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Abstract: Let A, be a nonsingular symmetric M-matrix. For a sufficiently large t, A, = tI + A, is a
new nonsingular symmetric M-matrix and the following inequalities hold for the sum of the principal minors of

new matrix A;:
Z|A(1)| < ZlA(l,Z)I << Z|A(1,z, )l
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M-Matrisleri Uzerine Bir Esitsizlik

Oz: A, tekil olmayan simetrik bir M- matrisi olsun. Yeteri kadar biiyik bir t degeri i¢in A, = tI + Aq
seklinde olusturulan M- matrisinin esas minorlerinin toplamlari arasinda

ZIA(l)l < ZlA(l,Z)I << ZIA(LZ, .
[ c? Cn

esitsizligi vardir.

Anahtar Kelimeler: Negatif olmayan matris, Tekil olmayan simetrik matris

1. Introduction A=sl—B 1)
Definition 1: Let A = (al-j) be a real A is called a M-matrix fors = p(B). If
valued matrix fori = 1,2, ..., m and s = p(B) then A is a singular M-matrix, and

j=12,..,n If a; >0 then matrix A is  conversely, if s>p(B) then A s
said to be a non-negative matrix  nonsingular  M-matrix  (Berman  and
(Gantmacher, 1956). Plemmons, 1979).

Definition 2: Let B = (bij) be a non- Theorem 1. let A, be a nonsingular
symmetric M-matrix

negative an n dimensional square matrix and
| be a n dimensional unit matrix. Further let

p(B) be the spectral radius of B. Then let A is also a nonsingular symmetric M-matrix
be defined by for sufficiently large positive integer t.
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Proof: Ay, is a  nonsingular

Ay =sl—B

when s > p(B) where s is defined as in

symmetric M-matrix. Thus,

equation (1). We can write A, = sl — B,
and putting this value into equation (2) we
have A, =tl + (sI — B). Then it follows
that A, = (s + t)I — B. This shows that A,
is a nonsingular M-matrix (Berman and
Plemmons, 1979).

Theorem 2: Let A, = (AOU.) be ann

dimensional nonsingular symmetric M-
matrix and A, be a matrix defined by
A, =tl+ A, for t=>n. Then, for new

matrix A,

D1l < Y 14D <+ < 1402wl (3)
ct c? Cy

where C; (r=1,2,..,n)is a binomial
coefficient and

|A; (i, iq, ... ,ip)| With
1<i;<i, < <i,<n is the
corresponding principal minor of A,.

Proof: We will prove this theorem by
induction using the properties of similar
matrices, Since the characteristic
polynomials of similar matrices are the same
and the eigenvalues of a real symmetric
matrix are real numbers (Mirsky, 1955). It is
easily seen that A; can be written explicitly

in the following form.

t+ Qo,q Qo,, o,y
A, = Qo,, t+ Qo,, Qo,,
t - '} 'L
Q0py 0y, t+ @0,
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A; is similar to such a triangular
matrix whose elements on the main diagonal
equal to the eigenvalues of A,. Thus if the
eigenvalues of A, are A; for i= 1,2,...,n,
then the eigenvalues of A, will be t + 4;
for i= 1,2,...,n.

nonsingular n dimensional triangular matrix

In this case, we have a

t+d1 Y1z Y13 Yin
PAP'=R, = 0 t+2; ¥V Yan | (4)
0 0 0 . t+1,

where P = (p;;) is a nonsingular matrix.

Now we will prove that equation (3) holds
for R, matrix. For n = 2, equation (4) can

be written as

t+ A
; )

When we evaluate the first and second order

Y12

Re = t+ A,

sums of principal minors, we get

ZIRt(l)l S A+ (E+A) =264 A+ 2y

1
C2

(GRY)

ZlRE(LZ)l =({t+A)(t+ ) =t2+ (A4 + )t + 4,1, (5.2)

f

Supposing t = 2 and using equations (5.1)

and (5.2) we have

D IR < ) R(12)]

It follows by hypothesis that
A <A, < -+ < 4, because the eigenvalues
of A, are real numbers. Therefore, we have
the same values for 4;; (i = 1,2). When the
A

equation (5) then it is trivial to proof that the

result is correct for the smallest in
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result is true for larger A without losing any ~ Theorem 2. Now, let n=3, then the matrix in
generality on chosing A = min (4;); (i=  equation (4) can be written in the following

1,2,..,n). This will help in improving  form

t+4 Yz Vi3
Re=| 0 t+1 vy (6)
0 0 t+ 1
Evaluating first
second and third order sums of the principal minors we will have
ZIRt(l)I - c;Z(t +2) =3t 431=3(t+ 1) (6.1)
c3
ZIRt(l,Z)I - 2 Z(t + )2 = 3(¢% + 24t + A7) (6.2)
3
and
Z|Rt(1,2,3)| =C3 Z(t + A)3 =t3 + 3t21 + 3tA% + t3. (6.3)
C3

3

Then for t > 3, using equations (6.1), (6.2) and (6.3) we obtain

D IRDI < D IR(12] < ) IRe(123].
ci c3 c3
3 3 3

Now, assuming that the inequality in equation (3) holds for n-1, i.e,

ZIRt(O)I < ZIRt(l)I < Z IRy(1,2)] < - < Z IRy(1,2, .., — 1))
Cﬁ—1 5721—1 C;ll:ll

0
Cn-1

It follows that

co_, Z(t + )<, Z(t + D) <Cc? Z(t + )2 << crd Z(t + )L

replacing n-1 by n in the last expression we get

c,llZ(t )< ch(t +2)2 <C,§Z(t A3 << c;;Z(tH)n.

it follows easily that

ZlRt(l)l < ZlRt(l,Z)l << ZlRt(l,Z, O

Since A, is similar to R, then

ZlAt(l)l < ZIAt(l,Z)l << Z|At(1,2, O

This completes the proof.
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2. Result and Discussion

In this study, some inequalities on
M-matrices are examined by using the
properties of M- matrices and benefiting

from principle minors by taking advantage
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