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1. INTRODUCTION

Let

00

F@=Y a (1.1)
k=0
be a convergent series in which are known real numbers. If

z=x+iy=ré? (i= V-1)

r=4/x2+y* and 0= arg(x+iy)

(z*f*(z) - z”f*(z)) _
i

is a complex variable with

then it can be verified from (1.1) that

Im (2'f*(2) + 2 () = Im 0, VieR. (1.2)
This means that z* £*(z) + Z £*(Z) and (z'f*(z) — 2'f*(2))/i are always two real functions if (1.1) holds. Based on the
results (1.2), we have recently introduced two bivariate series in [5] as
Col 51, 0,mm) = )" a1 cos(e + k)0 (1.3)
=0
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and

o

Solfsr0mm) = " a1 sin(e + k) (1.4)
k=0

where r, 8 are real variables, @ € R,n € Nand m € {0, 1, ...,n — 1}, and showed that they are convergent if the reduced

%

b r* is convergent. Now, assume in (1.3) and (1.4) that

0
series >, a
k=0

. (a1)(@)g..(ap),
ET Bbo)y-(by),

k=1

are hypergeometric terms where (r); = [ (r + j) denotes the well-known Pochhammer symbol [1]. Then
j=0
a, a, ... a = (al)k(QZ)k-n(ap)k r
C P (r, 9);0) = — = —cos(a + k)b, (1.5)
! q( b1 b, o by & 01b2)y- by, K!
and
a, dy, ... a - (al)k(az)k-u(ap)krk .
S P (r, 6’);&) = — " __sin(a + k)6, (1.6)
p q( bi, by, ... by ; (b1 (b2 (by), k!
are called bivariate hypergeometric-trigonometric series [6]. It is clear from (1.5) and (1.6) that
ap, dj, ... Clp . _ ay, dp, ... ap .
qu( by, by, ... by (r,H),a/)—cosaHqu( by, by, ... by (r,G),O) (1.7)
. a, az, .. a )
—sinaf,S P (r,6);0],
@0 q( bi. by, . by |9 )
and
a, az, ... ap . e a, az, ... ap .
qu( bi, by, .. b, (r,G),a)-smaGPCq( bi, ba, .. b, (r,Q),O) s
+cosal,S, | ¢ D (1,6);0 '
PR\ by, by, ... by e b

Many ordinary hypergeometric series (when 6 = 0) and Fourier trigonometric series (when r is fixed and pre-assigned)
can be represented in terms of the series (1.5) or (1.6). See also [2,6].

2. A GENERAL IDENTITY FOR BIVARIATE HYPERGEOMETRIC-TRIGONOMETRIC SERIES

First, for any arbitrary series that we clearly have

(o) (o] o0 0 (] (o] (o] o0 (o]
Z Up = Z Upj+ Z Upjy1 = Z usj + Z Usj + Z U3jy2 = ... = Z Upmj + Z Umj+1 T+ oo T Z Upjrm-1, (2.1)
k=0 j=0 j=0 j=0 j=0 j=0 j=0 j=0 j=0

where m is a natural number. By recalling the Pochhammer symbol and noting the series (1.5) and (1.6), if

_ (a)az)y.(ap), rk{ cos(oz+k)9}
T bbb (D | sinl@+k)6 [

is substituted in the last equality of (2.1), then we have

C ay, az, ... a
LAY . by, by, ... by

Uy

(r.0): ] = i": (@D (@)nj@p),; i | COS(@ + mj)O
7 20 @0 B2l B0}, D sin(a + mj)@

(@D jr1 (@t -(ap),, 1y i+l cos(a+mj+ 1)0
It 02)mji1 (D) 1oy Dt sin(a + mj + 1)0

. i @O @jens i1 cos(a +mj+m—1)8 }
Jj=0

+3 2.2)
j=0

S GO0 mjem-10g) 1 Dimjem-1 sin(f@ + mj+m—1)0
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On the other hand, since the two following identities hold
m—1 .
_ mk a+ J
(@ = m 1_0[ (=)

and
(a)mjﬂ' =(a+ i)mj(a)i,
relation (2.2) can be re-written as

C ai, a, ..
Pl s g by, by, ...
. n (ul+l+r H (a,;+l+'

+(ul)1(u2)1 (ap), r Z (m(ﬂ—fl—l)mrm)j COS(U%I + ))(mb) "
G- bo)y (4 "h ey n et ' (2 sin(42 + j)(mé)
=0 ™7

al+r o a,,+r ] .
(r 9)'&) _ E l'[( e ,n( (m(P“l‘l)’”r’")J{ c.os(% + !)(mé’) }

o a
s rl;{)(b]"-lw ), E)(qu ) 'g(%)j sin(;- + j)(mb)

m—1

ay+m—1+r m-1 ap+m=1+r (p—q—Dym m\J 1 .
@ @)y 1 ,Hn(i - G (e { cos(%ﬂ)(ma)}

GD)m-1B2)y1---(bg),,y (D =0 l_[ (b]+m l+r) I_[ (hq+rvx 1+z) I_[ (st H,) sin(MT”H + j)(mb)

which eventually leads to the main theorem.

Theorem 2.1. For any natural number m, the two series (1.5) and (1.6) satisfy the relation

C } ( ay, az, ... a
P (r,0),a
{S p by, by, ... by
2.3)
- - -
Ly (@)g(ap) C A, Ay oo Apg, 1 (p—g—Vymm ik
S0 m ", mb); ,
Z Brtby), K (mp+1){ s }(mqm)( Bir, B, .. BTl ( ); &
where
aj+k aj+1+k aj+m—1+k .
k_(m’ - (AR : m ) (]:1323---,17)’
3 bj+k bj+1+k bj+m—1+k .
Bijy=(=-,"4—, .., ——) (G=12,..,9,
and

This theorem can be interpreted as a decomposition formula for many hypergeometric-trigonometric series of type
(1.5) and (1.6).

Example 2.1. Since we have [4]

OCO( _
050( -

relations (1.7) and (1.8) respectively yield

(r,0); a):i

cos kf = "% cos(rsin6),

” I

(r,0); 0)=i

and

o 7
(r,0); 0) = Z o sinkf = ¢"*?sin(rsin 6),
k=0 "

0Co ( 3 cos(k + a)8 = "% cos(al + rsinf),

050( ~

” I

and

Nk
(r,0); o) = Z 7l sin(k + @)0 = ¢"°*?sin(b + rsin ),
k=0 "
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which are valid for any r € R, @ € R and 0 € [-n, ). Hence, by taking m = 2 in (2.3) we respectively obtain

‘( 2.29): a'+1)’

rcosﬂ

cos(a@+rs1n9)—0C1 1/2 ‘( r ,20); )+r0C1 3;2

and

1 —
“"“’sm(a@+rsm9)_os,( (Zrz,ze);%)wosl( 3 ‘ (=r2,20);

- a+ 1
1/2 ’
Similarly for m = 3 in (2.3) the decomposition formulae read as

€% cos(af + rsinf) = (C» (

- 1.3 .
13, 2/3 (27“39)’3)

- 3 a+l 1.2 - a+2
+roC> 2/3, 4/3 77 ,30); )+2r ()CZ( 43, 5/3 (277' 360); )
and
e’c"sgsin(a0+rsin0):052( 1/3_2/3 (%r3,39)§%)

1 3 a+l -
71" 39 )+ 1’052( 4/3’ 5/3

(27 3 39) a/+2) .

+’°SZ( 2/3, 4/3

Finally for m = 4 in (2.3) we have

€% cos(af + rsinf) = (Cs (

- 1 .4 -a
1/4, 2/4, 3/4 (256”49)’4)

(256

r*,40); M)

— a+l 1.2 -
+roC3( 2/4, 3/4, 5/4 (3557, 40); )+2r 0C3( 3/4, 5/4, 6/4

1.3 - 14 4p). a3

and

rcosf o3 1 = )
e sm(a6'+rsm9)—053( 1/4, 2/4, 3/4

(357, 40); %)

14 40y exl| 12 -
(3557, 40): %5 )+2’°S3( 3/4, 5/4, 6/4

(5214, 40); %)

+’°S3( 2/4, 3/4, 5/4

1.3 - 1.4 . a3
6T 053( 5/4, 6/4, 7/4 l(zsﬁr - 46), 5 )
Example 2.2. Since
b r* rsiné
ICO( e 0);0) Z (b)k— coskl = (1 +r* = 2rcos6)” : cos(b arctan Toosf-1)
and
b r* rsin@
ISO( G 0);0) Z (b)k— sink = (1 + 1> = 2rcos6)” : sin(b arctan Toosd—1)

relations (1.7) and (1.8) respectively yield

in6
1C0( b (r,0); a) Z (b)k— cos(k + )0 = (1 + > = 2rcos6)” : cos(af + b arctan _Ismy R
- rcosd—1
and
b - o 2 b, rsin6
1So (r,0);a| = Z D)y — sin(k + @) = (1 + r* — 2rcos0) 2 sin(af + b arctan ——),
- = k! rcosd—1
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which are valid for any |r| < 1, « € R and 0 € [—n, nt]. Hence, by taking m = 2 in (2.3) we respectively obtain

(1 + 12 = 2rcos )~ cos(af + b arctan Lsinf ) = ,C, ( b/2, Y;; b7z ‘ (2, 26); %)
+brCy b+1D/2, b+2)]2 (2., 26); 221
3/2
and
(1472 = 2rcos )2 sin(af + b arctan Ly = 58, ( b/2, ib/; b7z | (r%,20); %)

o |0 VD2 | 2 )

Similarly for m = 3 in (2.3) the decomposition formulae read as

b/3, (b+1)/3, (b+2)/3
1/3, 2/3

rcos -1

(1 + 12 = 2rcos 9)—[’27 cos(af + b arctan =25 zsing =) =30, (

(r,30); g)

(b+1)/3, (b+2)/3, b+3)/3| 3 1) a1
+b}’3C2( 2/3, 4/3 (r ,39),7)
I (b+2)/3, (b+3)/3, b+4)/3 a+2
+b(b + 1)§r23cz( 4/3. 5/3 (3, 30); )
and
(1+72 = 2rcos6)~% sin(af + b arctan L580) = S, (b/3’ ® “;/13),/32’/3(17 T3 30); %')

b+ 1)/3, b+2)/3, (b+3)/3

””352( 2/3. 4/3

(3 39) ar+l)

b+2)/3, b+3)/3, b+4)/3

+b(b + 1)%;’2352( 4/3. 5/3

(3 39) a+2).

Example 2.3. Since we have [4]

2C ( 1’21 (r, 0); 0) =z o coskd = 1 (=52 In (1 + r2 - 2rcos 0) + sin farctan (;222,)) |
and
281 ( 1’21 (, 9);0) =Y % sinkf = %(cos@arctan(%) + sind ln(l +r? - 2rcos@)),
k=0

relations (1.7) and (1.8) respectively yield

2C ( 1’21 (r,0); a/) = 3 &5 cos(a + kg = -2 gretan (L) — Dy (1442~ 2rcosf),  (2.4)

k=0

and

28 ( 1’21 (r,6); a) z = sin(ar + k)f = <D gretan (200 ) - S0 (142 — 2rcosf),  (2.5)
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which are valid for any |r| < 1, « € R and 0 € [-n, 7] . Hence, by taking m = 2 in (2.3) we respectively obtain

172, 1
3/2

sin(a—1)6 rsin 6 cos(a—1)0 2 _
———arctan (150055) — — 3, ln(1+r —2rcos@)—2C1(

(r2,26’);%)
+§rzc.( b | <r2,29>;f’7+1),

and

—rcosf 2r

_ ; in(a— 1/2, 1
COS(‘i D4 arctan (7200 — sin(e—1)0 ln(l + 12 —2rcos 9) =55 ( / ‘

32 | 0720 %)

1

1
+1r,8) ( | 220y “T“)
Finally, it may be valuable to point out that it was first Euler [3] who obtained the following well known sum

m—0 <o sinkd

3 . 0<6<2na.
k=1
Now, Euler’s sum can be represented as
o sinkf < sin(j+ DO~ (1D;(1); sin(j + 1)0 1,1
— = = S 139,1 b
Lk 2 j+1 ;(2)1. ! il |9

which according to (2.5) is simplified as
in 6 -0
25 L1 (1,0); 1] = arctan(L) = arctan (cot(6/2)) = L.
2 1-cosé 2

Similarly, relation (2.4) yields

oo

I, 1 A coskd 1
2cl( 5 ‘(1,0),1)_; =52~ 2cos6).
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