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Abstract

The object is to obtain weighted Steffensen type inequalities for the class of convex functions using inequalities for the class of functions that
are “convex at point ¢”. Additionally, we give weaker conditions for obtained weighted Steffensen type inequalities. Moreover, by further
generalizations of these inequalities we obtain refined and sharpened versions.
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1. Introduction

The well-known Steffensen inequality

a+A

[ swars [ roswar< [T roa

where f and g are integrable functions defined on (a,b), f is nonincreasing, 0 < g <1 and A = ffg(t)dt, has been the subject of
investigation by many mathematicians. Since its appearance in [10] Steffensen’s inequality has been generalized, refined and sharpened in
many applications. A comprehensive survey can be found in [9].

In the sequel by %([a,b]) we denote Borel c-algebra on [a,b]. In [5] Pecarié obtained generalization of Steffensen’s inequality which was
extensively used in recent advances of Steffensen’s inequality. The following measure theoretic version of his generalization was proved
in [2].

Theorem 1.1. Let i be a positive finite measure on B([a,b)), let f,g and h be measurable functions on [a,b] such that h is positive, f/h is
nonincreasing and 0 < g < 1.

(a) If there exists A € Ry such that

/[MH] h(t)dp(r) = /[a‘b] h()g(t)du (). (L1)
then
[a,6] flagtlants) < /[a,a+/1] JOdp(). (1.2)
(b) If there exists A € Ry such that
/( 00 = /[a‘h] h(t)g(r)du (o), (1.3)
then
/(b_ Ly fOd(0) < /[a,b] F0)g0)du(r). (14)
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If f/h is a nondecreasing function, then the reverse inequalities in (1.2) and (1.4) hold.
Further, the following weaker conditions for the aforementioned generalization were obtained in [2].
Theorem 1.2. Let | be a positive finite measure on PB([a,b]), let g and h be L —integrable functions on |a,b] such that h is positive.
(a) Let A be a positive constant such that [i, o, 3 h(1)dp(t) = [, 5 8(t)h(t)d(t). The inequality
S Os0an < [ e

holds for every nonincreasing, right-continuous function f/h : [a,b] — R if and only if

h(t)g(t)du(r) < . h(t)du(t) and h(t)g(t)du(t) >0,

| H0sar0 < [ dut) and [ n0g0)an()
for every x € [a,b].

(b) Let A be a positive constant such that [, _j p) h(t)du(t) = [, 5 8(1)h(t)dp(t). The inequality

/(HM f)du(r) < /[u,b} F(0)g(t)du(r)
holds for every nonincreasing, right-continuous function f/h: [a,b] — R if and only if
./[x.h] ht)g(t)du(r) < /M h(t)du(r)  and /H h(t)g(r)dp(r) > 0,

forevery x € |a,b).
Let us define a class of functions that extends the class of convex functions. This class was introduced in [8].

Definition 1.1. Let 4 : [a,b] — R be a positive function, f : [a,b] — R be a function and ¢ € (a,b). We say that f/h belongs to the class

A a,b] (resp. .45 [a,b]) if there exists a constant A such that the function % = % — Ax is nonincreasing (resp. nondecreasing) on [a, |

and nondecreasing (resp. nonincreasing) on [c, b].

Remark 1.1. A function f/h € . a,b] is said to be convex at point c.
In [8] the authors proved that a function f/h is convex (resp. concave) on [a,b] if and only if it is convex (resp. concave) at every point
c € (a,b). It was also shown in [8] that if (f/h)’(c) exists, then A = (f/h)'(c).

In the main part of this paper we obtain weighted Steffensen type inequalities for the class of functions that are “convex at point ¢”” and as
a consequence we obtain inequalities involving the class of convex functions. Additionally, motivated by Theorem 1.2 we obtain weaker
conditions for these inequalities. In Section 3 we further generalize inequalities from the main part to obtain their refined and sharpened
versions. We conclude the paper with applications related to linear functionals defined as the difference between the left-hand and the
right-hand side of obtained inequalities.

Inequalities obtained in this paper give further insights of the well-known and classical Steffensen inequality from which the well-known
Jensen-Steffensen inequality was derived. Hence, new inequalities obtained here can be used in all applications of these classical inequalities.

2. Weighted Steffensen type inequalities

Applying measure theoretic generalizations of Steffensen’s inequality to a class of functions that are convex at point ¢ we obtain the following
results.

Theorem 2.1. Let i be a positive finite measure on 9B (|a,b) and let ¢ € (a,b). Let f,g and h be measurable functions on [a,b] such that h
is positive and 0 < g < 1. Let Ay, Ay € Ry be such that

[ wodu = [ ae)s)au) o
[a.a+Mi] la.c]
and
[, 00 = [ 0sodu() 02
If f/h € M [a,b] and
/[a,b] h{t)g(t)dp(t) = /[u,aJrl]] th(r)du () + /(b,m,] th(r)dp(t), (2.3)
then
[ JOsdu < [ g0aro [ s0du). 2.4

If f/h € M5[a,b] and (2.3) holds, the inequality in (2.4) is reversed.
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Proof. Let us prove this for f/h € .4 [a,b]. Let F(x) = f(x) — Axh(x), where A is the constant from Definition 1.1. Since F/h : [a,c] = R
is nonincreasing, inequality (1.2) implies

0= ./[a,aw Fo)dut) - /H F(0)g(1)du(r)

2.5)
= Hdu(t) — t)g(t)du(t)—A th(t)du(t) — th(t)g(t)du(t) | .
S0 [ e -a ([ moau) - [ awsoduo)
Similarly, F /h : [c,b] — R is nondecreasing, so inequality (1.4) implies
o< [, FOan - [ FOs0au
2.6)
=, ., S0~ /M FO)g(r)dp() - A ( /M.,h] th(t)du(r) - /M th(t)g(t)d (z)) .
Adding up (2.5) and (2.6) we obtain
Sy OO+ [ @)= [ rgau)
> A ( /[a.’a%l]th(t)d,u(t) + /( oy OB /[a,b] zh(t)g(t)du(z)) -0
which completes the proof.
Proof for f/h € /5 a,b] is similar so we omit the details. O

Remark 2.1. It is obvious from the proof that for f/h € .4/ [a, D] inequality (2.4) holds if equality (2.3) is replaced by the weaker condition

A ( /[u,a+l,]th(t)d“(t)+ /(bi o) th(t)du(t) — /[u’b] th(z)g(t)du(t)) >0, 2.7

where A is the constant from Definition 1.1.
Since (f/h)"_(c) <A < (f/h) (c) (see [7]), if we additionally assume that f/h € .#{ |a,b] is nondecreasing, condition (2.7) can be further
weakened to

/[a , 80 () < [ e+ th(t)du (). 28)

[(l,a+ﬂ.]] (b—lzﬁb]
Further, if f/h € .#{[a,b] is nonincreasing, condition (2.7) can be further weakened to (2.8) with the reverse inequality.

Theorem 2.2. Let L be a positive finite measure on %(|a,b]) and let ¢ € (a,b). Let f,g and h be measurable functions on [a,b] such that h
is positive and 0 < g < 1. Let Ay, Ay € R be such that

/(C*ll ] h([)dﬂ(l) - la.c] h([)g(t)dﬂ (t) (2.9)
and
/[L',L'+7Lz] he)dp(r) = /[c,b] hr)g(t)du (). (2.10)
If f/h € M [a,b] and
/[a,b] th(t)g(l)d‘u (t) - /(cfﬂ.l 5] th(t)d'u(l)7 2.11)
then
/M f(t)g(r)du(r) > /( hein F(@)du(t). 2.12)

If f/h € M5[a,b] and (2.11) holds, the inequality in (2.12) is reversed.

Proof. Let f/h € 4 a,b] and let F (x) = f(x) —Axh(x), where A is the constant from Definition 1.1. Since F /h: [a,c] — R is nonincreasing,
inequality (1.4) implies

0< [ FWsdu)~ [ s0aua)

(c=A1,c]

(2.13)
—A th(t)g(t)du(t) — th(t)du(t) | .
(/, mosane)= [ neaus)
Similarly, F /h : [c,b] — R is nondecreasing, so inequality (1.2) implies
0< [ fs0ano) - [ f0du)
[e,b] le,c+42]
(2.14)

A ( [ moeauo- [ th(t)du(t)) |
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Adding up (2.13) and (2.14) we obtain

f0g0dui = [ fdu()

(c—A1,c+42]

2a( [ moeaut) - | h()a(s)) =0
[a!b] (L'—ll .L'+A.2]
which completes the proof for f/h € .4 [a,b). Similarly for f/h € .45 |a,b]. O

[a,0]

Remark 2.2. Similarly as in Remark 2.1, it is obvious from the proof that for f/h € .# [a, b] inequality (2.12) holds if equality (2.11) is
replaced by the weaker condition

A ( /[a,b] th(t)g(t)du(t) — ( /< e th(t)dy(;)) >0, 2.15)

where A is the constant from Definition 1.1.
If we additionally assume that f/h € .#{[a,b] is nondecreasing, condition (2.15) can be further weakened to

/W th(t)g(0)du(t) > /(HIM th(t)dp(r). (2.16)
Further, if f/h € .#a,b] is nonincreasing, condition (2.15) can be further weakened to (2.16) with the reverse inequality.

As a consequence of Theorems 2.1 and 2.2 we obtain the following weighted Steffensen type inequalities that involve convex functions.
Corollary 2.1. Let U be a positive finite measure on 9B([a,b)) and let ¢ € (a,b). Let f,g and h be measurable functions on [a,b] such that h
is positive and 0 < g < 1. Let A1, A, € Ry be such that (2.1) and (2.2) hold. If f/h : [a,b] — R is convex and (2.3) holds, then the inequality

(2.4) holds.
If f/h: [a,b] — R is concave, the inequality in (2.4) is reversed.

Proof. Since f/h is convex, from Remark 1.1, we have that f/h € .#{[a,b] for every c € (a,b). Hence, we can apply Theorem 2.1. [

Corollary 2.2. Let i be a positive finite measure on % ([a,b]) and let ¢ € (a,b). Let f,g and h be measurable functions on |a,b] such that
h is positive and 0 < g < 1. Let A1, Ay € Ry be such that (2.9) and (2.10) hold. If f/h: [a,b] — R is convex and (2.11) holds, then the
inequality (2.12) holds.

If f/h: [a,b] — R is concave, the inequality in (2.12) is reversed.

Proof. Similar to the proof of Corollary 2.1 applying Theorem 2.2. O

Motivated by Theorem 1.2 we obtain the following weaker conditions for weighted Steffensen type inequalities for convex functions at a
point.

Theorem 2.3. Let it be a positive finite measure on %([a,b]) and let ¢ € (a,b). Let g and h be p1—integrable functions on [a,b] such that h
is positive and

/['a‘x)h(t)g(t)du(t) < /[) h(t)du(t) and [;w] h(t)g(t)du(t) >0,
for every x € [a,c] and
. h(t)g(r)du(r) < /[x.’b]h(t)du(t) and | h(t)g(t)du(r) >0,

forevery x € [c,b).
Let f/h be a right-continuous function on [a,b] and let A1, Ay € Ry be such that (2.1) and (2.2) hold. If f /h € M [a,b] and (2.3) holds, the
inequality (2.4) holds. If f /h € .45 [a,b] and (2.3) holds, the inequality in (2.4) is reversed.

Proof. Similar to the proof of Theorem 2.1 using weaker conditions from Theorem 1.2. O

Theorem 2.4. Let [ be a positive finite measure on %([a,b]) and let ¢ € (a,b). Let g and h be p—integrable functions on [a,b] such that h
is positive and

M) < [ nd() and [ g0 20,

[x,c] [x,c]

for every x € |a,c] and
/[L 00t < /[ | H0duts) and /[x,b] h(t)g(0)du(r) > 0,

for every x € [c,b].
Let f/h be a right-continuous function on [a,b] and let A1, Ay € Ry be such that (2.9) and (2.10) hold. If f/h € .4} [a,b] and (2.11) holds,
the inequality (2.12) holds. If f /h € M5 [a,b] and (2.11) holds, the inequality in (2.12) is reversed.

Proof. Similar to the proof of Theorem 2.2 using weaker conditions from Theorem 1.2. O

Remark 2.3. Condition (2.3) (resp. (2.11)) in Corollary 2.1 and Theorem 2.3 (resp. Corollary 2.2 and Theorem 2.4) can be replaced by
weaker conditions given in Remark 2.1 (resp. Remark 2.2).
Similar as in Corollaries 2.1 and 2.2 we have that Theorems 2.3 and 2.4 still hold if /A is a convex function.
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3. Further generalizations of weighted Steffensen type inequalities

In [4] Mercer proved a generalization of Steffensen’s inequality for which Liu, Wu and Srivastava proved to be incorrect as stated (see [3]
and [11]). As noted in [6] corrected version of Mercer’s result follows from generalization obtained in [5]. Making substitutions g — g/h
and f +— fhin Theorems 2.1 and 2.2 we obtain the following weighted Steffensen type inequalities for convex functions at a point related to
corrected version of Mercer’s result.

Theorem 3.1. Let [1 be a positive finite measure on %B(|a,b]) and let ¢ € (a,b). Let f,g and h be measurable functions on [a,b] such that
h is positive and 0 < g < h. Let A1, A» € Ry be such that [, 3,1 h(t)du(t) = [ig o 8(t)du(t) and [i,_z, ph(1)du(t) = [ic ) 8(t)dp(t). If
f € #fa,b] and

/[a,b] 8(1)au) = /[a,a+/1]] th{e)dp (o) + /(b, oy HOARE), 3.0)

then
/[(h . f(t)gt)du(t) < /[a aMl]f(t)h(z)du(t)Jr /(b—lz,b] FOR@du(r). (3.2)

If f € M5 |a,b] and (3.1) holds, the inequality in (3.2) is reversed.

Theorem 3.2. Ler U be a positive finite measure on %([a,b]) and let ¢ € (a,b). Let f,g and h be measurable functions on |a,b| such that

h is positive and 0 < g < h. Let A1,4; € Ry be such that ] (c=Ai,c ( Ydu(t :] ( )du(t) and J[c,c+/lz] h(t)du(t) = ][c b]g( Ydu(t). If
fe#a,b)and
/[a-,b] relante) = /<c—/11 coy MO (33)
then
/[a,b] gDt 2 /<c7/11 A FOROAR(). 3.4)

If f € M a,b] and (3.3) holds, the inequality in (3.4) is reversed.

In [4] Mercer also proved a generalization of Steffensen’s inequality which is, as proved in [6], equivalent to generalization obtained by
Pecari¢ in [5]. Weighted version of this result was proved in [2]. Using substitutions 4+ kh, g — g/k and f +— fk in Theorems 2.1 and 2.2
we obtain related Steffensen type inequalities given in the following theorems.

Theorem 3.3. Let U be a positive finite measure on %([a,b]) and let ¢ € (a,b). Let f,g,h and k be measurable functions on [a,b] such
that h is positive and 0 < g < k. Let A1, € Ry be such that [, ., 3, k()h(t)du(t) = Ji o h(t)g(t)du(t) and [y,_;, 5 k()h(t)dp(t) =

fea HOROAR(). 1 £ 0 € A5 ab] and

/;ﬁfha)gO)duﬁ)::/;ﬂ+h]ﬁ(0h0)du0)+1A;7Mﬁfk0)h0)du0)v (3.5)
then
[ Os0an < [ pokOap©+ [ SOk, (36)

If f/h € M5]a,b] and (3.5) holds, the inequality in (3.6) is reversed.

Theorem 3.4. Let |t be a positive finite measure on %([a,b]) and let ¢ € (a,b). Let f,g,h and k be measurable functions on [a,b] such
that h is positive and 0 < g < k. Let A1, € Ry be such that [(._; qk(O)h(1)dp(t) = [ h(t)g(t)du(t) and [ic oo, k(0)h(t)dp(t) =
Jiew (0)g(t)du(t). If f/h € A a,b] and

/[a.,b} gt = /<c-xl eray FOROARE), G.7)
then
/[a,b] Feydnie) 2 /(Hn c+4] JOkOR(D)- (3.8)

If f/h € M5 a,b] and (3.7) holds, the inequality in (3.8) is reversed.

In [11] Wu and Srivastava gave not only corrected but also a refined version of Mercer’s result. Their refinement with weaker conditions on
the parameter A was obtained in [6]. Further, the following refinement in measure theory settings was proved in [2].

Theorem 3.5. Let U be a positive finite measure on B([a,b)), let f,g and h be measurable functions on |a,b] such that h is positive f/h is
nonincreasing and 0 < g < 1.

(a) If there exists A € Ry such that (1.1) holds, then

10) flatd)
[ rosann < [ (0 [F - HEH o - g0 ) auo
< a0,

(3.9)
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(b) If there exists A € Ry such that (1.3) holds, then

~ ) Fb-2)
[, F0am() < /(,, . (f(t)— [m— - a)] Ho)(1 —g(t)])du(t)

< | f0)g(0)du(o).

[a,0]

(3.10)

Using this idea we obtain the following refined versions of results given in Theorems 2.1 and 2.2.

Theorem 3.6. Let 1 be a positive finite measure on 9B(|a,b]) and let ¢ € (a,b). Let f,g and h be measurable functions on [a,b] such that h
is positive and 0 < g < 1. Let A1,y € Ry be such that (2.1) and (2.2) hold. If f /h € .#{[a,b] and

/[a,b] st = /[a,a+/1.] (th(t) = [t —a—A]n(0)[1 - g(0)]) dp(z) (3.11)
+/(b_lz7h] (th(t) — [t — b+ Ma)h(1)[1 — g(1)]) du(t),

then

f(e)  fla+2d)
[ f0soau < [ (f(f)* [m et m} (r)[lfga)]) dys(t)
)
)

h
+/(.bflz,b] (f(’)_ {% - i((z t } h(1)[1 —g(t)]) du(r).

If f/h € M5]a,b) and (3.11) holds, the inequality in (3.12) is reversed.

(3.12)

Proof. Similar to the proof of Theorem 2.1 applying Theorem 3.5(a) for F/h : [a,c] — R nonincreasing and Theorem 3.5(b) for F /h :
[c,b] — R nondecreasing. O

Theorem 3.7. Let it be a positive finite measure on 9B (|a,b]) and let ¢ € (a,b). Let f,g and h be measurable functions on [a,b] such that h
is positive and 0 < g < 1. Let 41,A» € R be such that (2.9) and (2.10) hold. If f/h € .4 |a,b] and

O8O0 = [ b e A1 g(e)]) o)

(c=Auc] (3.13)
[ ) - e Aalh)] — (o)) (o),
[e,c+As]
then
S fle=A) B
[, f0sau = [ (f(t) [ s h(c%l)}ha)[l g(t)})du(t) -

f)  fleth)
+/[c,c+/12] (f(t) B [m - m] h(t)[1 —g(z)]) du(z).

If f/h € M5[a,b] and (3.13) holds, the inequality in (3.14) is reversed.

Proof. Similar to the proof of Theorem 2.2 applying Theorem 3.5(b) for F /h : [a,c] — R nonincreasing and Theorem 3.5(a) for F /h:
[c,b] — R nondecreasing. O

Motivated by sharpened and generalized version of Theorem 1.1 obtained by Jakseti¢, Pecari¢ and Smoljak in [2] we obtain the following
results.

Theorem 3.8. Let 1 be a positive finite measure on %([a,b]) and let ¢ € (a,b). Let f,g,h and y be measurable functions on [a,b] such that
h is positive and 0 < w < g < 1 — . Let A, Ay € Ry be such that (2.1) and (2.2) hold. If f/h € .4 [a,b] and

/W]] th(t)g(t)du(t) = /[a,a+/11] th(t)du(t) — /[a-,c] [t —a— A1 |h(t)w(t)du(t)

(3.15)
+ /(b_w th(t)du(r) + /[ p |t — b+ Ao |h(t)w(r)dp (1),
then
(1)  fla+2)
J,fsdue < [ podu - [ S owidu) »
£0)  fb—h) :
O R OGRS B B e LOVIOTG

If f/h € M5[a,b] and (3.15) holds, the inequality in (3.16) is reversed.
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Proof. We use the following inequalities, which hold for f/h nonincreasing, proved in [2]:

£t)  fla+2)
[ 0s0au) < [ goat - [ 100~ o yoaut) G.17)
and
[ sani+ [ 10 IO _M‘h(t)w(t)du(t)< | rwgedu). (3.18)
(b-2.5] fab] | h(t)  h(b=2) ~ Jlab)

For f/h nondecreasing inequalities in (3.17) and (3.18) are reversed.
The proof is similar to that of Theorem 2.1 applying (3.17) for F /h : [a,c] — R nonincreasing and (3.18) for F /h : [c,b] — R nondecreasing,
where F(x) = f(x) — Axh(x). O

Theorem 3.9. Let  be a positive finite measure on %B([a,b)) and let ¢ € (a,b). Let f,g,h and y be measurable functions on [a,b] such that
his positive and 0 < y < g < 1 — . Let A1, Ay € Ry be such that (2.9) and (2.10) hold. If f /h € 4 [a,b] and

/[a,b] th(t)g(t)du(t) :/@_MHM Zh([)d‘u(t)7~/[uﬁc] [t —c+ A |h()w(t)du(t)

(3.19)
+/[cﬁb1 [t == Aalh()y(1)du (o),
then
f()  fle=MA)
d > d n ) , )
./[a,b] f(0)g(t)du(t) > ./(cw o] f(0)du(r) /M ne MRy () w(t)du(r) -
= ) flethy) .
/[c,b] W) h(c+ M) h(t)y(t)du(r).
If f/h € M5[a,b] and (3.19) holds, the inequality in (3.20) is reversed.
Proof. Similar to the proof of Theorem 3.8. O

Remark 3.1. Steffensen type inequalities obtained in this section also hold if the function f/h is convex (resp. concave). This follows from
Remark 1.1.

4. Concluding remarks and some applications

Motivated by weighted Steffensen type inequalities (2.4), (2.12), (3.6), (3.8), (3.12) and (3.14), which are linear in f, we can define the
following linear functionals:

n= SO0+ [ 0 - [ 0s0de @D
L= [ SO~ [ ) “2)
L= SOROd@ [ S0~ [ gedu) @3
L= [ SO0~ [ k) (44
()= [ (70 |58 - e ol o0 ) aute)
) fb—2)
J o (70 [58 ~ 20=32 ol e ) aute @
= [,/ 0s)an(0)
Lo() = [, F0g0adu)
£0) _ fle=1)
- (o= [E0 - B ot - o)) aut) “6)
(




Konuralp Journal of Mathematics 91

Remark 4.1. Under assumptions of Theorems 2.1, 2.2, 3.3, 3.4, 3.6, 3.7 we have that L;(f) > 0,i=1,...,6 for all functions f/h € .4 a,b].
Further, from Remark 1.1 L;(f) >0, i=1,...,6 for all convex functions f/h.

In [1] Bernstein defined exponentially convex functions on an open interval / in the following way.

Definition 4.1. A function y : I — R is exponentially convex on I if it is continuous and

i éiéjl//(xi-i-x]') >0

ij=1
for all n € N and all choices §; € R, i=1,...,nsuch thatx;+x; €I, 1 <i,j<n.

Remark 4.2. Using similar construction as in [7] we could produce exponentially convex functions and obtain new Cauchy means related to
functionals L;, i =1,..., 6 but here we omit the details.

Hence, linear functionals L;, i = 1,...,6 are important in obtaining results which further improve well-known inequalities, and also in
obtaining conversions of these inequalities.
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