Konuralp Journal of Mathematics, 6 (1) (2018) 178-187

[© ©} .
Konuralp Journal of Mathematics :
Journal Homepage: www.dergipark.gov.tr/konuralpjournalmath KOst .m:m RNAL OF

e-ISSN: 2147-625X \(1:||||\|\||L\

Strong Convergence of an explicit iteration method in uniformly
convex Banach spaces

Ahmed A. Abdelhakim!" and R. A. Rashwan?

LDepartment of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt
2Department of Mathematics, Faculty of Science, Assiut University, Assiut 71516, Egypt
L Corresponding author E-mail: ahmed.abdelhakim @ aun.edu.eg

Abstract

We obtain the necessary and sufficient conditions for the convergence of an explicit iterative procedure to a common fixed point of a finite
family of non-self asymptotically quasi-nonexpansive type mappings in real Banach spaces. We also prove the strong convergence of this
iterative method to a common fixed point of a finite family of non-self asymptotically quasi-nonexpansive in the intermediate sense mappings
in uniformly convex Banach spaces. Our results mainly generalize and extend those obtained by Wang [L. Wang, Explicit iteration method
for common fixed points of a finite family of nonself asymptotically nonexpansive mappings, Computers & Mathematics with applications,
53, (2007), 1012 - 1019.]
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1. Introduction

Let K be a nonempty subset of a real normed linear space E. A self-mapping 7 : K — K is called nonexpansive if || Tx — Ty ||<|| x —y || for
every x,y € K and asymptotically nonexpansive if there exists a sequence {k,} C [1,o0) with k, — 1 as n — o such that for every n > 1,
| T"x —T"y ||<kn | x—y| forallx,y € K. If F(T) = {x € K : Tx = x} # ¢ and there exists a sequence {k,} C [1,o0) with k, — 1 as
n— cosuch that || T"x—y ||<k, ||x—y | forallx € K,y € F(T) and every n > 1 then T is called asymptotically quasi-nonexpansive. T is
called uniformly L-Lipschitzian if there exists a real number L > 0 such that || 7"x—T"y ||[<L || x—y| forallx,y € K and all n > 1.

The class of asymptotically nonexpansive mappings was introdued by Goebel and Kirk [5] and the class forms an important generalization of
that of nonexpansive mappings. It was proved in [5] that if K is a nonempty closed convex subset of a real uniformly convex Banach space
and T is an asymptotically nonexpansive self-mapping on K, then 7 has a fixed point.

Iterative methods for approximating fixed points of nonexpansive mappings have been studied by many authors (see for example [1], [2], [3],
[4], [6], [8], [12], [14] and the references therein).

In Most of these papers, the well-known Mann iteration process [7],

x1 €K, Xnt1 = (1 — oy)xn + 0, Txp, n>1, (*)

has been studied and the operator 7 has been assumed to map K into itself. The convexity of K then ensures that the sequence {x, } generated
by (*) is well defined.

In 2001, Xu and Ori [25] introduced the following implicit iteration process for a finite family of nonexpansive self-mappings {7;,i € I},
where I = {1,2,...,N}.

For any initial point xy € K,

xn:anxn—l+(1*an)Tnxl1 n>1,

where {0, } is a real sequence in (0,1) and 7;, = Ty(moan)» the mod N function takes values in /. They proved weak convergence of the above
process to a common fixed point of the finite family of nonexpansive self-mappings. Later on, the implicit iteration method has been used to
study the common fixed point of a finite family of strictly pseudocontractive self-mappings, asymptotically nonexpansive self-mappings or
asymptotically quasi-nonexpansive self-mappings by some authors (see for example [10], [16] and [26], respectively). In 1991, Schu [15]
introduced a modified iteration process to approximate fixed points of asymptotically nonexpansive self-mappings in Hilbert space. More
precisely, he proved the following theorem.
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Theorem 1.1. ([15]) Let H be a Hilbert space, K a nonempty closed convex and bounded subset of H. Let T : K — K be an asymptotically
nonexpansive mapping with sequence {ky} C [1,0) for alln > 1, limk, = 1 and ¥.°_, (k3 — 1) < oo. Let {&t,} be a real sequence in [0,1]
satisfying the condition 0 < a < o, <b < 1, n > 1, for some constants a and b. Then the sequence {x,} generated from x| € K by

X1 = (1= oty)x + 0, T"xp n>1,
converges strongly to some fixed point of T.

Since then, Schu’s iteration process has been widely used to approximate fixed points of asymptotically nonexpansive self-mappings in
Hilbert space or Banach space (see for example [9], [13], [12], [19]). If, however, K is a proper subset of the real Banach space E and T
maps K into E (as in the case in many applications), then the sequence given by (*) may not be well-defined. one method that has been used
to overcome this in the case of a single operator 7 is to introduce a retraction P : E — K in the recursion formula (*) as follows :

x1 €K, Xpr1 = (1—a)xy + € PTxy, n> 1.

Recent results on approximation of fixed points of nonexpansive and asymptotically nonexpansive self and nonself single mappings can be
found in ([3], [4], [6], [8], [11], [14], [17], [18], [20], [22], [24] and the references therein).

The concept of nonself asymptotically nonexpansive mappings was introduced by Chidume et al. [4] as an important generalization of
asymptotically nonexpansive self-mappings.

Definition 1.2. [4] Let K be a nonempty subset of a real normed space E. Let P : E — K be a nonexpansive retraction of E onto K. A
nonself mapping T : K — E is called asymptotically nonexpansive if there exists a sequence {kn} C [1,00) with k, — 1 as n — oo such that
for everyn > 1,

| T(PT)"'x—T(PT)" 'y ||<hky | x—y| forallx,y € K.
T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that for everyn > 1,
| T(PT)" x—T(PT)" 'y |<L|x—y| forall x,y € K.

It is easy to see that a nonself asymptotically nonexpansive is uniformly L-Lipschitzian.
By studying the following iteration process

x1 €K,  xpp1 =P((1—ot)x,+ 0, T(PT)" 'x,), n>1

Chidume, Ofoedu and Zegeye [4] got some strong convergence theorems for nonself asymptotically nonexpansive mappings in uniformly
convex Banach spaces.

Recently, Wang [22] proved the following strong convergence theorems for common fixed points of two nonself asymptotically nonexpansive
mappings as follows ;

Theorem 1.3. (/22]) Let K a nonempty closed convex subset of a uniformly convex Banach space E. Suppose that Ty, T, : K — E are two
nonself asymptotically nonexpansive mappings with sequences {k,},{l,} C [1,00) such that ¥y _;(ky—1) < oo, ¥ (I, —1) < co. From
arbitrary x| € K, let {x, } be defined by

Xpr1 = (I—op)x+o,T1(PT) 'y, n>1,
Yn = (1 7ﬁn)xn +BnT2(PT2)n_]xn7

where {a, } and {B,} are two sequences in [€,1 — €] for some € > 0. If one of Ty and T, is completely continuous and F(T}) NF(T) # 0
then {x,} converges strongly to a common fixed point of Ty and T».

Theorem 1.4. ([22]) Let K, E, Ty, T» and {xn} be as in Theorem 1.2. If one of T\ and Tj is demicompact then {x,} converges strongly to a
common fixed point of Ty and T5.

Definition 1.5. [11] Let K be a nonempty subset of a real normed space E. Let P : E — K be a nonexpansive retraction of E onto K. A
nonself mapping T : K — E is called asymptotically nonexpansive in the intermediate sense if T is uniformly continuous and

limsup sup {|| T(PT)" 'x—T(PT)" 'y| - |x—y ||} < o. (1.1

n—oo y yck
In 2007, Y. X. Tian, S. S. Chang and J. L. Huang [21] introduced the following concepts for nonself mappings:

Definition 1.6. [2]] Let E be a real Banach space, C a nonempty nonexpansive retract of E and P the nonexpansive retraction from E onto
C. Let T : C — E be a non-self mapping.

(1) T is said to be a nonself asymptotically quasi-nonexpansive mapping if F(T) # 0 and there exists a sequence {k,} C [1,00) with
lim,, e ky, = 1 such that for every n > 1,
| T(PT)" 'x=p| < kallx—p] forallxe K, pe F(T).

(2) T is said to be a nonself asymptotically nonexpansive type mapping if

limsup{ sup [| 7(PT)"'x=T(PT)" 'y || =[xy} < o.

n—eo  x,yeK B
(3) T is said to be a nonself asymptotically quasi-nonexpansive type mapping if F(T) # 0 and

limsup{ sup [|T(PT)" 'x—q| —|x—ql]} < oO.
n—e  xeK,qeF(T)
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Remark

(i) If T : C — E is a nonself asymptotically nonexpansive mapping, then T is is a nonself asymptotically nonexpansive type mapping.

(ii) If T : C — E is a nonself asymptotically quasi-nonexpansive mapping, then 7 is a nonself asymptotically quasi-nonexpansive type
mapping.

(iii) If F(T) #0 and T : C — E is a nonself asymptotically nonexpansive type mapping, then T is a nonself asymptotically quasi-
nonexpansive type mapping.

Very recently, Lin Wang [23] constructed an explicit iteration scheme to approximate a common fixed point of a finite family of nonself
asymptotically nonexpansive mappings {7; : K — E,i € I}, where I denotes the set {1,2,...,N} and proved some strong convergence
theorems for such mappings in uniformly convex Banach spaces as follows; From arbitrary xy € K,

xi = P(1-a)x+aTi(PT)" 'x), m>1,

x = P((1-a)x +wh(Ph)™ x),

xv = P((1—ow)xy—1 +onTy(PTy)" 'xn_1),
xver = P((1—ayin)xn+ oy T (PT)™ ),
xyi2 = P((1—ayg2)anst + oy B (PT)™ ),

xoy = P((1—oon)xan—1 +anTy(PTy)™ 'xan—1),
xove1 = P((1—ooni1)xon + ooy T (PT)™ Lxoy),

which can be rewritten in a compact form as follows
xi = P((1—0p)xp_1 + 0 T(PT)" 'x,_1), n>1m>1, (12)

where n = (m —1)N +i, Ty = Ty(uoany = Ti» i € I, {0} is a real sequence in [0,1].

Motivated and inspired by the previous facts, we extend the results obtained by Lin Wang [23] to the case of nonself asymptotically
quasi-nonexpansive mappings and the case of nonself asymptotically quasi-nonexpansive mappings in the intermediate sense which is
slightly more general than the class nonself asymptotically nonexpansive mappings in the intermediate sense introduced by S. Plubteing and
R. Wangkeeree [11] as follows ;

Definition 1.7. Let K be a nonempty subset of a real normed space E. Let P : E — K be a nonexpansive retraction of E onto K. A nonself
mapping T : K — E with a nonempty fixed point set is called asymptotically quasi-nonexpansive in the intermediate sense if T is uniformly
continuous and

limsup sup {||T(PT)" 'x—y||—||x—y|} < o. (1.3)
n—e  xeK,yeF(T)

Moreover, we discuss the necessary and sufficient condition for convergence of the explicit iterative scheme (1.1) to a common fixed point
(assuming existence) of a finite family of nonself asymptotically quasi-nonexpansive type mappings in real Banach spaces.

2. Preliminaries

Let E be a real normed linear space. The modulus of convexity of E is the function g : (0,2] — [0, 1] defined by

, 1
op(e) = inf{l— |lxtyl:llxll=lyl=1]x=y=e}

E is uniformly convex if and only if 6g(€) > 0 for every € € (0,2].

A subset K of E is said to be a retract of E if there exists a continuous map P : E — K such that Px = x, x € K. Every closed convex subset
of a uniformly convex Banach space is a retract. A map P : E — E is said to be a retraction if P?> = P. It follows that if P is a retraction then
Py =y forall y € R(P), the range of P.

A mapping T : K — K is said to be semicompact if, for any bounded sequence {x, } in K such that || x, — Tx, ||[— 0 as n — 0, there exists
a subsequence {x,, }, say, of {x,} such that {x,,} converges strongly to some x* in K. T is said to be completely continuous if, for any
bounded sequence {x;, }, there exists a subsequence {7y, }, say, of {7, } such that {Tx,, } converges strongly to some element of the range
of the range of 7.

In what follows we shall use the following results.
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Lemma 2.1. [19] Let {A,};r_; and {p,}or_; be sequences of nonnegative real numbers such that A1 < Ay 4y, n> 1 and Y7 fy < oo
then limy, e Ay, exists. Moreover, if there exists a subsequence { Ay, } of {An} such that A,; — 0 as j — oo then Ay — 0 as n — oo.

Lemma 2.2. [15] Let E be a real uniformly convex Banach space and 0 < a <t, < B < 1 for all positive integers n > 1. Suppose that
{xn} and {yn} are two sequences of E such that

limsup || x, ||[< 7, limsup ||y, |<r and lmsup || tyxn + (1 —tn)yn ||= 7
n—soo n—soo n—oo

hold for some r > 0, then limy,_;c || Xy — yn ||=0.

Lemma 2.3. [4] Let E be a real uniformly convex Banach space and K a nonempty closed convex subset of E and let T : K — E be
asymptotically nonexpansive mapping with a sequence {k,} C [1,00) such that ky — 1 as n — oo, then I — T is demiclosed at zero.

3. Main Results

3.1. Asymptotically quasi-nonexpansive type mappings

Theorem 3.1. Let K be a nonempty closed convex subset of a real Banach space E which is also a nonexpansive retract of E with a
nonexpansive retraction P : E — K. Suppose that T; : K — E, i € I be N nonself asymptotically quasi-nonexpansive type mappings with a
nonempty closed common fixed point set F' = ﬂivzl F(T;). Let {xn};_, be the iterative sequence defined iteratively by (1.2) with the sequence
{0}, satisfying that Y| 04, < oo. Then {x,} converges strongly to a common fixed point of T, i € I if and only if liminf, e d (x,, F) =0,
where d(x,,F) is the distance from x, to the set F.

Proof. Necessity of the condition is obvious. Since if x, — g as n — o, g € F, then lim, e d (X, F) = d(limy e x,, F) = d(gq,F) = 0.
Hence, liminf, e d(x,, F) = 0.

Next, we prove sufficiency. Since T}, i € I are N nonself asymptotically quasi-nonexpansive type mappings, that is, for each i € I, F(T;) # 0
and

limsup{ sup [| (PT)" 'x—q |~ [x—¢|]} < o
n—e  xeK,qeF(T;)

Then given any € > 0, there exists a positive integer ng such that for all n > no,

sup  [IH(PT)" 'x—q |l —llx—qlll} < & i€l
x€K,qeF(T;)

Since {x, } C K, then for any m > ny we have
I TP =g~ wm—ql < & i€ln>Ll 3.1

Hence for every x* € F and for any m > ng, n > 1, it follows from (1.2) and (3.1) that

[ 200 —x* || Il P((1— 0t)xn—1 + anTn(PTn)milxnfl) —x" ||

< (1= o)xmt + 0 T (PT)™ gy — x|

< (L=a) [[ %1 =" ||+ | Tu(PT)" g —x" |

< (1) [t = |+l Ta(PT)™ =2 | = [0y 2 )
Oy || X1 —x" ||

< |l kg1 =X || HoneE.

That is, we have
[ X1 =x" [ <l —x" || +0p4 1€
By arbitrariness of x* € F, we get, upon taking infimum over x* € F,
E A e A PR P
so that
d(xp1,F) < d(xn, F)+ o€,

i.e, Adpp1 < Au+ iy, n> 1, where A, = d(x,,F) and pt, = 04, 1€, n > 1. Clearly, Y°_; 4 < oo by our assumption. Then limy,—yeo d(x,, F)
exists, by Lemma 2.1. But liminf,,_,e d(x,,F) = 0, then lim, e d (X, F) = 0.
Now, for any x* € F,

R I R e R R P

taking infimum on both sides over x* € F, we obtain
[ X=Xl < duys, F) +d(xa, F),

letting n — oo on both sides of the above inequality yields that limy,—ye || X4y — X |= 0, which shows that {x, } is a Cauchy sequence. Since
K is a closed subset of the real Banach space E, then K is also complete. Hence there exists p € K such that x, — p as n — oo. Finally,
we prove that p € F. Since lim,, e d (X, F) = d(limy, o X, F) = d(p,F) = 0. Then p € F, but F is closed, then p € F and the proof is
complete. O
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Theorem 3.2. Let K be a nonempty closed convex subset of a real Banach space E which is also a nonexpansive retract of E with a
nonexpansive retraction P: E — K. Suppose that T; : K — E, i € I be N continuous nonself asymptotically quasi-nonexpansive type mappings
with a nonempty common fixed point set F = ﬂi\’: \F(T;). Let {x,};y_, be the iterative sequence defined iteratively by (1.2) with the sequence
{au}_| satisfying that Y57 4, < eo. Then {x,,} converges strongly to a common fixed point of Ty, i € I if and only if liminf,, e d(x,,F) =0,
where d(x,,F) is the distance from xy to the set F.

We only need to show that F is closed so that the conclusion of Theorem 3.2 follow from the conclusion of Theorem 3.1 immediately. Let
{pn} be a sequence of elements of F, i. e, T;p, = py, n > 1, i € I. Assume that p,, — p* as n — eo. We claim that p* € F. Indeed, since for
each i € I, we have

ITip"=p" | < I Tp"—pull+ 1l pn—p"|
= |Tp*=Tpn |+ Pn—p" |- (3.2)
Since 7; is continuous, i € 1, then letting n — oo on both sides of (3.2) yields that
limy—ser || Top* = p* =0,
which implies that 7;p* = p*, i € I and hence p* € F.
3.2. Asymptotically quasi-nonexpansive mappings

Lemma 3.3. Let K be a nonempty closed convex subset of a normed linear space E which is also a nonexpansive retract of E with
a nonexpanszve retraction P. Let {T; : i € I} be N nonself asymptotically quasi-nonexpansive mappings from K to E with sequences
{kn } C [1,00) such that Y, (kn> —1) < oo and limy_ye kpy © = =1 for all i € I, respectively. Let {oy,} be a real sequence in [0,1) and let
{xn} be the sequence defined by (1.2). If F =Y F(T;) # 0, then limy,_e0 || X, — x* || exists for each x* € F.

Proof. For each positive integer n, put k,, = max;ey k,(li) =14uy,.
Thus, | <k, <YV, ,§” — (N —1). Since foreachi eI, Y7, (kﬁl’) —1) <oeothen Y7 | (ky—1) < oo, consequently ¥, u, < oo. For any
x* € F,n= (m(n) — 1)N+i(n), i(n) € I, it follows from (1.2) that

[ =" || = (| P[(1 = 0)x 1 + 0T (PT,)" " ] =" |

< (1= 0)%n 1 + QT (PT)" ), —x* |

< (1=0w) [ X1 =" || 40 | Tu(PT)™ "y —x* |

< (T—aw) a1 =x" ||+ (1 +tm) || x4y —x |

< (Tdum) [ xam1 —x* |,
that is,

[ —=x" | < [l 21 =X ||+ || 201 —x" || - (3.3)
Furthermore, we have
[0 =21 = X = 1)N+i(n) =" |

= || PI(1 = Qpn(n)—1)N-+i(n) X (m(n)— 1)N+i(m)—1 +

m(n)flx

Xm(n)— 1)N+i(n) Tim(n)~ )N +i(n) PLom(n) - )N +i(n)) (m(n)—D)N-+i(n)—1] =%

< I = Q) — 1)V i) X m(m)— )N Fi(m)—1 T
m(n)—1 *

() 1)N+i(m) L) DN -+i00) P Ty 1) ™ ™ X ) - -Gy —1 — X |
< (1= ()~ 1)N+i(n)) || X))~ )N +im)—1 — X" || +

() 1)N-+i(n) I Ty 0N -+i00) P Ty 081 0) ™™ ™ X o)~ 1) i) -1 — X |
< (= ) 1)N+i(n)) || X))~ D)N+im)—1 =X || +

A m(n)—1)N+i(n) (L F m) | Xn(n) - 1)Nri(n)—1 — X" ||
< (T4um) || X(m(n)—1)N+i(n)—1 —x I
< (T um)® || XNt 2 — X |
< e S )™ | K-y =" 1| (34)

In addition, since m = 1, while 1 <n <N, then

[xi—x* | < || (1= on)xo+aq Ty (PTy)" " g — x* ||
< (=) [ xo—x" ||+ || Ty (PT )™ xg —x* ||
< (I—ou) [[xo—x" [ +ou (T+up) [[xo —x" ||
< (I4w) [[xo—x"|,
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[xa—x"|| < || (1=a)x;+ T (PT)""W 1y —x* |
< (I—a)|lx —x" || +on || B(PT)" ™ xy —x* ||
< (I-) lx—x" || +op(1+ur) [ x) —x* ||
< (I+w) x—x" [ (T+up)? | xo—x" |,
hence,
v =21 < (T+un) o —x"|.
Similarly, we have
ooy =2 | < || (1= can)xay—1 + can Tan (PTan) ™™ gy —x* |
< (1—ony) || xan—1 —x" || +oay || Ton (PTon)™ W oy —x* |
< (1—ooy) || xonv—1 —x" || +oon (1 +ua) || xon—1 —x* ||
< (T4u) [xav—1 —x* [ (T 4u)" [ xn —x* |
< (4w +u)N xo—x* |
Therefore,
[ xmy—tv = 1 < A un)V (U u)V (L )N [0 —x* || - (3.5)

Finally (3.4) together with (3.5) imply that

P =21 < (L a0)™ | X1y =7 |
< (Urun) N () (U sty )N () [ 30 =2 |

i(n) € I. Thus

IN

[ 20 —x* || (U u)N (14 u)N o (1 )Y (1 ) [ x0 =" | (3.6)
Since 1 +x < €%, x > 0, then
lra—xt | < MM M | g — 2 [|= NE1 || xy —x* [|< TR | xg—x" .

But ¥ | u;j < o, then {x,} is a bounded sequence and there exists a constant M > 0 such that <[| x, —x* || M, n > 0. It follows, from (3.3),
that

lxn=x"1| < || xp—1 —x" || +umM.
Since n — o is equivalent to m — oo, it follows from Lemma 2.1 that lim,,_e || x, —x* || exists for any x* € F. The proof is complete. [

Lemma 3.4. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E which is also a nonexpansive retract of
E wzth a nonexpansive retmcnon P. Let T;, i € I be N nonself asymptotically quasi-nonexpansive mappings from K to E with sequences
{k } C [1,00) such that ¥, ( —1) < oo and limy_ye kﬁl) = 1 for all i € I, respectively and suppose that T; are uniformly L;-Lipschitzian
with the uniform Lipschitz constants L; > 0, i € I, respectively. Let {x, } be the sequence defined by (1.2) where {0y, } is a real sequence in
[6,1— 8] for some & € (0,1). If F = ﬂi'vﬂ F(T;) # 0, then limy e | Xn — Tixy ||= 0 for each i € I.

Proof. Lemma 3.3 asserts that lim,—. || x, —x* || exists for each x* € F. We may assume that, for some x* € F, lim,—o || X, —x* ||=¢
for some ¢ > 0. If ¢ = 0, we are done. So let ¢ > 0. Set n = (m(n) — 1)N +i(n), i(n) € I. Since
[ xaer=x" =PI = Gy 1)+ Ot Tyt (PTog1)" " ] =7 |
< (0= 0 1) (5 = x7) + Gt (Tt (PTrgt) "0 oy =) | (3.7
Taking lim inf on both sides of (3.7), we obtain
liminf {| (1 — @1) (6 —x7) + i1 (Tt (PT)" " =) || > e (3-8)
Also,
(1= 1) (5 =) + Ot (Tt (P )" iy =x) || < (1 ttm) 50— |,
which on taking lim sup on both sides yields that
timsup | (1 - ai1) (60 —x") + Gt (Tt (P oy —x7) |
< limsup(1 +um) || xp —x" [|=c. (3.9

m—-soo
Inequalities (3.8) and (3.9) imply

im | (1= G1) (= 37) o+ Gt (Tt (PTs )" =27 | = e (3.10)
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Since lim,, o0 || X —x* ||= ¢ and limsup,, .., || Typi1 (PTps1)" ™~ x,, —x* ||< c, it follows from Lemma 2.2 that
Him [ — Tt (PTt)" ™ | = 0. (3.11)
Since

[ xne1 =20l < Q1| xa— n+1(PTn+1)m<”)_lxn I

then, by (3.11), we have

dim |5 | = 0.
By induction, we have
nli_n}lw | Xptr—2x|| = 0 (3.12)

for any positive integer r.
Let L = max;e;{L;}. When n > N (m > 2), we have

xn = Tnrxa | < [l on = Tt (Pt ™ ity ||+ 1| Tt (PTot)™ ) ™ty — Tre1 6 |
< 0= Tt (PToct)™ )y || 4L || Py (PTr)™ ™20 — 3 |
< 1 = Tt (PT)"™ ™y || 4L || Tt (PT0)"™ 20 =250 |
< o= Tt (PTret)™ )~y [| L | 0 — 50y || +

| X0 = T 1N (PTs1—n)™ 20y || +

H Tn+17N(PTn+17N)m(n)72xl1—N - Tn+1(PTn+1)m<n)72xn H}
Hence

| —Toprxn | < X — n+1(PTn+1)m(n>71xn | +L{(1+L) || %0 —Xn—n || +

| X0 = T 1 (PTr1-)™ ™ 20y ||} (3.13)

Noticing that n = (m(n) — 1)N +i(n), i(n) € I, we have n — N = (m(n) — 1)N +i(n) — N = (m(n) —2)N+i(n) = (m(n—N) — 1)N+i(n—N),
thus m(n —N) =m(n) — 1 and i(n —N) = i(n), n > 1. Hence

| %08 = Tust NPT n)™ 20 v || = e = T NPT )"y ]
Using (3.11), we get
Jim | -y — Toit-N(PTo1-n)"" x| = 0. (3.14)

Using (3.12) and (3.14), it follows from (3.13) that

lim || x,—Typ1x, || = O. (3.15)
n—soo
Furthermore, for each i € 1
[ —Torixn || < Nl —Xngio1 |+ [ Xavic1 = Toidnriot ||+ || Togixnrio1 — TogiXn |
< (L) [[xn =Xzt |+ [ ngriet = Toidnio ] -
Using (3.12) and (3.15), we obtain
nlgrolo || xn — Toyixn || = O, iel
Thus
lim ||x,—Tix, || = O, iel.
n—soo

This completes the proof. O
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3.3. Asymptotically quasi-nonexpansive in the intermediate sense mappings

Lemma 3.5. Let K be a nonempty closed convex subset of a normed linear space E which is also a nonexpansive retract of E with a
nonexpansive retraction P. Let {T; : i € I} be N nonself asymptotically quasi-nonexpansive in the intermediate sense mappings from K to E

with a nonempty common fixed point set F = (X F(T;). For eachi € I, put G,S? = max{supycg vcp (]l T:(PT)" \x—x* | — || x—x* ||),0}
so thaty ;| GS,';) <o, i €1 If {xn} is the sequence defined by (1.2), then lim,__o || X, —x* || exists for each x* € F.

m—

Proof. For any x* € F, we have

L= | = [|PI(1 = t)tuot + O Ty (PT)" 1, ] — 1" |
< 11— 0t + O Ty (T, gy x|
< (U= ) et =2 [ 0 | Tu(PT)" ™y — " |
< (1= 0) |3t =3 || 0 (Gl + | g —2* ).

Thus

[ =" < [l %ot —x" || +GS.

Since ¥, _; Gﬁ,f ) < oo, n > 1 and n — oo is equivalent to m — oo, then applying Lemma 2.1 implies that lim;, . || x, —x™* || exists for
each x* € F. The proof is complete. O

Lemma 3.6. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E which is also a nonexpansive retract of E
with a nonexpansive retraction P. Let {T; : i € I} be N nonself asymptotically quasi-nonexpansive in the intermediate sense mappings from K to
E with a nonempty common fixed point set F = (\Y_, F(T;). For eachi € I, put Gl = max{sup,cx ep (|| T(PT)™ 'x—x* || — || x—x*|),0}
so that Y, G,(,l,) <o, i€l Let {x,} be the sequence defined by (1.2) where {a,} is a real sequence in [8,1 — 8] for some § € (0,1). Then
lim, e || X, — Tixn ||= 0 for each i € 1.

Proof. 1t follows from Lemma 3.5 that lim,, e || x, —x* || exists for each x* € F. Assume that lim, e || X, —x* ||= ¢, x* € F for some
¢>0. If c =0, we are done. So let ¢ > 0. Setn = (m(n) — 1)N +i(n), i(n) € I. Since

[ =21 =PI = G150 + Ot Tt (P )" ) = x|
< (= ) (o = X7) + et (Tt (PT)™ ™y = x7) | (3.16)
Taking lim inf on both sides of (3.16), we obtain

liminf || (1= 04p1) (%0 — %) 4 O (T (PTi )" =) | > (3.17)

n——so0
In addition,
(1= @ 1) (0 =) + Ot (Tt (P )™y =x") || <0 (1= @) [ 200 =" |
1 (G [ = ).
Hence

m(n)

(1= 1) (on = X*) + O 1 (Tt (PT )" ™ oy =) | < [l =" || +GLY,

which on taking lim sup on both sides yields that

Timsup [| (1= Gy 1) (6 =) + 1 (T (PT)" ™y —x7) |

n—-7oo
<limsup || x, —x* || +limsup G = c. (3.18)
n—-oo m—->oo
Inequalities (3.17) and (3.18) imply
im | (1= 0 1) (0 = %) + Gt (T 1 (P )" i =x*) | = e (3.19)

n—soo

Since lim,, o0 || X —x* ||= ¢ and limsup,, ... || Typi1 (PTps1)" ™~ x, —x* ||< c, it follows from Lemma 2.2 that

im || x— Ty 1 (Pl )" ™ 'y | = 0. (3.20)

n—-soo
Since

it =X | < gt [0 = Tt (PTgr)" ™ ||
then, by (3.20), we have

dim [ —w] = 0.
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By induction, we have
nliﬂmw | Xtr—x || = O (3.21)

for any positive integer r.
Now, we have
120 =Toiixn | < % =Xnw |+ | % = Tt (P )™M My ||+
| Tt (P )™ "y = T (PT )", || +
I Tt (P )™ gy — Ty ||
Since n= (m(n) —1)N+i(n), i(n) €I, thenn+N = (m(n) — 1)N+i(n)+N =m(n)N+i(n) = (m(n+N) —1)N+i(n+N), thus m(n+N) =
m(n)+1,i(n+N) =i(n) and T+1 = Tyyn+1 = Ti(y41), n > 1. Hence

%0 = Torrxa | < N0 —Xnwv | + [ Xngw — Tn+N+1(PTn+N+1)m(n+N>71xn+N I+

I T (PToe )" ™ oy = T (P )"0 My | 4

| Tt (PTri1)™ " tn — T 1 | - (3.22)
But (3.20) implies that
I PTt (PTc)™™ s =0 | < | Tt (PTot )" n = [ 20, s oo,
since 7,4 are uniformly continuous, then
I Tn+l(PTn+l)m(n)xn =T || =l Tn+1PTn+1(PTn+1)m(n)_1xn —Thp1Xn || =0, n—eo
(3.23)
Also, uniform continuity of 7,11 and (3.21) yield
| Tt (PTo )™ "y = Ty (PT)" ) "l | 0, = oo, (3.24)

Finally, using (3.20), (3.21), (3.23) and (3.24), it follows from (3.22) that
nlgl; lxn—Ths1xn || = O. (3.25)
Furthermore, for each i € 1
| X0 = Torixn || < Nl —Xngiot |+ [ Xnvio1 = Toviariot ||+ || Totingio1 — Tovitn |,

using (3.21), (3.25) and uniform continuity of 7;,1;, we get

nh_r)rolo | xn — Thpixn || = O, iel
Thus
Gim |~ T | = 0, i€l
The proof is complete. O

Now, we are in a position to state our main theorems

Theorem 3.7. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E which is also a nonexpansive retract of
E with a nonexpansive retraction P Let T;, i € I be N nonself asymptotically quasi-nonexpansive mappings from K to E with sequences
{kn } C [1,00) such that ¥y (kn —1) < o and lim_ye ﬁll) =1 foralli €I, respectively. Suppose that T; are uniformly L;-Lipschitzian
with the uniform Lipschitz constants L; > 0, i € I, respectively. Let {x,} be the sequence defined by (1.2) where {a, } is a real sequence
in [8,1— 8] for some § € (0,1). If F = Y, F(T;) # 0 and if one of the mappings T;, i € I is completely continuous, then {x,} converges
strongly to a common fixed point of the mappings T, i € I.

Theorem 3.8. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E which is also a nonexpansive retract of E
with a nonexpansive retraction P. Let {T; : i € I} be N nonself asymptotically quasi-nonexpansive in the intermediate sense mappings from K to
E with a nonempty common fixed point set F = (\Y_, F(T;). For eachi € I, put Gl = max{sup,ex ep (|| T(PT)™ 'x—x* || — | x—x*|),0}

so that Y, Gg,? < oo, €1 Let {x,} be the sequence defined by (1.2) where {04, } is a real sequence in [8,1 — 8| for some 6 € (0,1). If
one of the mappings T;, i € I is completely continuous Then {x,} converges strongly to a common fixed point of the mappings T;, i € I.

Proof. The proof of theorems 3.7 and 3.8 follows from the proof of Theorem 3.4 in [23]. O

Theorem 3.9. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E which is also a nonexpansive retract of
E wzth a nonexpansive retraction P. Let T;, i € I be N nonself asymptotically quasi-nonexpansive mappings from K to E with sequences
{kn } C [1,00) such that ¥y (k,l> —1) < oo and lim_ye kﬁl =1 foralli €I, respectively. Suppose that T; are uniformly L;-Lipschitzian
with the uniform Lipschitz constants L; > 0, i € I, respectively. Let {x, } be the sequence defined by (1.2) where {ay, } is a real sequence in
[6,1— 6] for some 6 € (0,1). If F = ﬂi-vzl F(T;) # 0 and one of the mappings T;, i € I is demicompact then {x,} converges strongly to a
common fixed point of the mappings T;, i € I.
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Theorem 3.10. Let K be a nonempty closed convex subset of a real uniformly convex Banach space E which is also a nonexpansive retract of E
with a nonexpansive retraction P. Let {T; : i € I} be N nonself asymptotically quasi-nonexpansive in the intermediate sense mappings from K to

E with a nonempty common fixed point set F = (\Y_, F(T;). For eachi € I, put G,S? =max{sup,cg e (|l T(PT)™ 'x—x* || — || x—x*|),0}

so thaty,_, GY) <o i€l Let {xn} be the sequence defined by (1.2) where {04} is a real sequence in [8,1 — 8] for some § € (0,1). If
one of the mappings T;, i € I is demicompact then {x,} converges strongly to a common fixed point of the mappings T;, i € I.

Proof. The proof of theorems 3.9 and 3.10 follows from the proof of Theorem 3.5 in [23]. O
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