Arastirma Makalesi / Research Article  1gdir Uni. Fen Bilimleri Enst. Der. / Igdir Univ. J. Inst. Sci. & Tech. 7(4): 103-111, 2017

New Banach Sequence Spaces That Is Defined
By The Aid Of Lucas Numbers

Murat KARAKAS', Ayse Metin KARAKAS!

ABSTRACT: In this work, we establish a new matrix by using Lucas numbers and define a new sequence space.
Besides, we give some inclusion relations and investigate the geometrical properties such as Banach-Saks type ,
weak fixed point property for this space.
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Lucas Sayilar1 Yardimiyla Tanmmlanan Yeni Banach Dizi Uzaylar:

FBED

OZET: Bu makalede, Lucas sayilarim kullanarak yeni bir matris olusturuyoruz ve yeni bir dizi uzay1 tanimliyoruz.
Ayrica bu uzay icin bazi kapsama bagntilar1 veriyoruz ve uzaym p tipi Banach-Saks, zayif sabit nokta gibi
geometrik 6zelliklerini arastirtyoruz.
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INTRODUCTION

Recently, (Kara, 2013) has defined and studied
Fibonacci difference sequence spaces. According to his
study, we have examined the Lucas difference sequence

space and have shown that this space is a Banach -space
and also is linear isomorphic to €p for 1 < p < ..
All real and complex valued sequences are

represented by w. A sequence space is linear subspace of

w. Throughout the paper £, €,(1 < p < ),c,¢p !

B, (x) = Xk bprxy

The sequence Bx is said to be the B-transform of x
by the matrix B. The notation (X,Y) shows the class of
matrices Bsuchthat B: X — Y .Therefore B € (X,Y)
iff the series on the equality (1) converges for each

n € Nandevery x € X,and Bx € Y forall x € X.

The matrix domain of B for a sequence space X is

given by
Xg ={x e w:Bx € X} (2)
which is a sequence space.

For the sequence whose nt* term is 1 and others

are O for each n € N, we’ll write e™ and also use

e=(11,..).

A ={ (=)™ K, n>k>n-1
nk 0, k>nor0<k<n-1

and

AL = { (1)K, n<k<n+1
nk 0, k>n+1lor0<k<n
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characterise the spaces of all bounded, p -absolutely

summable, convergent and null sequences.

Let B = (b,x) be an infinite matrix of real
numbers bpx, (n,k=1,2,...) and X, Y be two
sequence spaces. It is said that the matrix B describes a
matrix transformation from X into Y, and we symbolize
it B:X - Y, if the sequence Bx = (Bn(x)) isinY

for every x = (x) € X where

ey

Recently, several authors have made use of the view
of constituting sequence space by the help of matrix
domain of an infinite triangle matrix, e.g., (Mursaleen
and Noman, 2010; Mursaleen and Noman, 2011),
(Mursaleen et al., 2006), (Altay et al., 2006), (Basar
and Altay, 2003), (Altay and Basar, 2005), (Savag et al.,
2009), (Karakas, 2015), (Kara and Basarir, 2012).

The matrix domain A, is called the difference
sequence space if A is a normed or paranormed sequence
space where A symbolizes the backward difference
matrix A= (An) and A'= (A',,)  symbolizes
the transpoze of the matrix A, the forward difference

matrix, which are identified by
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for all k,n € N; ; respectively. (Kizmaz, 1981)
first presented the concept of difference sequence

spaces and determined the following sequence spaces:

X(A) ={x ew:(x), —xy41) € X}, X ="24,¢,c.

(Altay and Bagar, 2007) examined the
difference sequence space DVp which involves
sequences (Xx) such that (x; — Xx_q) in the case
0<p<1l.Forl<p<o, (Colak et al., 2004)
examined this difference space. In addition, authors
analyzed certain difference sequence spaces, see (Et,
1993), (Mursaleen, 1996), (Gaur and Mursaleen,
1998), (Et and Esi, 2000), (Et and Colak, 1995), (Et

and Basarir, 1997), (Karakas et al., 2013).

The primary aim of this note is to establish the
and introduce new
4, (E') and £.,(E) connected

with matrix domain of £ for sequence spaces ¥p iand
1<p<oo.

Lucas difference matrix £

sequence spaces

Y« where

In the second part of this paper, we give some
formulas and basic notions about Lucas sequence and
a BK -space. In the third part, by using Lucas numbers,
we introduce the sequence spaces ? D (E ) and oo(E' )
, and establish some inclusion relations. Also, we
construct the basis of ¥ ) (E ) for 1 < p < oo.Finally,

we analyze some geometric properties for the space

2,(E).1<p <o,

Z?=0 Li = LTl+2 - 1’

Z?=1 L% = Lplpsyr — 2,

Cilt/ Volume: 7, Say1/ Issue: 4,2017

MATERIAL AND METHODS

A K-space is a sequence space with a linear topology
provided each maps Tx:X = C, Tp(X) =x¢ s
continuous for all ; € N. If a K-space X is a complete
linear metric space, then X is called a FK-space. A
Banach K-space is a normed FK-space. The sequence
spaces €, C,Co are Banach -spaces with the norm

x| = supy| x| .Alsofp, is a Banach -space with
llxlle, = il PP, 1< p < 0.

For a normed linear space X, the sequence
(b(n)):;o is called Schauder basis if there is a
unique sequence  (Vn)n=o of scalars such that
x =32 ¥ b™ forevery x € X, that is,

lim o)X — Ty ynb(”)”X =0

The Lucas sequence (L,) is defined by using

Fibonacci recurrence relation and different initial

conditions as:
LO = 2,L1 =1and LTl = Ln_1 + Ln_z,n = 2.

Lucas numbers are closely related to Fibonacci
numbers. In spite of this relation, they exhibit distinct
properties. Some fundamental characteristics of Lucas
sequences are given as follows (Koshy, 2001), (Vajda,
2008):
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lim,,_, o LL—" = ¢ (golden section),
1

Ly_1lnyy — L5 = =5.(=D".
It can be easily derived by placing in the last equality that L3_; + L,L,_; — L2 = —5(—1)".

RESULTS AND DISCUSSION

In the present section, we’ll firstly give the following new double band matrix E = (ink) by means of the

sequence (L) of Lucas numbers for all n,k € N — {0}:

(— Ln , k=n-1

X Ln1

Ly = Lp_q ’ k=n
Ly
0, other

The inverse of the above Lucas matrix can be easily calculated and it is given by

Ly
s ——, n=2k>0
L7 = {Lp_qLy .
0, n<k

Now, we define the E-transform of a sequence x = (x,,) in the form:

Ln

N ] — Ln—1 _
Yn = En(x) - Ln Xn Lp—1

Xp_1, N = 1. (3)

And now, let’s introduce the Lucas difference sequence spaces ¢, (E ) and £, (E ) in the

form of

A Ln—l Ln P
¢,(E) = XEW:Z ST n-1| < ,1<p<o
- n n-1
~\ . Lp—q Ln
{’OO(E) = {x € W: sup, . n _Ex"_1| < 00}.

These spaces can be redefined with the help of equality (2) by
tp(E) = (¢p)p 1 <p<wand £,,(E) = (o). 4)
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Theorem 3.1. The sets £ p (E ) and Lo (E ) are Banach K-spaces with

- 1/ ~
”x”{’p(ﬁ) = (anEn(x)lp) pr 1<p<ooand ”x”{’oo(ﬁ) = SupnlEn(x)l-

Proof. By the Theorem 4.3.12 of (Wilansky,
1984), we obtain that i’p (E') and £ (E') are Banach
K-spaces with the above norms since the matrix E is

triangle and equality (4) holds.
4y (E' ) and 4, (E' ) are the sequence spaces of
non-absolute type. So indeed,

xlle, 2 # Nlxllle, e and lIxlleq ey # Hxllleya)-

This means that the absolute property is not valid
on the spaces ¥, (E ) and £ (E' ) for fewest one

sequence where |x| = (|xg|).

2
Ly y;
Lj—1Lj J

_ vk
Xk —Zj=1

Next, we obtain that

Theorem 3.2. The Lucas difference sequence
space 4, (E' ) of non-absolute type is linear isomorphic

to ¥p for1 < p < co.

Proof. Let 1<p < and consider the
transformation Z from ¢,(E) to £, defined by
x = y = Zx with the notation of equality (3). Then,
wehave 7x =y =Fx € 2, for every X € {]p(E)-
It is trivial that Z is linear. Additionally, it is easy to see

that x=0 if Zx=0 is injective.

Besides, let ¥ = (k) € €5 and consider the

sequence x = (x;) by

&)

1
el = (3 [~ [
X £y — X — 77— Xi—
1
Lo L2 L O L2 ’
Z k—1z k y; — k k-1 y;
J J
e 4L T L &Ll
1
= Qklyel?)? = llylle, < oo and
Ly— L
lxlle. 2y = supk Izklxk _lelxk—l = supilyil = llylle, < .
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This means that x € fp (E‘), 1<p<oo. {’p (E ) and {’p are linear isomorphic.

Hence, we see that Z is surjective and preserves Theorem 3.3. If l<p<, then the inclusion

the norm. Therefore, Z is a linear bijection and so . Cfp(E) strictly holds.

Proof. Let x € £,,1 < p < . It can be easily seen that the inequalities L’L“l <2 and
k

Lk

< 3 hold. By means of these inequalities and equality (3), we have
k-1

A P _ _
Zk'Ek(x)l < Y 67711221 1P + 3231 1P) < 62771 (Tl xk IP + Tl xie—11P),
supk|Ek(x)| < Ssupy|x|.
Hence, for 1 < p < oo, we obtain

lIxlle, 2 < 36llxll, and [Ix|le ) < Slixlloo- (6)
Additionally, the sequence x = (x;) = (L3) = (1,3%,42,72,...) is in €, (E) — ¢,. This
gives that the inclusion ¢, c £, (E' ) is strict in the case 1 < p < . Also, the inequality

(6) holds for p = 1.
Theorem 34. £,(E) c ¢,(E) for1 < p <s.

Proof. Let y be the sequence given by equality (3). If we take x € ¢, (E' ), then we have
y € £,. Since the inclusion ¢, c £; holds, we obtain that y € ¢5. This yields us

X € fs(f?) and so, the inclusion £, (E) c ¥ (E') holds.

Theorem 3.5. The sequence (b(k)):;l which is established by

2

L
—_—n >
(b®) ={nm "= l’: ()
0 , n<
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forms a basis for £, (E‘ ) in the case 1 < p < . Also, every x € ¥, (f? ) has a unique

representation of the form
X :Zkﬁk(.x,')b(k). (8)

Proof. From equality (7), E (b(k)) =eW ¢ ¢, and this means that b € 4y (E' ) Now,
let’s take x € £,(E) and put xM =ym E (x)b® for every non-negative integer m.

Thus, it is obtained that

m m
E(x™) = > BE(b®) = ) B(x)e®
k=1 k=1

and also

- _(E.(x), m<n
E“(x_x(m))_{on m=n=0

" p
So, there is a non-negative integer m, such that Z,‘f=mo+1|En(x)|p < (Z) for any
e > 0. Hence, we have that

1/p

oo 1/p oo
~ ~ &
”x - x(m)”{} &) ( E |En(x)|p> S E |En(x)|p = 2 <¢
P n=m+1 n=mgy+1

for every m > my, that is,

limm_,oo”x - x(m)”{,p(ﬁ) =0.

Last, let’s assume that x = ¥, B, (x)b™ to demostrate the uniqueness of equality (8)

forx € ¢, (E' ) By using the continuity of the linear transformation Z, we have

En(x) = i B COER (b)) = T B () 8pic = B ().

Therefore, the proof is completed.

Cilt/ Volume: 7, Say1/ Issue: 4,2017
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Theorem 3.6. The spaces ¢, (E ) and bv,, do not include each other for 1 < p < oo,

Proof. If we take x = (x;) = (L%) = (1,3%,4%,7%,...) and e = (1,1,1,...), then we

result that x € €p(ﬁ) and x & bv, by reason of Ex=(200,..)€ t, and Ax =

(1,LoL3, L1Ly, ..., Lg—3Ly41, ...) & €. Now, we take the equation

Lics L

_ |L%(—1 - L%cl _ |(—5)(—1)k - Lk—lLkl

Ly  Lig—q Ly_1Lg Ly_1Ly

into consideration. If k is even, then Ly_;L; < |(=5)(=1)¥ — L,_,L;|. Hence, the

Lyg—q Ly |P

L Lg—1

series Y |

€y in the case 1 < p < % and it is clear that
e € ¥5. In conclusion, the spaces ¥ (E ) and bvy
coincide but they do not contain one another.

A Banach space Y possess Banach-Saks property
if any bounded sequence in Y approves a subsequence

R(X) = sup lim inflx, + Il

He also proved that a Banach space X with
R(X) < 2 has the weak fixed point property.

Of late years, some studies about geometrical
properties of a sequence space can be seen in (Et
and Karakaya, 2014), (Karakaya and Altun, 2014),
(Mursaleen et al., 2007).

Theorem 3.7. fp(E') holds the Banach-Saks
property of type p.

110

is not convergent for 1 < p < . Thus, Ee = (

Lk_l_L_k)$

L Lg—1

whose arithmetic mean converges in norm. Similarly,
a Banach space Y holds weak Banach-Saks property if
any weakly null sequence in X admits a subsequence
whose arithmetic mean strongly converges in norm.

Let X be a Banach space. (Garcia-Falset, 1994)
defined the coefficient R(X) as:

Proof. It can be proved by standard technic which
is available in (Karakas et al., 2013).

Remark 3.1. As £, (E' ) is linearly isomorphic to
space tp, we take in consideration .

R(£,(E)) = R(£,) = 27

Since R (3 »(E )) < 2, it can be given the below
theorem:

Theorem 3.9. The space ¥ p (E' ) possess the weak
fixed point property for 1 < p < o0
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