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INTRODUCTION

In 1997, Rifa and Pujol introduced Z,Z ,-additive codes
as subgroups of Z: x Z: ; see [27]. The set of coordinates in
Z,Z ,-additive codes is partitioned into two parts, the first
part in Z, and the last part in Z,. Due to the appearance
of Z,7 ,-additive codes, the study of codes over mixed ring
alphabets has been widely grown, for example Z rxZ s
-additive codes, Z,Z [u]-additive codes, Z [u’,u’]-lin-
ear codes, etc; see [1, 2, 3, 6, 7, 18, 4, 11, 30, 29, 25]. Very
recently, Dinh et al. and Gao et al. have extensively studied
the applications of mixed alphabet codes in constructing
new DNA and quantum codes; see [12, 13, 22, 10].

Notice that in all the aforementioned papers, the coor-
dinates of two parts are based on rings that are finite com-
mutative chain rings. Recently, Borges et.al. have defined
R R -linear codes which are R -submodules of R* x R,
where R, and R, are finite commutative chain rings with the
same residue field F,. Fundamental results on R R -linear
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codes including the generator matrix, the duality concept
and cyclic codes can be found in [8, 26]. Furthermore,
notice that for example in Z,Z,-additive codes, Z, is a Z,
-algebra and in Z,Z,[u]-additive codes, Z, is a Z,[u]-alge-
bra. Based on this fact, Mahmoudi and Samei generalized
all the abovementioned papers to SR- additive codes, where
S is an R-algebra, see [24].

Motivated by all previous works done on codes over
several mixed alphabets and also SR- additive codes, we
study the structural properties of R R, -linear codes.

One of the basic problems in coding theory is to deter-
mine the standard form of the parity-check matrix which
is used in decoding algorithms efficiently. In this paper, we
determine the parity-check matrix of R R -linear codes as
well as the relation between R R, -linear codes C and C".

The homogeneous weight was first discovered by
Constantinescu and Heise as a generalization of the
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Hamming weight on the finite fields and the Lee weight on
Z,; see [9]. Gereferate and Schmidt used a tensor product
to construct a Gray map with a non-linear image on the
certain chain ring Z, endowed with the homogeneous met-
ric; see [20]. Jitman generalized the Gray map given in [20].
He presented an algebraic construction for the Gray map
on chain rings equipped with the homogeneous metric that
is non-linear over special chain rings Z ,m; see [21]. In this
paper, we define a weight on R* x R, which is the natu-
ral generalization of the homogeneous weight over chain
rings. Then, using the definition in [21], we define a dis-
tance preserving Gray map from R R -linear codes to codes
over F, equipped with the Hamming weight. Our defini-
tion is a natural generalization of the given Gray map on
7,7 s-linear codes in [29]. The Gray image of R|R,-linear
codes presented in Examples 5.3, 5.4 and 5.5 provides opti-
mal codes which have more simple construction than linear
codes with the same parameters in Grassl table; see [19].

The study of several upper bounds on the minimum dis-
tance of a code is important in coding theory in view of the
fact that codes meeting these bounds have the largest possi-
ble minimum distance. In this paper, two upper bounds for
the minimum distance are obtained by the Singleton bound
for the Gray image and the rank bound for codes over rings.
If an R R -linear code meets the first bound, it is called
MDS with respect to the Singleton bound (MDSS), and if it
attains the rank bound, it is called MDS with respect to the
rank bound (MDSR); see [5, 28]. We discuss the conditions
on the R R -linear codes to be MDSS or MDSR.

The link between self-dual codes and many different
research areas such as design theory and lattice theory
makes studying self-dual codes interesting; see [14, 23].
Some sufficient conditions for constructing self-dual codes
over chain rings are presented in [15, 16, 17]. Herein, we use
the same two methods to build R R -linear self-dual codes.

This paper is organized as follows. In section 2, some
basic notations and definitions about chain rings and codes
over the products chain rings R, and R, are given. In sec-
tion 3, the parity-check matrix of linear codes over R, x R,
in standard form is described and some examples are pre-
sented. In section 4, self-dual codes over R x R, are studied
and self-dual codes over R, x R, with larger lengths are con-
structed by two methods. In section 5, a weight for linear
codes over R, x R, is defined and a distance preserving Gray
map on R, x R, corresponding to the homogeneous weight
over chain rings is introduced. Moreover, two upper bounds
for the minimum distance of linear codes over R, x R,
are obtained.

PRELIMINARIES

Throughout this paper, all rings are assumed to be finite
and commutative with identity. A ring R is called a chain
ring if its ideals are linearly ordered by inclusion. Obviously,
every chain ring has a unique maximal ideal. Consider y as

the generator of the unique maximal ideal. Since R is finite
and its ideals are chain, y is nilpotent. Denote the nilpo-
tency index of y by e. We have

R=(1")2(1")2..2(+")2(r)=0.

Note that if R is a finite field, then y = 0 and it can be
considered that e = 1. It is clear that all elements of (y) are
zero-divisors and all elements of R\(y) are units. The resi-
due field R/(y) is denoted by F, where g = p”, p is a prime
number and m is a positive integer. Let : R — F, be the natu-
ral projection map. Let T = {r,..., ”471} be the Teichmiiller
set of representatives of R.

Lemma 2.1 [26] Assume the above notations. Let V C R
be a system of representatives for the equivalence classes of R
under congruence modulo y. Then

1. For all reR there exist unique a (r),a,(r),....a, (r) € V

such that r = Z:}ai (Y.
3.|(¥)| = g7 for all je{0,..., e-1}.

Clearly, |R| = ¢° and any elements r € R" can be written
uniquelyasr= E:;a,. (r)7',wherea(r)= (1T ooty ) E VT

for all 1.

LINEAR CODES OVER CHAIN RINGS

A linear code of length n over R is an R-submodule of
R". In [20], the homogeneous weight of each element r € R
in the sense of [9], denoted by w, (r), is defined as follows:

e—1

re~“'R\{0},
©P(g—1) reR\y'R,

O.W.

Wiom (1) =

(=N )

Naturally, the homogeneous weight can be extended
to R" componentwise. Then, the homogeneous weight of
r=(rp..r,) € R" becomes w, (r) = Z:':l w,.(1). The
homogeneous distance d, _(r,s) between vectors 7s in R" is
defined to be w, _(r-s). .

In [21], the Gray map from R" to F] is defined as
follows.

Let

e=§ )+ (E)p+-+E,. (E)qu
be the p-adic representation of € €Z o Where &(e) € {0,1,+

,p-1} for all i € {0,--,m-1}. Let a be a fixed primitive ele-
ment of . Corresponding to every ¢, consider &, as

a. =& () +§(Eat+E, ()™

Moreover, let
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w=E W) +&(w)p"+---+E_, (w)p"?

be the p-adic representation of wEZ gnen, Where EN (w)
€ {0,1,---,pm-1} for all i € {0,

¢:R" — IF;H” is defined as

,e-2}. Now, the Gray map

6(r) = (Bysbyse- by |

forallr=a (r) + a (r)y+--+a,_(r)y"" € R, where

WP +e O[ a (r)+z 51 L(w) l ae—l(r)
for all w € {0,---,p"*?-1} and € € {0,--,p"-1}.
Example 2.2
1.if R=T, +uF, + u’F,, where u* = 0, the Gray map
¢:R—Tis

qﬁ(uo +a1u+azuz):(a2,ao +a,,a, +a,,a,+q +a2).

2. For R=TF; +ulF, where u*> = 0, the Gray map ¢: R — F.
is

o(a, +au)=(a,,a, +a,,2a, +a,,3a, +a,,4a, +a, ).

Proposition 2.3 [21] The Gray map ¢ is an isometry
from (R",d, )to (IF;H”, d,), where d,, denotes the Hamming
distance on IF;H”.

It is well known that Singleton bound for every code C
over an alphabet of size q is given by

hom

dy (C)<n—log,|C[+1. (2.1)

Furthermore, by Theorem 3.7 in [28], if C is a code of
length n over chain ring R equipped with the homogeneous
distance d,  then the rank bound for C is established as
follows:

! <n—rank(C), (2.2)

where rank (C) is the minimum cardinality of the generator
set of C.

LINEAR CODES OVER R, xR,

From now on, assume that R, =R and R, =

el y ,€2,4
denote two finite chain rings Where Y, "and y, are the gen-
erators of their maximal ideals with nilpotency indices e,
and e, respectively. Besides, assume that R, and R, have the
same residue field I, and e, < e,. Moreover, suppose that
T, ={r, ~,r'q71} and T, ={r',---,r qfl} are the Teichmiiller sets
of representatives of R, and R, respectively.

Define the surjective ring homomorphism 7 from R,
to R such that n(y,) = y, and 7(r’ ) = r. It is obvious that
7'[()/2) =0 for all i > e.. Consider a € R and u = (ulu) =
(e eosu |ty ) e R“XRB In [8], it is asserted that R x
RB is an R module w1th the followmg scalar multlphcatlon

akxu= (w(a)ul,--~,7r(a)uu |au/,-,au), )

Definition 2.4 [8] A subset C C R*x Rl is called an R,
R -linear code if C is a submodule of R x RE.

Proposition 2.5 [8] Let C be an R, R -linear code, then

C is permutation equivalent to a code with a standard gen-
erator matrix of the form

G B|T
= 5 2-3
sla (2.3)
where
Iko B,, By, B, BO,el—l Bo,el
0 'VlIkl "B, mBis ’lel,el—l 71Bl,el
B=0 0 '712119 '71232,3 71232,5171 ’leBz,e,
0 0 0 0 WL B,
0 Ty T, Y T,
0O --- 0 ez*eltlT zl+1T
T— ‘ Y2 12 Le, )
0 - 0 0 8l lT —Le,
SO,I SO,Z 0,e SO,el
Si S Le, Sl,el
—e—11 Sez —e—1,2 o Se2 —e—1l,e—1 Sez Le
S = ’YISez —ep,2 ’YISez —ep,e—1 fYISeZ €),€ ’
00 0 ’7161 - 3¢ ’ylgl - —3,¢
0 0 NS,
0 0 0
I, Ay Ay, Ay, AO,ez—l Ao,e2
0 ’Yzlll AL, TAL ’YzAl,erl 72A1,ez
A=|0 0 'sz II2 722 A, 722A2,ez -1 ’YzzAz,ez s
0 0 0 0 Y AL

such that the entries in y;B, and y[S, are in (y)) and the

entries in y;A, . and y;

TtJ are in (y;).
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Itis said that Cis of type (ev.Bs ko -+, 1,e++, L ). Accordmg B B B
to Proposmon 2.5, it can be concluded that rank(C) Z o a1 a2
k + ZEZ l and %Bl,q 7131 - ’YlBl,el—Z
k k k I B :
/A0 1\ PEANLE o\[b o~ I
Cl=Jm) <ol <[ 5B,y B T
h e — by a-17 e —
X|<7§>| ><"'><|</72 1> N IBe,—l,el N 2Ik1 0
= Z'iol(e'*")k’+Zj2:ol(eff)l; Bo,} Eo,z BO,I Io—k(B)
%Bis mB, M Ikel 4 0
Consider injective map =R > R, by definition 1(y,) = y, : : : :
and z(r) = rj It is obvious that = Id
Deﬁmtlon 2.6 [8] The inner product of vectors u = (u,u’)
and v = (wv') in R x R is defined by
<uy>=v2" " (uv)+ u'v'e R, K, E. - B, F, 0
YFie YiFie s v B, 00 00
where u.v and u".v" are standard inner product. : : : :
The R R,-dual code of an R R,-linear code C is defined “p “F, 0 o 0 0 0
in the standard way by F=IE e W E s
VE L., 0 0 0 00 0
Ci:{veRl“fo:<u,v>:0, forallueC}, 0 0 0 0 000
0 0 0 0 0 0 0
which is an R, -submodule of R* x Rf. We say that an R R,-
linear code C is self-orthogonal if C ¢ C* and is self-dual if U,. U,. , e U, U,,
CcC i i : :
'VzUl,ez—l ’VzUl,ez

Let C, be the punctured R R, -linear code of Cby deleting
the first a coordinates and C, be that of by deleting the last U =/’
jB coordinates. The code C is called separable if C= C, x C,. Y U, en VU, e, o O 0
If Cis separable, then its generator matrix is in the form

7;1 71Ue1 —Le,—1 7;1 71Ue, —le,—2 = 0 0
B|0 Uy, 00
G= olal (2.4) 0 0 0
where A and Bare matrices in Proposition 2.5. The dual-code
of every separable code C is separable and C* = Cy X C;.

PARITY-CHECK MATRICES OF R R,-LINEAR Vi Voo Vouo 0 Vis
CODES 71‘/1,91 ’yl‘/l,e‘—l 71‘/1,6172 Vi
The next theorem generalizes the structure of the par- : : : P

ity-check matrices presented in [1, 3] to the case of R R - V=[a'v, .
linear codes. 0 0
Define k(B) =k, +k + ... +kelfland (A =1+ +... +l€271. 0 0 o 0 o
Theorem 3.1 Let C be an R R,-linear code with the gen- Voo Vo
erator matrix G given in Proposition 2.5. Then the standard vV, 0
form for the generator matrix of C*- is T
~ 0 0
B+F| U
- o (3.1) 0 0
V |A+E . .
where 0 0 0
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A, Ao Apn :{ PoorEaTh
- - e —j—1+4i j>e—1, — ' 7
’yZAl,ez ,YZAI,EZ -1 ’72A1 e — ! ] ] -
A=| 3 : :
~ - —2—j+i _ e —2—j+i
’YZEZ ZAezfz,ez 7222 72Ae2 —2,e,—1 ’726272112 L(,‘Yl <E)J >) N [ kZ#»l e k2]
e—1 % e,—1
s Aez—l,ﬂz s Il, 0 . ;
~ ~ ~ 12]+ ZUzke,]Zelkl’
A0,3 A0,2 AO,I I;?—I(A) =i+l
NAs AL NI 0 o y B
. . : . L(,-Ylfl J "/11):_ el Jji Z ,k e ,yz‘fl jti
k=i+1
j-1 j-3
Z Ai,k’I:zt,—j,el—k + Z Ei,i+j—k—2
k=i+1 k=i+1 .
t t
EO,e2 -2 EO,eZ -3 Eo,ez —4 e Tel —jreytk—i—j + Tel —je—i
TE,., _ E,., - YE..,-
:2 b :2 b :2 be Proof. It is time-consuming but easy to check that
HG, = 0. Hence, we conclude that the rows of H are orthog-
E=|""E, b, 0 % E, 2.5 5 B, 4.4 onal to the rows of G, i.e. C’ = C*, where C’ is the code
0 0 0 e generated by H. Moreover,
a—k(B) - K B-1(4)
0 0 0 IC’|=|R) x| WR| 'R |" x|R,|
S fh
EO,Z EO,I ><|'.)/2122 1R2| >
E
72 b2 which implies
|C||C/| ea+te 3 an % R,j|
Therefore, H generates the dual space of C.
0 0O 00 0 Corollary 3.2 For every R R -linear code C we have
Lcljct|=
such that 2. (Cl )L =C.
5 Proof. The statement was shown throughout the proof
= —Zk i BikBe ek — Be’rj’er,., 0<i<j<e, of Theorem 3.1. To prove we note that C = (C4)*. Since C*
is of type
A — A , 0<i<j<e,,
kZ; xk & —jier— e —j.e,—i S )x6 (a,ﬁ;a—k(B),keﬁl, kB — ( ) - ’ll)’
U e then (C*)* is of type (a,B:k ;. e plp-+l, ) and hence C
kz;; ey st 702 and (CH* have the same size, completmg (2)
i Example 3.3 Let R = R .»R=R ., and Cbean R R -
Z B,S, et Z E,S. e mo linear code of type (3,4; 1,1; 1,1,1) generated by
L ")/1 l=i+1 m=i+1 bl
+S; —j—Lle —i 1 1 1 0 0 ,-)/2 72
, - 0 % MO 0 0 9
i e,
o " 1;1 m<e —3 I<e —l, G=l0 1 11 1 1 1
e, —j+i e,
v/ J=a 0 Y (e PR P
- 00 0o o =~ 7

Jjt+2—i—e
E:zkeZJZezkzﬂy

frgs )

= We calculate
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3V, =1,  V,,=1, MWis =%

U =% Up=7 YU, =%
I§0,1 =1, Bo,z 0 7131,2 =Y
A, =1 A, =A YA, =7,
LAL=0, ¥A =7,  E,=7.

Therefore, the parity-check matrix is in the form

0 1 1% 7% 0 0
M%om 0 0 0 0
H=|l 1 0}y, i
v 0 00 v, v O
00 0}y 51 0 0

Example 3.4 [2] Suppose C is a Z,7Z, [u]-linear code gen-
erated by

1 1ju u u
G=|0 11 0 1+4uj|
1 01 u u

G is permutation equivalent with

1 10 0 u
G'=/0 1|1 0 o]
1 001 0

Consider the natural injective map 1 Z, — Z, [u] where
1(0) =0 and (1) = 1. We have

F=E=0, V,,=1, B,,=1, 4,,=(00), U, =(u 0).
Thus, the parity-check matrix is
1 Ijlu 0 O
H= .
1 00 0 1
Example 3.5 [8] LetR, =7Z,, R, =R , and Cbean R R -

linear code generated by

1 1 oy u+u 14+u 14u

01 01 u u’ 0
G:

0 1 Ijo 0 u

11 1u2 u u+ut 0

It is easy to show that G is permutation equivalent
with

1 1 10 0 0 O

o 0111 0 0 u
01 001 01
01 10 0 u utu

Hence, C s of type (3,4; 1; 2,1,0) and

3E=F=0, Vo, =0,

u 0 u . 1
Uo,1: ul U0,2: 2 ool Bo,1: 1
AO,Z:H—u, AM:[M 1], Am:[o 0}
Thererfore,

1 1 0|0 u  u 0
- 1 0 1ju> 0 wu 0
100 0w 1 1+u 1f
0000 o «w o

R,R,-LINEAR SELF-DUAL CODES

Definition 4.1 Let u = (u|u’) € R*x Rl. The weight func-
tion wt*(u) is defined by

wt™ (u)= Whom,, (u)+ Wiom,, (u'>,

where w, ., and Wy,  are the homogeneous weights over
R¢and R¥, respectively.

The distance between two elements u, v € R x Rf,
denoted by d*(u,v), is wt*(u-v). The minimum distance
of an R R -linear code C, denoted by d*(C) or d* is the
minimum value of d*(u,v) for all u,v € C such that u # v.
Consider two notations ke1 =« - k(B) and le2 =B -1(A).

Lemma 4.2 Let C be an R R -linear code of type (a.p;

ko""’ke syl ) IfCis selfdual then k, = k and lj:
2Jfora‘llze {0,--- ,e}and]e {0,---, ¢,}.
Proof By Theorem 3.1, C* is of type (af5; k,, k, -+,

kil , -, I). Since C = C*, their types are equal and the
resuft follows
Theorem 4.3 An R R -linear self-orthogonal code C is

ela+ez/}

self-dual if and only if |C|=q *

Proof. By Corollary 3. 2 we have ICl|C*|=g"""" which
gives the result.
Example 4.4 Assume R, = R, 2 R,=R, 235 and C is an

R R -linear code with the genemtor matrzx

5|4 T,
G=| 0 |2vI, A
0o %1,
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where T, and T, are arbitrary matrices over y;R,, I, and I,
are identity matrices and

37, 3, 27, 3,
A 37, 37, 37 27,
37, 27, 3v, 37
2y, 3v, 37, 37,

It can be easily seen that Cis self-orthogonal and |C| = g,
and therefore C is self-dual.

Theorem 4.5 Let g = 2 and C be an R R -linear self-dual
code. Then d*(C*) < g2 .

Proof. For any arbitrary element u = (ul,...,ua|u1',...,u1;)
€ C, we have

Yl + ) ) =o.

R _ o

(n) -

Consider the natural homomorphism p: R, —
Thus

pla 3o el))+ 03 () ) =0.

So Zf:l(p(uj'))2 = 0 and since F* has characteristic 2,

X p(u) = 0, which implies 3¢ u' € <y,>. Take v = (0,...,0|
ol Lyet). We have <uv> = pat 3 u;=0. As a result,

C" contains the element v and hence d* (CHL g2 B.

If C, and C, are self-dual codes over chain rings R, and
R, respectively, then the separable code C = C,x C, is a
separable self-dual code over R xR,. Some sufficient condi-
tions for the existence of self-dual codes over chain rings
are presented in [15, 16, 17]. In the following, we present
some conditions for a self-dual code to be non-separable.

Theorem 4.6 Let C and C' be self-dual linear codes in
R*xRE and R¥'xRE" with generator matrices G=(G|G,) and
G'= (G||G)), respectively. Then

G 0]G, ©
0 G/lo G

1

g:

generates the self-dual linear code D in R x RF¥.
Moreover, if either G, or G, is non-zero, then D is a non-
separable self-dual code

Proof. Since the inner product of any two rows of G is
zero, D is self-orthogonal. In addition, we have

e (a+a’)+e,(8+3)

Dl=[c|c|=q =,

which implies D is self-dual.

The following theorem describes a technique for con-
structing R R -linear self-dual codes with larger lengths,
which is a generalization of the presented technique in [17].

Theorem 4.7 Let B, T, S, and A, be the rows of B, T, S and
A in Matrix (2.3), respectively. Assume that there are c €R
and c,€ R, such that ¢’= -1 and ¢ = -1. Let C be an RR -
linear self-dual code of length n generated by the matrix (2.3).
Consider b= (b,,..., b) €R} and a=(a,..., a ) RE satisfying
b.b=-1anda.a=-1. Putu=">bB,v=aT,z=0bS and
w,=a.Al. Then

g =
1 0 bl 10 0 0 0
U LT - oY
. . B . . T
Uy Gl Vi) Cts)
0 0 0 0 1 0 a, a,
—Z 62 -w oW,
. . S . . A
T2 GFa) Wia) SWia)

generates the R R -linear self-dual code D of length n + 4.

Proof. To simplify, we display the first k(B) rows of
G by g, i €{l,..., k(B)}, and the last [(A) rows of G by hj,
je{l,...,I(A)}. We have <g8>= 1+b.b=0and <h1,h1> =1
+ a.a = 0. Besides, since Cis self-dual, for all i # 1 and j # 1,
we obtain

<gi,gi>:”y§2’e‘L(uf +cjul +Bi.Bi)
+<vf + vy +T,T1)
=~ "%(B.B)+T.T, =0,
<h}.,h}.>:'y§2"e‘L(z]2. +a7z; +Sj.S].)
+<ng —l—c;wf. —l—A]..Aj)
= vgre‘L(Sj.Sj)—l—Aj.Aj =0.

Thus, the rows of matrix G are orthogonal to them-
selves. Moreover, we have

3<g1’h1>:0’
<g1,hj>: VSZ’E‘L<—zj +b.Sj)+0:0for all j=1,
(gish)=75"0(0)+(~v, +a.T,)=0foralli=1.

Furthermore, since C is self-dual, for i # 1 and j # 1 we
get
<gi,hj> = fy;fe‘L(uizj +quz, + Bi.S}.)

+(viwj + cjv.w. +T,..A].)

L)

=75 (B8, )+(T,.4,)=0.
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Besides, fori, i € {l,...,k(B)}andj ,j,€{1....,[(A)} such
thati #i and j, # j, we have

<gi, 2 > = 'erqL(ui1 u, +612”' u, + Bi, 'Biz )

hoh
2
+ (Vil Vi2 +¢ Vil Viz + Til 'T;Z )

:722_%(3,.1 .B,.z)—i-”.l:.l.T,.2 =0,
<hj1’hjz> :quz’e‘L<zjlzj2 +¢z, z,

ho + Sjl 'sz ) +
(Wj, Wy oW, HA A, )
=r7(S,.S, )+ 4,4, =0.

Thus, any two distinct rows of G are orthogonal and
therefore D is self-orthogonal. To complete the proof, we
need the size of D. By the elementary row and column oper-
ations, we conclude that G is of type

(a2, f+25 k + 1, k ...

So

ko bt s ),

ety DY e~k e Gl +1)+Zj:l(ez —ih
|Dl=q

e (a+2)+e, (6+2)

=q""|Cl=q  °

Consequently, D is self-dual.

Example 4.8 Let R =T, +ufF,, where u* = 0, and
R, =F, +uF, +u’F,, where u’ = 0. Take c, = ¢, =3, b = (3,2
+u, 4+ 2u, 3u) € R} and a = (1 + 4u + 3u%0,2+3u + 12
3) € R;. Then R R, -linear code C with the generator matrix
g:{gl ‘gz], where

1 0 3 24u 3u 0

1+2u 2+4u 1 3 0 0

0 0 0 0 0 0

%= o 0o 0 0 o0 of

1+3u 2+3u 0 O 1 3

0 0 0 0 0 0

g2:

0 0 0 0 0
0 0 0 0 0
243u=u* 44+u=2" 3 1 0 0
1 0 1+4u=3u> 0 2+43u+u’ 3|
0 0 0 0 0 0
1+u+2u® 242u+4u’ 0 0 3 1

is a non-separable self-dual code.

BOUNDS ON MINIMUM DISTANCE

In this section, a Gray map is introduced, which is a
generalization of the given Gray map in [29].

Definition 5.1 Define the Gray map @ from R* x RF to
quel'l“*qez'lﬁ as O(ulu’) = (¢ (u)|p,(u), where ¢, and ¢, are
the Gray maps over R, and R, respectively.

The following theorem can be easily verified according
to Definition 5.1 and Proposition 2.3.

Theorem 5.2 The Gray map @ is an isometry from (R?

x RE, d*) to Fq‘fcl'lwez’lﬁ, d,, where d,, denotes the Hamming

distance on F;El'lmez'lﬁ -

The following examples provide optimal codes which
are obtained directly in spite of the indirect construction
presented in [19].

Example 5.3 LetR =R ,,R =R . and C be a linear
y1,2,2 2 y2,3,2
code over R, X R, generated by
I 0 I+47 % 0
G 0 1 ol 1+, 0
0 0 oA 0
0o 0 0 0o |y

Then @(C) is a binary linear code with parameters
[12,5,4].
Example 5.4 Let R, = R

code over generated by

)22 R, = Ryz'“ and C be a linear

G:[x oy 0o 0 %0
Ot 0 1 v v 1+ 1+ 7
o0 v 0 oA
v o1+ 1 ntn Lt
0 ¢A
+%+7% 1+%n+7%]

Then @(C) is a binary linear code with parameters
[62,4,32].

Example 5.5 Let R, = R,

1

2.2

R,=R ., and Cbealinear
s
code over R, x R, generated by

1l 1 0 2 5 1+v, 1 2 147,
“=lo| o Y. Y. 0 0 7 27 7,
2 v, 247, 142y, 29,
Y % T 27, Y|

Then @O(C) is a ternary linear code with parameters
[40,3,27].

The next theorem presents two bounds on the mini-
mum distance of R R -linear codes.

Theorem 5.6 Let C be an R R -linear code of type (a,f;

k,..k ZO,..., lezfl' Then

0 e-1
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37O o
2 ql 1
5.1
Se (e — ik + X e, — 1, OV
/3_ q6271 bl
4 (C)—1
%Saﬁé’ ik +2701L). (5.2)

Proof. Note that @(C) is a code over F a“Utera’t 18 with size
|C|. Applying Inequality (2.1) on @(C), we obtain

d, (@C)<q" a+q ' B— (X0 (e

+35 (e, —

ik,
D+

which implies Inequality (5.1).

Next, let x:R > R, be a map such that x(x) = ys21 1(x).
Extend x to the map (x, Id) from R% x RF to RY x RF, where Id
is the identity map over Rf. Obviously d*(C) < d}me2 ((x, Id)
(C)). In addition, it is clear that rank((y, Id)(C)) = rank(C).
Applying Inequality (2.2) on (y, Id)(C), we obtain

% <a+ [ —rank(C)=

a+ B0k + X0 ).

We say that an R R -linear code is a maximum distance
separable (MDS) code if d*(C) meets the bound given in
Inequality (5.1) or (5.2). In the first case, we say that C is
MDS with respect to the Singleton bound (MDSS). in the
second case, C is MDS with respect to the rank bound
(MDSR); see [5].

Lemma 5.7 Let C be an R R, -linear code of type (a,f;

koo ki, i lpens ).

L.If & + § = rank(C), then Cis MDSR and 1 < d*(C) <
qez—l.

2.1f k, + I = 0, then C* is MDSR and 1 < d*(C") <
qez—l.

Proof.

1. We know that rank(C) = >_;", k + ij 01 l] Now use
the second inequality in Theorem 5.6.

2. Using Theorem 3.1, C*is of type (a,f3; kel, kel_l, k; lez,
lez_l, ... 1), where ke1 = a-k(B) and le2 = - 1(A). So
rank C* = « - k + - [,. Now the proof is similar to
the first part.

Example 5.8 Every R R -linear code of type (a.f3; , 0,...,

0; B, 0,...,0) is MDSR. Furthermore, the dual code of every

R -linear code of type (a; 0, k..., k 50 Lyooss lcr1 is
MDSR. Moreover, if C is an R R -linear code of type (a.,f3; 0,
&, 0,..., 0; 0, 5, 0,...,0), then C and C* are MDSR.

Example 5.9 The code C given in Example 4.4 is an

MDSR self-dual code.

Example 5.10 Let C be an R R -linear code of type (o, f;
0,..., 0, I; 0,...,0) generated by

G:<('yf"1,--

e —1 e;—1 e;—1
ST Y )>

Clearly, d*(C) = ag™" + g and so Cis an MDSS code.
d*(C)—1
qcz -1
if « = 1, then Cis MDSR and if « > 1, then C is not MDSR.

Example 5.11 Assume R=R ~ and R=R . TheRR,-

1,2,5 2,35
linear code C with the generator matrix

Choose a such that « < g1, We have = f. Now

is of type (1,3; 0,1; 0,0,1) with the minimum distance d* (C)
= 54. Applying the bound (5.1) and (5.2), we obtain that C
is MDSR and is not MDSS.

Example 5.12 Let R =Z,, and R, =R,
code C with the generator matrzx

. The R R -linear

23,7

710 0 % 4y, 7
07 7% 0 4y O
0l 0 7 v 0 4y
oo o v 57 64

is of type (1,5; 0,1; 0,0,1) with the minimum distance d*(C)
= 105. Clearly, C is MDSR and is not MDSS.

CONCLUSION

In this paper, we study R R -linear codes of length
n = a + B. We first determine the parity-check matrix of
R R -linear codes as well as the relation between R R, -
linear codes C and C*. Also, we provide some examples to
show that our results on duality and parity-check matrix
recover that of on several mixed alphabet codes. As an
application of the results on dual codes, we construct
some separable and non-separable self-dual R R -linear
codes. After that, we define a weight function on R® x R#
which is the natural generalization of the homogeneous
weight over chain rings. Then, we define a distance pre-
serving Gray map from R R,-linear codes to codes over F,
equipped with the Hamming weight. The Gray image of
R, -linear codes presented in Examples 5.3, 5.4 and 5.5
provide optimal codes which have more simple construc-
tion than linear codes with the same parameters in Grassl
table. Moreover, two upper bounds for the minimum dis-
tance are obtained by the Singleton bound for the Gray
image and the rank bound for codes over rings. Finally,
we discuss the conditions on the R R -linear codes to be
MDSS or MDSR.



154

Sigma J Eng Nat Sci, Vol. 41, No. 1, pp. 145—155, February, 2023

ACKNOWLEDGMENT

The authors would like to thank anonymous referees
for providing us helpful and constructive comments and
suggestions.

AUTHORSHIP CONTRIBUTIONS

Authors equally contributed to this work.

DATA AVAILABILITY STATEMENT

The authors confirm that the data that supports the
findings of this study are available within the article. Raw
data that support the finding of this study are available from
the corresponding author, upon reasonable request.

CONFLICT OF INTEREST

The author declared no potential conflicts of interest
with respect to the research, authorship, and/or publication
of this article.

ETHICS

There are no ethical issues with the publication of this
manuscript.

REFERENCES

[1] Aydogdu I. Codes over Zp[u]/(u’> X ZP[u]/<u5). ]

Algebra Comb Discrete Struct Appl 2019;32:39-51.
[CrossRef]

[2] Aydogdu I, Abualrub T, Siap, I. On Z,Z,-addi-

tive codes. Int ] Comput Math 2014;92:1806-1814.
[CrossRef]

[3] Aydogdul, Siap I. On Z , Z .-additive codes. Linear
Multilinear Algebra 2014;63:2089-2102. [CrossRef]

[4] Aydogdu I, Siap I, Ten-Valls R. On the structure of
7,7, [ua ]-linear and cyclic codes. Finite Fields Their

Appl 2017;48:241-260. [CrossRef]
[5] Bilal M, Borges ], Dougherty ST, Fernandez-Cérdoba
C. Maximum distance separable codes over Z,

and Z, xZ,. Des Codes Cryptogr 2010;61:31-40.
[CrossRef]

[6] Borges ], Fernandez-Coérdoba C. A characterization
of Z,7, [u]-linear codes. Des Codes Cryptogr 2017;
86:1377-1389. [CrossRef]

[7] Borges J, Fernandez-Cordoba C, Ten-Valls R. Z,Z,
-additive cyclic codes, generator polynomials, and
dual codes. IEEE Trans Inf Theory 2016;62:6348-
6354. [CrossRef]

[8] Borges ], Fernandez-Cérdoba C, Ten-Valls R. Linear
and cyclic codes over direct product of finite chain

rings. Math Methods Appl Sci 2017;41:6519-6529.
[CrossRef]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

Constantinescu I, Heise W. A metric for codes over
residue class rings of integers. Probl Inf Transm
1997;33:22-28.

Dinh HQ, Bag T, Kewat PK, Pathak S, Upadhyay
AK, Chinnakum W. Constacyclic codes of length
(p’ p°) over mixed alphabets. ] Appl Math Comput
2021;67:807-832. [CrossRef]

Diao L, Gao J, Lu J. Some results on Z ,Z ,[v]-addi-

tive cyclic codes. Adv Math Commun 2020;14:555-
572. [CrossRef]

Dinh HQ, Pathak S, Bag T, Upadhyay AK,
Chinnakum W. A study of F,R-cyclic codes and
their applications in constructing quantum codes.
IEEE Access 2020;8:190049-190063. [CrossRef]

Dinh HQ, Pathak S, Upadhyay AK, Yamaka W. New
DNA codes from cyclic codes over mixed alphabets.
Mathematics 2020;8:1977. [CrossRef]

Dougherty ST. Algebraic Coding Theory Over Finite

Commutative Rings. 1st ed. Berlin: Springer; 2017.
[CrossRef]

Dougherty ST, Kim JL, Kulosman H. MDS codes
over finite principal ideal rings. Des Codes Cryptogr
2008;50:77-92. [CrossRef]

Dougherty ST, Kim JL, Kulosman H, Liu H. Self-
dual codes over commutative Frobenius rings. Finite
Fields Their Appl 2010;16:14-26. [CrossRef]
Dougherty ST, Kim JL, Liu H. Constructions of self-
dual codes over finite commutative chain rings. Int J
Inf Cod Theory 2010;1:171. [CrossRef]

Gao J, Diao L. Z ,Z ,[u]-additive cyclic codes. Int |
Inf Cod Theory 2018;5:1-17. [CrossRef]

Grassl M. Bounds on the minimum distance of lin-
ear codes and quantum codes. Available at: http://

www.codetables.de. Accessed on May 22, 2023.
[CrossRef]

Greferath M, Schmidt SE. Gray isometries for finite
chain rings and a nonlinear ternary code. IEEE
Trans Inf Theory 1999;45:2522-2524. [CrossRef]
Jitman J, Udomkavanich P. The gray image of codes
over finite chain rings. Int ] Contemp Math Sci
2010;5:449-458.

Li J, Gao J, Fu FW, Ma F. FqR-linear skew consta-
cyclic codes and their application of constructing

quantum codes. Quantum Inf Process 2020;19:193.
[CrossRef]

MacWilliams E, Sloane N. The Theory of Error-
Correcting Codes. 1st ed. Amsterdam: North-
Holland; 1977.

Mahmoudi S, Samei K. SR-additive codes. Bull
Korean Math Soc 2019;56:1235-1255. [CrossRef]
Melakhessou A, Aydin N, Hebbache Z, Guenda
K. Z (Z, +uZ,_ )-linear skew constacyclic codes. ]

Algebra Comb Discrete Struct Appl 2020;7:85-101.
[CrossRef]

Norton GH, Séldgean A. On the structure of lin-
ear and cyclic codes over a finite chain ring. Appl


https://doi.org/10.13069/jacodesmath.514339
https://doi.org/10.1080/00207160.2013.859854
https://doi.org/10.1080/03081087.2014.952728
https://doi.org/10.1016/j.ffa.2017.03.001
https://doi.org/10.1007/s10623-010-9437-1
https://doi.org/10.1007/s10623-017-0401-1
https://doi.org/10.1109/TIT.2016.2611528
https://doi.org/10.1002/mma.4491
https://doi.org/10.1007/s12190-021-01508-x
https://doi.org/10.3934/amc.2020029
https://doi.org/10.1109/ACCESS.2020.3032078
https://doi.org/10.3390/math8111977
https://doi.org/10.1007/978-3-319-59806-2_1
https://doi.org/10.1007/s10623-008-9215-5
https://doi.org/10.1016/j.ffa.2009.11.004
https://doi.org/10.1504/IJICOT.2010.032133
https://doi.org/10.1504/IJICOT.2018.10013075
https://doi.org/10.1007/s11128-023-03835-3
https://doi.org/10.1007/s11128-020-02700-x
https://doi.org/10.1016/j.ffa.2018.12.003
https://doi.org/10.13069/jacodesmath.671815

Sigma J Eng Nat Sci, Vol. 41, No. 1, pp. 145—155, February, 2023

155

(27]

(28]

Algebra Eng Commun Comput 2000;10:489-506.
[CrossRef]

Rifa J, Pujol J. Translation-invariant propelinear

codes. IEEE Trans Inf Theory 1997;43:590-598.
[CrossRef]

Samei K, Mahmoudi S. Singleton bounds for
R-additive codes. Adv Math Commun 2018;12:107-
114. [CrossRef]

(29]

(30]

Shi M, Wu R, Krotov DS. On Z, Z (-additive
codes and their duality. IEEE Trans Inf Theory
2019;65:3841-3847. [CrossRef]

Wu R, Shi M. Some classes of mixed alphabet codes
with few weights. IEEE Commun Lett 2021;25:1431-
1434. [CrossRef]


https://doi.org/10.1007/PL00012382
https://doi.org/10.1109/18.556115
https://doi.org/10.3934/amc.2018006
https://doi.org/10.1109/TIT.2018.2883759
https://doi.org/10.1109/LCOMM.2020.3038876



