the form of M given by (7) and not 
simply on the correlation coefficient between study variable on two occasions. Simulation studies 
illustrating above problems are presented in section 3. From all simulation studies it implies that 
efficiency of the estimation to be gained or lost is considerable; in presented simulation studies it 
varies from -29,1% to 127,3% compare to usual estimation. Thus importance of presented problems is 
not only theoretical but also practical.  
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