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ABSTRACT

In Euclidean 3-space, a family of curves, the co-successor, is motivated and then introduced in
relation to the natural mate. A complete characterization of co-successors is proved, followed by
an application of the co-successor towards describing Bertrand curves and their mates.
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Introduction

Consider a unit-speed curve « : I — E3. o has Frenet-Serret apparatus {x,r,T, N, B}, which satisfies the
Frenet-Serret equations, expressed in matrix form as:

T’ 0 k 0 T
N|l=|-« 0 7| [N
B’ 0 -7 0| |B

where x > 0.
Definition 0.1. We say a curve is Frenet if its curvature is nowhere zero (1 # 0).

Definition 0.2. We define the natural mate of the unit speed curve o, @: I — E®, to be the unit speed curve whose
tangent vector T'(s) = N(s).[5]

It has been shown that the Frenet-Serret apparatus {&,7,T, N, B} of the natural mate is given by

/ / *

B B T o — — 0 — 0

R=w, T=ow=——7F5—, T'=N, N=—, B=—,
w w w

where w = VK2 + 72, 0 = T/’L;S“/T, 0 =7T + kB, and 0* = —xkT + 7B. Extensive studies have been done into
the relationships of curves with their natural mates. However, a direction that has been relatively unexplored
concerns the relationships between curves that have the same natural mate. We motivate and then define the
co-successor of a curve, and after giving several immediate relationships between co-successors, we look at a
simple application to Bertrand pairs.

Throughout this paper, we will assume that « is a unit speed curve with x > 0 (equivalently, o/’ # 0) unless
otherwise stated. We take the convention that if a curve is distinguished from a second curve by a tilde, overbar,
superscript, or other mark, we distinguish the Frenet-Serret apparatus’ of the curves using the same mark. We

consider two curves to be the same up to rigid translation and rotation.

Received : 16-02-2024, Accepted : 06-04-2024
* Corresponding author


 https://doi.org/10.36890/iejg.1438073\ 

A. Navarro & Y. Oh

1. Motivating co-successors

The Frenet-Serret apparatus of the natural mate can be expressed completely in terms of the Frenet-Serret
apparatus of the curve of which it is the natural mate, thus, every curve has a single unique natural mate. A
natural question is then, given the curvature and torsion of the natural mate, what information can be extracted
about the curvature and torsion of the curve of which it is the natural mate. This first lemma provides a first
attempt at a description of the Frenet-Serret apparatus in terms of that of its natural mate, and are easily
verified.

Lemma 1.1. Suppose o and @ are unit speed curves. Then @ is the natural mate of « if and only if their Frenet-Serret
apparatus’ satisfy:

, K
K = —K-—TT,
K
/ El
T = —T+TK,
R
T-1B-w, (L.1)
R R
R R
N=T.

Remark 1.1. The first two equations of (1.1) provide a pair of coupled first-order differential equations for the
curvature and torsion of a in terms of the curvature and torsion of @. As such, if we try to solve these differential
equations for x and 7, we expect to obtain more than one solution, dependent on the initial conditions used
for x and 7, under the constraint that x > 0. So, we anticipate that there are more than one curve that have the
same natural mate.

2. Co-successor characterization and properties

Definition 2.1. Let o and @ be unit speed curves. If @ is the natural mate of o, we say that « is a successor of @ [8].
Similarly, if o, and o are both successors of the same curve @, then we say that oy and « are co-successors of each other.

Remark 2.1. It can be seen that the relationship of being co-successors is in fact an equivalence relation. This
is because every curve has a unique natural mate, and so if «; and a, are co-successors, and a, and a3 are
co-successors, then all of a1, a2, a3 have the same natural mate. As such, this allows us to talk about the family
of co-successors without referring to a particular pair, and to talk about two co-successors without necessarily
refering to the curve of which they are both successors, since they each only have a single unique natural mate,
which is common between them.

Proposition 2.1. Every co-successor of a generalized helix is a generalized helix.

Proof. This follows from the fact that a curve is a generalized helix if and only if its natural mate is planar. [5],
[6]

Proposition 2.2. Every co-successor of a slant helix is a slant helix.

Proof. This follows from the fact that a curve is a slant helix if and only if its natural mate is a generalized helix.

(5], [6] O

While these propositions give trivial relationships between two co-successors, a more general
characterization of co-successors would be more useful. We find there is a simple characterization of co-
successors in terms of a rotation of their curvatures and torsions.
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Theorem 2.1. Suppose ay and ay are unit speed curves, then ay and ay are co-successors if and only if then there exists
constant v € R such that the Frenet-Serret apparatus of a, is given in terms of the Frenet-Serret apparatus of oy by:

15 cosv 0 sinv T
No| = 0 1 0 Ny |,
Bs —sinv 0 cosv| | B;

(2.1)
kg| _ |cosv —sinv| [Kg
| |sinv cosv | |m|”
We call the number v the phase separation between oy and .

Proof. Suppose a; and «, are co-successors. Then they both have the same natural mate @, with Frenet-Serret

apparatus {%,7,T,N,B}. Let k1 =ricosfy, 71 =r1sinby, ko = racosble, 7o = rasinfy, where rq1,rq,01,0, are

functions of the arc length parameter, and 71,72 > 0. This is possible since the curvatures are strictly positive.

Noting that \/x? + 72 =k = /K3 + 72, and so r} = k% + 7% = k3 + 73 = r3, and so r; = 72, which we from here
! ! ! ’

T1R1—KT1 ToR2—KRoT2

on call . We additionally have that *—=——= =7 = —2-, which, after substitution, simplifies to ¢} = 05.
Thus, there exists some constant v such that 6, = 6, + v. After applying sine and cosine identities, we obtain

Ko = K1 COSV — Ty sinv,

Ty = K1 Sinv + 74 cos V.

Noting that N, = T = N, the other two vector relations follow from the curvature and torsion relation above
and the expressions for the normal and binormal vectors of the natural mate. From this, we have both matrix
relations.

The converse follows from the fact that N; = Ny, and so their natural mates have equal tangent vectors, and
so are congruent. O

Remark 2.2. The above theorem has the potential to be generalized beyond the context with x; > 0 and k3 > 0,
where we assume for all unit speed curves « that o # 0. In particular, just looking at the forms of (2.1), we
first note that if T3, Ny, and B; form a right-handed orthonormal frame, then for arbitrary choice of v, then T3,
Ny, and B, will also be right-handed and orthonormal. Additionally, it can be shown by direct computation
that if o, satisfies the Frenet-Serret equations, and the Frenet-Serret apparatus of o, is related to that of a; by
equations (2.1), then it follows that the Frenet-Serret apparatus of a, will also satisfy the Frenet-Serret equations
for any constant ». However, for many choices of v, this would lead to 2 no longer being a strictly positive
function, sometimes being zero or negative, and as such, the frame obtained would no longer be a Frenet frame
as it is usually defined.

Definition 2.2. Let o : I — E3 be a Frenet curve. We say that the unit speed curve & is the conjugate mate of « if the
tangent vector of & is equal to the binormal vector of c.

Corollary 2.1. The conjugate mate & of a Frenet curve « is a co-successor of o with phase separation +7.

Corollary 2.2. Every co-successor of a curve o can be expressed as a linear combination of o and «, the integral curve
of its binormal vector B (If « is Frenet, then o is its conjugate mate). In particular, the co-successor o, of o with phase
separation v can be expressed as ¢, = cosva + sinva.
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(Figure 1) A unit speed Frenet curve (black), its conjugate mate (red) and its family of co-successors (green).
The left plot is restricted to positive curvature, while the right plot is not holding this restriction. The

curvature and torsion of the black Frenet curve are given by x = 715273; and 7 = 2.3 4+ 0.6 sin(3.3s).

3. Equivalent and mirror curves

Before we can apply the notion of co-successors to Bertrand curves, we need to define several other types of
associated curves.

Definition 3.1. Let oy : I — E3 and oy : J — E3 be two reqular curves. If there is a diffeomorphism h : I — J such that
T1, N1, and By are parallel to Ty o h, Ny o h, and By o h respectively, and Ty o h™', Ny o h=!, and By o h=! are parallel
to Ty, N, and By respectively, then we say aq and oo are equivalent. [3]

This is an equivalence relation, and additionally, if two curves are equivalent, then their natural mates are
equivalent.

Corollary 3.1. Every natural mate is equivalent to a spherical curve.

Proof. Let o be a unit speed curve. We define «(s) = T'(s(5)), which is clearly a spherical curve, where
s(5) = [ 1ds. We see that a(5) is unit speed, since

dE(3) _ da(s) ds

ds ds ds
_dT(s(3) 1
T ds k
1
= r(s(s))N S@)H(S(a)
= N(s(3)).

- eHat at MY = g5 =
dsdV — ds T+ 7B = o:%%, and so N = (N o s)(s). This gives by taking the cross product B = (B o s)(s).
Thus @ is equivalent to &, which is spherical. O

Thus 7(3) = N(s(3)) = (T 0 5)(3). Differentiating this expression with respect to s, we get that RN = 4L

Definition 3.2. Given a unit speed curve «, the mirror of « across a unit vector M is the curve given by cp =
a—2M{(M, ).

Geometrically, this represents reflecting a across the perpendicular plane to M to obtain the new curve ay,;.
Since every mirror of o can be obtained from any other mirror by a rotation and translation, we consider them
congruent, and will simply refer to a; as the mirror of a, without referencing any particular unit vector M.

Lemma 3.1. A curve ayy is the mirror of a unit speed curve « if and only if its curvature and torsion are given by
KM =K, Ty = —T.
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Additionally, the Frenet frame of oy is given by

Ty =T—-2M(M,T),

Ny = N — 2M (M, N), 3.1)

By = —B +2M (M, B).
Proof. Suppose ) is the mirror of a, then oy = o — 2M (M, o). Differentiating with respect to the arclength
parameter of « yields ay/’ =T —2M(M,T), which is unit, and so o has the same arclength parameter
as « (This is geometrically obvious). Thus, ay/’ = Ty =T — 2M (M, T). Differentiating again gives xy Ny =
KN —26M(M,N) = k(N —2M (M, N)). One can easily show that N — 2M (M, N) is unit, so we conclude that
Ny =N —2M (M, N) and k) = k. We then have

By =Ty X Ny
= (T —-2M(M,T)) x (N —2M (M, N))
= B—2M x ((M,T)N — (M, N)T)
=B-2M x (M x (N xT))
=B+2M x (M x B) =B+ 2M(M,B) —2B(M,M))
=—-B+2M(M,B).

Differentiating, we obtain
7T]V[NM = BM/ :TN727M<M,N> :TNM,

and so conclude that 7y = —7.
Suppose the converse holds, then since the mirror of « has the same curvature and torsion of ay, then a;
must be the mirror of a. O

Lemma 3.2. The natural mate of the mirror of a curve is congruent to the mirror of the natural mate.

Proof. Let o be a unit speed curve with natural mate @, mirror a,y, let the mirror of the natural mate be @y,
and the natural mate of the mirror be a,,.
The result follows by direct calculation

Far = Veu? + 1 = Ve + 72 = F = R,

_ TM/H]u*FLM/TM T/Iﬂ‘/*lil’r _ _
™ = 5 = — — = —T=TM-
KM K

The following two lemmas similarly follow quickly from the definitions.
Lemma 3.3. If two curves are equivalent, then their mirrors are equivalent.

Lemma 3.4. Suppose oy and (31 are equivalent, both having a co-successor ao and (32, respectively, with phase separation
v. Then oy and By are equivalent.

4. Bertrand curves

Definition 4.1. A curve « is Bertrand if there exists another curve & such that &(s) = a(s) + A(s)N(s), where the

normal vectors of the two curves are parallel (N = +N). We call these two curves together a Bertrand pair and say that
& is the Bertrand mate of «. [2], [3]

It is easy to show that A is a constant. It is also a well-known result that a curve « is Bertrand if and only if
there exists constants a, b such that ax + b7 = 1.

When discussing a Bertrand pair « and &, we will choose our parametrization such that « is unit speed,
while & is not necessarily unit speed.

Corollary 4.1. Let o be a Bertrand curve with co-successor o, then oy is also Bertrand.

dergipark.org.tr/en/pub/iejg 256


https://dergipark.org.tr/en/pub/iejg

A. Navarro & Y. Oh

Proof. This follows from

1=akr; +bm
= a(ka cosv — Tasinv) + b(ka sinv + 15 cosv)

= (acosv + bsinv)ks + (bcosv — asinv) 7.
O

Because of the two distinct possibilities in the definition of a Bertrand pair allowing the normal vectors of
the curves to either be parallel or anti-parallel, it is useful to distinguish between these two cases.

Definition 4.2. Let o and & be a Bertrand pair, then we say that o and é are positively (negatively) Bertrand if N = N
(N =-N).

We now apply the notion of a co-successor to obtain an alternative description of the Bertrand mate of a
curve, and obtain a simple relationship between the natural mates of a Bertrand pair.

Theorem 4.1. Suppose o and & are a positively Bertrand pair. Then & is a co-successor of a up to equivalence.

Proof Suppose a and & are a positively Bertrand pair. Then N = N, and in particular, we can write
T = cosOT + sin OB. Differentiating, where 5 is the arc-length parameter of &, we get that §AN = §'iN =

—0'sin0T + kcosON + 0" cosB — 7sinfN, and so —6'sinf = ¢’ cos @ = 0, implying that 0 is a constant. Since
N = N and we have that 7' = cos §T + sin B and B = — sin §T + cos § B, which we note are parallel to the Frenet
frame of the co-successor of a with phase separation # after a change in parametrization. Thus, & is equivalent
to the selected co-successor of a. O

Corollary 4.2. Let o and & be a positively Bertrand pair. Then the natural mates of o and & are equivalent.

Proof. This follows since the natural mate of a and its co-successor are equal, and the fact that natural mates of
equivalent curves are themselves equivalent. O

Theorem 4.2. Suppose o and & are a negatively Bertrand pair. Then the mirror of & is a co-successor of o up to
equivalence.

Proof. This is proved similarly to Theorem 4.4, except we take 7' = — cos§T — sin#B, and then consider the
mirror of &’s relationship with a. O

Corollary 4.3. Let « and & be a negatively Bertrand pair. Then the natural mate of o and the natural mate of the mirror
of & are equivalent.

Proof. This follows since o and its co-successors have the same natural mate, the mirror of & is equivalent to a
co-successor of «, and the fact that the natural mates of equivalent curves are equivalent. O
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