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The basic aim of this paper is to present a novel efficient matrix approach for solving the
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1. INTRODUCTION

The Dirichlet problem is to find a function U(z) that is harmonic in a bounded domain D < R?, is
continuous up to the boundary oD of D, assumes the specified values U,(z) on the boundary oD,
where U,(z) is a continuous function on oD .

Laplace’s equation is one of the most significant equations in physics. It is the solution to problems in a
wide variety of fields including thermodynamics and electrodynamics. Today, the theory of complex
variables is used to solve problems of heat flow, fluid mechanics, aerodynamics, electromagnetic theory
and practically every other field of science and engineering. A broad class of steady-state physical
problems can be reduced to find the harmonic functions that satisfy certain boundary conditions. The
Dirichlet problem for the Laplace equation is one of the above mentioned problems.

The Chebyshev Tau technique was studied for the solution of Laplace’s equation by Ahmadi and Adibi
[1]. The Dirichlet problem was solved for some regions by Kurt et al. [9-11]. Also, Chebyshev
polynomial approximation was employed for Dirichlet problem in [12]. The analytic solution for two-
dimensional heat equation in some regions was expressed by Baykus Savasaneril et al. [2-4,6].
Chebyshev tau matrix method for Poisson-type equations in irregular domain and error analysis of the
Chebyshev collocation method for linear second-order partial differential equations were given by Kong
et al. [7] and by Yuksel et al. [13,14]. Gas Dynamics equation arising in shock fronts and solution of
conformable fractional partial differential equations by using the reduced differential transform method
were studied in [8].

In this paper, we have employed a matrix method, which is based on Bernstein polynomials and
collocation points. Let us consider the Dirichlet problem on D =[0,a]x[0,b],
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VU =0, zeD, U | __=Uy(2). (@))

Here, for a point (x,y) in the plane R?, one takes the complex notation z =x+yi,U(z)=U(x,y) and

2 2
U,(z) =U,(x,y) are real functions and V°U =%+% is the Laplace operator. Similarly the Dirichlet
X

problem for the Poisson equation can be formulated as

VU =G(x,Y) (2)

with the conditions defined at the points x=¢, Y=/ for (e, p) €D, ai'fj k=1..t and 4 are
constants,

t 11 -
Zzzailfju("n(ak,ﬂk)ﬂt-

k=1i=0 j=0

Here, G(x,y) are functions defined on D. We will find an approximated solution, namely Bernstein
series solution of (2) such that

Unn(X, Y)zzzaij Bin (X) Bj,n(Y) 3)

=0 j=0
where By ,,(0<k <n) are Bernstein polynomials.

2. FUNDAMENTAL RELATION

. it
Let R, be Bernstein series solution of (2). Let us find the matrix form of p,, and PS',‘nJ) :_a iar;”jn _
X
Pnhn Can be written as
Pnn(X,Y) = Bn(x) Qn(y) A @

where

Bn(X)ZI:BO,n(X) Bin(¥) .. Bn,n(x):la

Bn(Y) 0 0
Q- 7 B 0
0 0 .. B(Y)
and
Az[aoo ay -+ dn &9 By v Q- A ayg e ann]-

Hence, Pr](f;]j) can be written as
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P (x,y)= BL(x) Q1 (y) A.

On the other hand, Bri] (X) can be written as [5]

Bh(x) = X (x) DT 5)
where
d d - d .
Gy di e (=)™ (myfn-i i< j
o= T ay= R Ui
0 0>
an dnl dnn .

X(x):[l X e x”]
for X () (x), the relation

x ) = x (x) BX (6)

is obtained where

o 10 0 -~ O
o 0o 2 0 - O

0 0 0 0 0 n
0 0 0 0 0O O

By substituting (6) into (5), we get
BWx=xxB'DT. ()

If a similar prodecude is carried out, the relation Q ,(y) = Y (y) D will be obtained as

Yy) 0 - 0 D 0 - 0
— 0 Y _ T
0 0 o Y(y) 0 0 . DT

Thus, Y (9 (y) can be written as

Y Wy)=Y (y) B J, ®)

where
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0 --- 0
_ |o B 0
B = .

00 - B

By putting (7) and (8) into (4), we obtain the matrix form of Pn(’iﬁj) (x,y) as

P (xy)=Xx ) B'DTY () B!D A. 9)

By substituting (4) and (9) to (2), we obtain fundamental matrix equation as

[PXY) X (X)B’DTY (yY)D A+R(Xy) X (XY BD 'Y (y) B D

+SY) X () DTY (y)B?D+T(xy)BD 'Y D

HUGY) X (X)DTY (y) BD+V(xy) X (X) DY (y) D] A=G(x,y). (10)

Bu using the collocation points {(xi , yj):OS i, < n} in (9), one obtains a matrix W whose

(n+1)%x(n+1)2

m-th row, 1<m<(n+1), comes from (Xk’y')’kZHllH’l =m-k(n+1)—1. Similarly, G is column
n+

matrix such as [G]lm =G(x,[,yI ),t :Hnmlul =m-t(n+1)—1. Thus, a linear system is obtained as
+
WA=G. (11

We investigate the matrix forms for the conditions in three parts. By using (4) and (9), matrix relations
are obtained for the conditions

t 1 1 . _ _

CAY ¥ Zaiij(at)B'DTY(ﬁt)BjDAzﬂt (12)
k=0i=0 j=0 "

respectively. Let us write (11) as

C A=G1

where [G,] {1=4 . By combining [W,G] and [C,Gﬂ, it follows a new system [V\~/; G]:

w o, G}
. (13)

[vv;é]:{c o

By using the Gauss elimination method and removing zero rows of augmented matrix [W; G} if W is
a square matrix, then the unknown matrix A is obtained as

A=WG. (14)

The collocation points should be changed such that dim(W) = (n +1)2. Also, if the columns of W are
linearly independent, then the matrix A can be calculated by the pseudoinverse method; that is,



548 Nurcan BAYKUS SAVASANERIL, Zeynep HACIOGLU! GU J Sci, 31(2): 544-553 (2018)

W =(W )1\/\7* (15)

where W™ is the transpose of W .
3. ACCURACY OF THE SOLUTION AND ERROR ANALYSIS

We can easily check the accuracy of the solution. When the function P(x,y) and its derivatives are
substituted in Eqg. (1), the obtained equation satisfy approximately;

for (x, y):(xq,yq)e{ogxq <a, 0<y, sb} (9=012..),
E(xq,yq):|D(xq,yq)—ll(xq,yq)|so and E(xq,yq)slo_kq (kg positive integer).

If maxlo_kq =107K (k positive integer) is prescribed, then the truncation limit N is increased,
E(Xq.Yq) becomes smaller than the prescribed 107%. The obtained error can be estimated by the
function

N N
En(xy)= z Zar,sTr,s % Y), —9(x,y) = 1(x,y).

r=0s=0

As Ep (X, y)—0 and N is sufficiently large enough, then the error decreases. Hence, we can determine
the accuracy of the solution.

4. NUMERICAL EXAMPLE

In this section, a numerical example has been given to illustrate the efficiency of the method.
Also, we have performed a computer program written on Maple, in order to solve this example.

4.1. Example

Let us consider the following Laplace equation with Dirichlet boundary conditions
o’u  d%u

+ =0
ox2 ayz
u(x,0)=0, u(x,K)=1 O<y<K (16)
u0,y)=u(K,y)=0 0<x<K

the fundamental matrix equation for (16) is obtained as
[X()B’D'Y(W)WD+X(XD'Y(y)B2D]A=0.

Let the collocation points be the Chebyshev interpolation nodes

. .. 1 1 2i-1 1 1 2i-1
(ﬁ,yj). Oﬁl, erL Xi:?E-FECOS _EH_ T, yiz?E-FECOS _EH_ VA

or equidistant nodes. Then, W is a matrix rows are
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XB2DTY(y)D+X (x)D 'Y (y)B?D

and G is a zero matrix. The condition matrices for u(x,0)=0, u(x,K)=1, u(0,y)=0, andu(K,y)=0
are obtained as

Prn(%,00=X () DTY (0) D A=0 i=0,1..,n
Prn(i,K)=X () DTY (K)D A =1 i=0,1,...,n
Pn@¥)=X () D TY (yj) D A=0 i=0,1,...,n
Pon(K,¥)=X (K)D T Y (y;) D A=0 i=0,1..,n

Combining these matrices gives the augmented matrix [V\7; G~] By calculating the coefficient matrix
[A], Bernstein series solutions are obtained for different n values. For N=5, we obtain

X () :[ 1 x X X X% _1X6,
0100 0 0] TB OO0 OO O
002000 0 BOOOO
000300 —|looB o0 0O
B0 00040 B0 0 0B 0 0 !
000005 000O0B O
00000 0, 00 0 0 0 Bly. _
1 2 3 4 5
v el W) wEols) el el
o L) SRR SR S SC
I I~ =t W= W
- 0 P P
° ° o wrtale) wrlals) el
0 1
oo oo B el
_ 0 0 0 0 0 ((;(1;: @@M
DT oT o 0 0 0] vy 0 o o o o
o DD 0 0 0 O 0O Y@y 0 0O 0 O
SHER ST HE B
0o 0 0 0 D' o0 o 0 0 0 ¥y O
0 0 0 0 0 D'l . Lo 00 00 Y s
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Yo={1 vy ¥ ¥y

and then, as a result, we get the following error analysis illustrated in figures and tables.

Figure 1. Error analysis for N=5

0.00003

0.00002-
0.00001-

R

0
-0.00001-

R

-0.00002-
-0.00003

-

-0.00004

-0.00005-
Figure 2. Error analysis for N=10
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Figure 3. Error analysis for N=12

Table 1. Comparison of the error analysis on 0D that is the boundary of D for different values of N for
example D:(0<x<K, 0<y<K)

X y N=5 N=7 N=9 N=10 N=12

0 1 -2.440310~% | 1.569010* | 2.16110°° 891078 1.051077

0 0.9 —2.0438107% | 1.6914107% | —2.3880107° | -3.98107" 3901077

0 0.8 ~1615710% | -1.116210* | -1.955010° | 3.743610° | 3.743610°°
0 0.7 ~74720107° | —6.123410* | 2.19510° | 1.5841077 1.60 1077

0 0.6 ~1.6648107° | -1.1537107° | 5.634910° | -1.40107° 910710

0 0.5 —6.4541107* | -8.550810™* | -1.296910* | -2.62107° -2.6107°

0 0.4 —2.2257107° | -1.968010* | -1.837310% | -1.033810°7 | -1.036210°'
0 0.3 —2.9730107° | 6.976310° | -4.159510° | -0.398810° | -9.38710°%
0 0.2 ~8.003910* | -1.321810* | 4.730910° | 1.6025107 | 1.60311077
0 0.1 2.4436107° | -1.005410* | -1.781010° | 1.180210° | 1.1826107°
0 0 ~1.6157107° | -1.116210% | -1.955010° | 3.743610° | 3.743610°°

It is obvious from Table 1 and Figures 1-3 that the error results get better, as N is increased.

Table 2. Comparison of the error analysis in domain D: (O <x<K, O<y< K) for N=5,7,9,10,12

X y N=5 N=7 N=9 N=10 N=12

1 1 2.990010™ | 1.2359107* | -6.984910™* | 7.5900107 | -1.1100107°
0.5 0.5 3.9486107° | -6.7268107% | 1.5599107° | 6.100010° | -5.2350107°
0.2 08 11137107 | -1.4905107 | -6.686410°° | 5.896210° | 4.2800 1071°
0.1 0.7 5.184610~° | -6.620110™° | -6.583610™> | -5.745110° | 1.3544 10~
0.6 0.6 104041072 | -1.2613107* | 1.1713107% | -3.340210°° | -1.4990 1077
0.3 0.2 -3.898910°° | 5026610 | 6.177810°° | 2.562110° | -9.538810°°
1 0.4 20282107 | 1.928410™* | 1.8854107* | 3.199610° | -4.8500 107"
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08 0.3 -6.5765107° | -3.0576 107 | 4.922610™° | -1.948010~' | 4.517010°"
0.2 0.9 6.325810° | 1.6659107° | -2.6873107° | -9.7539107" | 4.497710°®
0.5 0.7 6.183410™ | -3.5100107™* | -2.789610™° | -3.744410°° | 2.7140 1077

The some calculated values of the error analysis are given in Table 2. It is clearly seen that when the
values of N increase, error function values rapidly decrease for N=5,7,9,10 and 12.

5. CONCLUSION

In this study, a technique has been developed for solving Laplace’s equation with Dirichlet boundary
condition. We introduce a new matrix method depending on Bernstein polynomials and collocation
points. Present method provides two main advantes: it is very simple to construct the main matrix
equations and it is very easy for computer programming.
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