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A recurrent set for one-dimensional dynamical
systems
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Abstract

In this note we introduce a new kind of recurrent set for a dynamical
system on the interval [0,1]. This set is not necessarily invariant under
continuous conjugacies, but it is invariant under absolutely continuous
ones.
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1. Introduction

One of the main problems in dynamical systems is the description of the orbit structure
of a system from a topological point of view [6, 7, 9]. Recurrence behavior is one of the
most important concepts in topological dynamics. An equilibrium solution or periodic
solution of a differential equation exhibits recurrence in the sense that it returns to it’s
initial condition infinitely often. However, solution of differential equations may also tend
toward solution displaying more complicated recurrent behaviour. To describe these types
of asymptotic behaviours, we seek to understand more complicated forms of recurrence
[4]. We shall investigate these behaviors in one-dimensional discrete dynamical systems.
By a dynamical system (I, f) we mean that I =[0,1] and f : [ — I is a continuous map.
The following examples of recurrent sets are well-known [2].

e A fixed point of dynamical system (I, f), exhibits the simplest type of recurrence.
We denote by Fix(f) the set of all fixed points of f.

e A point carried back to itself by a dynamical system (I, f) exhibits the next
most elementary type of recurrence. A point x € [ is called periodic if there
exists n € N such that f"(z) = . We denote by Per(f) the set of all periodic
points of f.
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e A major object in the study of dynamical systems is to describe the eventual
behavior of an orbit {f™(z)}nez. A point x € I is called an w-limit point for
z € I provided that there exists a sequence ny — oo, (as k — o00) such that
f™(z) = y. A point y € I is called an a-limit point of 2 € I provided that there
exists a sequence ni — 0o, (as k — oo) such that f~"*(z) — y. We denote by
w(z) and a(z) the set of all w-limit points and a-limit points, respectively. A
point z € I is called Poincare recurrent if € w(z) N a(x). We denote by R(f)
the set of all Poincare recurrent points of f.

e A point z € I is non-wandering if for each neighborhood U of z, there exists
n € N such that UN f™(U) # 0. We denote by Q(f) the set of all non-wandering
points of f.

e An e-pseudo-orbit (or e-chain) of f from z to y is a sequence {z; };—o with zo = z,
xn =y and |f(zk) — zk+1] <€ forall k =0,1,...,n — 1. A point z in T is called
chain recurrent if for each € > 0, there is an e-chain from z to itself. We denote
by CR(f) the set of all chain recurrent points of f.

It is known that
Fix(f) € Per(f) € R(f) € Q(f) € CR(S).

By denoting PR(f), as a recurrent set, almost all of the aforementioned recurrent sets
have the following desirable properties:

(1) The set PR(f) is forward invariant with respect to f, that is f(SR(f)) C R(f).

(2) R(f) is closed.

(3) MR(f) is invariant under topological conjugacy, that is, if (I, f) and (J, g) are two

dynamical systems and h : I — J is a homeomorphism with Ao f = g o h, then

R(g) = h(R(S))-
(4) R(f) has the restriction property, that is R(f|n(s)) = R(f)

Ideally, a recurrent set must have the properties (1)-(4). In this paper we are going to
introduce and study a new type of recurrence for an absolutely continuous dynamical
system.

2. Preliminaries

We use the symbol Os(f,z,y) for the set of §-pseudo-orbits {z;}io of f with zo = =
and z, = y. For given points z,y € X we write z ~» y if O(f,z,y) # 0 and we write
x ~ yif O(f,z,y) # 0 for each € > 0. We write x «~ y if  ~» y and y ~ z. The
set {x € I : © «w 2} is called the chain recurrent set of f and is denoted by CR(f). If
we define a relation R on I with x R y < x «~ y, then R is an equivalence relation on

eR(f).
A dynamical system (I, f) is called chain recurrent if CR(f) = I. A dynamical system f
is called chain transitive if for every x,y € I we deduce x «~ y.
We say that a dynamical system (I, f) has the shadowing property on X if for each € > 0
there is § > 0 such that for a given sequence & = {x }nez with

|f(z) — py1| <6 for k €N,
there exists a point « € I such that
|/ (@) — x| <e forkeN
(In this case we say that x € I, e-shadows &).

Recall that a function f : I — R is called absolutely continuous if for every & >
0 there is 6 > 0 such that, for every finite collection of pairwise disjoint intervals



(a1,b1),(az,b2),...,(an,bn) C I with 3. |a; — b;| < 0, we have

D OIF) = flai)| <e
K2
For most of the existing instances of absoloutely continuous functions, the inverse function
is also absoloutely continuous. The paper [8] presents a function which shows that this
is not true in general.
In following definition from [1] allows us to define our main concept in the next section.

2.1. Definition. Let (I, f) be a dynamical system. Given € > 0 we define a function
0, : I x I —1[0,00) by
k
Sf.c(@,y) =inf{> |pi—qil :po=x,q6 =y, k €N}, 2,y €1
i=0

where the infimum is taken over all choices of p; and ¢; so that g¢; PRI piy1 for all
i=0,1,...,k — 1. Obviously the points p; and ¢; can be chosen such that the intervals
(pi, i) or (¢i, pi) be pairwise disjoint.

T = po P p2 ps/...
qo q1 q2 q3
Obviously for any € > 0 the function d . is a pseudo-metric on I. We denote by 7y,

the topology induced by this pseudo-metric. If CR(f) = I, then 7y is finer that standard
topology on I.

Pk

9k =Y

3. Main results

In this section we are going to introduce a new kind of recurrent set for dynamical
system (I, f).

3.1. Definition. We say that a point x € I is weak chain recurrent if 67 (x,z) < € for
all € > 0. We denote by A(f) the set of all weak chain recurrent points.
Obviously
Fix(f) C Per(f) C R(f) € Q(f) € ER(f) € A(f).
Now we prove the desirable properties of recurrent sets for A(f). We begin with
Invariance property.

3.2. Proposition. If f is absolutely continuous then A(f) is forward invariant.

Proof: Given € > 0 there exists § > 0 such that for each n € N and every finite
collection of pairwise disjoint intervals (z1,91), ... (Zn,yn) in I the inequality > ;| |z —
yi| < ¢ implies D7 | | f(z:)—f(y:)| < e. Suppose that x € A(f), then dy,5(x,z) < §. Thus

there exist intervals (po,qo), ... (pk,qx), k € N such that Zf:o lpi —qi|l <9, @ o Dit1
for i =0,1,...k —1 and po = z, g = . Hence > |f(p:) — f(@)|] < €, moreover
f(@) < f(pir1) for i = 0,1,...k — 1 and f(po) = f(x), f(gr) = f(x). Therefore
0f,e(f(z), f(x)) < e. That is f(z) € A(f).

3.3. Proposition. A(f) is closed.



Proof: Suppose that z € A(f) we shall show that z € A(f). Given ¢ > 0 there exists a
point y € A(f) such that |z —y| < €/3. Since y € A(f) we obtain 0y /3(y,y) < €/3. Thus

there exist intervals (po, qo) - - . (Pk, qx), k € N, such that Zf:o |pi —qi| < €/3, qi A Dit1
fori=0,1,...k—1and po =y, gx =y. Define

_f oz i i=0,
Pi= pi if i=1,2,...k

o @ if i=0,1,.. k-1,
L=V ¢ if =k

and

Therefore
k k
dolpi—dgl <2z —yl+ > Ipi—al <e
1=0 i=0

Moreover ph =z, qj, = x and ¢ «~ p;,, for i =0,1,...k— 1. Hence d;,(z,z) < e. That
is x € A(f).

3.4. Theorem. Let (I, f) and (J, g) be two dynamical systems and suppose that h : I — J
is an absolutely continuous map with absolutely continuous inverse such that ho f = goh.

Then h(A(f)) = Alg)-

Proof. Assume that z = h(z) € h(A(f)) and £ > 0. Suppose that 7 is a £ modulus of
absolute continuity of h. Since z € A(f), we obtain df,(x,2) < n. Thus there exist
a finite collection of pairwise disjoint intervals (po, qo), . - ., (Pk, qr) such that Zf:o |pi —
¢i| < mand g «b pigq foralli = 0,1,... k — 1. Hence Ef:o |h(pi) — h(g:)|] < € and
h(g:) N h(pi+1). Therefore d4¢(h(x), h(y)) < € and z € A(g). A similar proof works
for the inclusion A(A(f)) 2 A(g). O

3.5. Lemma. Let (I, f) be a dynamical system. Then for any € > 0 there exists 6 > 0
such that for each x,y € I,

o&(f,f,y) # @ = OC(f‘CR(f%x?y) ?é @

Proof. By contrapositive assume that there exists € > 0 such that for any n € N there
exist points zn,yn € I with O1 (f,z,y) # 0 such that Oc(f, zn,yn) = 0. Passing to the
subsequnces we can assume that Tn — x and y, — y for some x,y € I. For each n € N,
there exists a sequence Tn, = Tn,0, Tn,1, ... Tk, = Yn such that |f(zn,i) —Tn,is1]| < * for
alli=0,1,...,k, — 1. Define Cy, = {Zn,0,Zn,1,.-.,Tnk, } for each n € N, so the set C,
is compact . The space K (I) of all nonempty compact subsets of I with the Hausdorff
metric

D(A,B) =sup{la— B|,|b—A|: a€ A, be B}
is a compact metric space. Thus the sequence {Cy} in K(I) contains a sub-sequence Ch,
which converges to some C' € K(I). We may assume, without loss of generality, that
{C,} converges to C.
Assume that p,q € C and § € (0, §) is an € modulus of uniform continuity of f. Since
{Cyn} converges to C' there exists a positive integer n such that 1 < e and D(Cy,C) < 4.
Hence there exist Zn,s, Zn,t € Cpn such that |zn,s —p| < 0, |Tnt — ¢ < and Tpys < Tn,.
By defining

_ T, s+i if 1=0,1,...,kp, —s—1,

Yi = { Tn,s+i—kpn if i:kn—s...kn.
Since D(C,,C) < §, foreach j = 0,1,...,k,—1 there exists p; € C such that |y; —p;| < 9.
Put po = p and px,, = g, obviously p = po,p1,...,Dk, = ¢ is an e-pseudo-orbit from p to



q. Consequently po,p1,...Dk, is an e-pseudo-orbit in C' from p to ¢. Since zn,yn € Cp
for each n € N, we obtain that x,y € C. Therefore Oc(flex(s),Tn,yn) # O for some
n € N which is a contradiction. |

3.6. Theorem. Let (I, f) be a dynamical system. then A(f|acs)) = A(f).

Proof. The inclusion A(f|a(s)) € A(f) is immediate. Assume that z € A(f). Given
& > 0, by Lemma 3.5 there exists n € (0, &) such that for all z,y € I,

(31) O’q(f7x7y) #wéoﬁ(fl(?ﬂ?(f)ax7y)5£®'

Since 4., (z, z) < 7, there exist points po,p1,...,Pk,q0,q1,---,qk With po =z, ¢x =z
such that g; «% p;41 with respect to f and Zf:o |pi —qi| < n. Therefore O, (f, qi, pi+1) #
) and by 3.1 we obtain O¢(f|ex(s), ¢i> Pi+1) # 0. This implies that x € A(f|as))- O

4. Weak chain recurrent set in metric spaces

If (X,d) is a compact metric space and f : X — X is continuous, then for every
z,y € X, we can define
k

Sf.c(x,y) = inf{> _d(pi,¢:) : po = x,qx =y, k € N}
=0

where the infimum is taken over all choices of p; and ¢; so that ¢; s piy1 for all
i =0,1,..k— 1.

We also define
k

6f($a y) = lnf{z d(pl7 qz) ‘Po =29k = Y, ke N}
i=0

where the infimum is taken over all choices of p; and ¢; so that ¢; «~ p;+1 for all
i =0,1,..k—1.
The straightforward calculations imply that for €; < ez we deduce d5.¢, (2, y) < 1., (z,y) <
or(z,y).
In [1] the author proved the following theorems.
4.1. Theorem. [1] Let f : X — X be a chain recurrent continuous map. Then f is
chain transitive if and only if 05(z,y) =0 for all x,y € X.

4.2. Theorem. [1| Let f : X — X be a chain recurrent continuous map. Then §s(z,y) =
d(z,y) for all x,y € X if and only if f is the identity map and X is totally disconnected.

4.3. Theorem. [1| Let (X,d) be a compact metric space. Then X is connected if and
only if for each x,y € X, d;a(z,y) = 0.

Let f: X — X be a continuous surjection. Then if

hin([, f) = {:1: = (JJZ) : x; € X and f(xH.l) =x; 1> 0}

and
ol () = 3 22

then (X, p) is a metric space called inverse limit space. The homeomorphism o : X; —
Xy with o((2:)§20) = (f(x:))520 is called the shift map. Investigating the relationships
between the dynamical properties of continuous map and shift map of the inverse limit
space is always interesting [5].



4.4. Theorem. [3] Let f : I — I be a continuous surjection and let im. (I, f) be the
inverse limit space with the shift map o. Then

(1) Pia(o) = lime(Fia(f), f)
2) Per(o) = lim(Per(f), f)
) (U)—hme( (£): 1)

) Qo) = lim(2(f), f)

) CR(0) = lim (ER(f), f)

Now we are going to prove the same statement for A(f).

(

(3
(4
(5

4.5. Theorem. Let f : I — I be a continuous surjection and A(c) be the weak chain
recurrent set for the shift map o : lim (I, f) — lim (I, f). Then we deduce A(o) =
(lim(A(f), f)

Proof. First we prove the inclusion A(o) C (lim« (A(f), f). Suppose that (z;) € A(o).
Fix m > 0, for € > 0, since 0, o-m ((:), (x:)) < 27 e there exist points (p]), (q]) €

lime (1, f), j = 0,1,...,k such that (p?) = (), (¢F) = (@), (¢)) 2L (pI™h) for j =
0,1,...,k—1 and

k
; ; €
>_el]): (@) < 5
=0
We show that for each j = 0,1,...k—1, ¢}, «~ p. Fix j > 0, then O jom (0, (), (1)) #
0. Let {(r9), (i), .., ()} € Ocjam (0, (a]), (p])). Then
l I+1 AR
‘f(rm;m T'm |rm 12m T'm S P(O’("'i‘), (r§+1)) < 6/2m

for 1 = 0,1,...,n — 1. Thus {r%,re,...,rm} € O(f, ¢, p3") s0 ¢f, «w pif'. On other
hand

<.

PR v
3 lpi —gil _ e
=0 i=0 2 2m

Hence

k . .
> i — @l <€
§=0

Therefore §f ¢ (m, Tm) < €. This implies that z,,, € A(f). Since m is arbitrary we obtain
(1) € (time (A(F), f).

Conversely assume that £ = (z;) € lim (A(f), f). Given € > 0, there exists m > 0
such that 27™%! < ¢, by uniform continuity of f there exists n € (0,¢/4) such that
|z — y| < n implies that

max |f*(z) — f'(y)| < /4.

0<i<m

Since z.m, € A(f), we obtain dy,, (Tm, Tm) < 0. Then there exist points Tm = po,, Py, - - -, PE,
and ¢%, ¢, ..., qF, = T in A(f) such that ¢, s pifl for all j =0,1,...,k—1, and
Z?:o Pt — qﬁn‘ < 9.
Fix j, since ¢, s pitt, we obtain Os(f, ¢k, pl") # 0. Suppose that {rd,,...r%} €
Os(f, @, P2 MCR(f). Then |1 (L) — fFrHY)| < e/ for all 1 = 0,1,...,n — 1 and
all 0 < i < m. Hence we conclude that

S ARGOEING e

2m—i 4°2

1=0 =0

(e

M\n\



Since f(CR(f)) =CR (f) for 0 <1< n— 1 we can find points 7%, 1,75, 40,... such that
!

ql_( m( ) ( m)v-“7f(rm) Tm77.m+17rm+27"-)eli(iTl(G:R(f)?f%
= (¢/) and ¢" = (p/*"). Furthermore we obtain
l+1 - |f () )—f (r ) S |T§717Tfé+1 e, 1

Hence for fixed j, the sequence {q°,q",...,q"} is an e-chain from (q/ ) to ( JH) That
is (¢/) ~ (p!™"). Similar proof shows that (pi™') <~ ( 7). Finally we have

zm @y=33 Bl 26/2

Jj=0 i=0

Therefore pg,e(:z:,:l:) < €. This completes the proof. O

5.
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