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On certain multivalent analytic functions starlike
with respect to k-symmetric points
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Abstract

Two new subclasses Q, (A, A, B) and G, (A, A, B) of analytic and p-
valent functions which are starlike with respect to k-symmetric points
are introduced. Distortion bounds, inclusion relations, integral trans-
forms and convolution properties for these classes are studied.
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1. Introduction and preliminaries

In this article we assume that
(11) N={1,2,3,--},ke N\{1},-1<B<A<1,B<0and A > 1.
Let A(p) be the class of functions of the form

(1.2)  f(z)=2"+ ) anz" (pEN)
n=p+1
which are analytic and p-valent in the open unit disk U = {2 : |2| < 1}.

For functions f and ¢ analytic in U, the function f is said to be subordinate to g,
written f(z) < g(z) (z € U), if there exists an analytic function w in U with w(0) = 0
and |w(z)| < 1 such that f(z) = g(w(z)).

Let -

fiz)=2"+ Y ang2" € Alp) (G =1,2)

n=p+1
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Then the Hadamard product (or convolution) of f1 and f> is defined by

(fr* fo)(z) = 2"+ z: Un,1Gn 22",

n=p+1

The following lemma will be required in our investigation.

1.1. Lemma. Let f € A(p) defined by (1.2) satisfy

(1.3) > Dl = B) = pdupi(l = Allan| < p(A - B).

n=p+1
Then

p(1 = X)2P + Az f'(2) 1+ Az
(1.4) fon® <p1+Bz (z€U),
where

_ [0 (¢,
9 {1 (5 Y]
form>p+1,
(1.6)  fox *lkz JPf(elz) and ey = ex 2mi
. D,k L par € k= 5y k .

Proof. For f € A(p) defined by (1.2), the function f, x(z) in (1.6) can be expressed as

(L7 fon(2) =2"+ Y bnpranz",

n=p+1

where

w\H

IR w0 (%R EN),
S { Y e

i=0 %
for n > p+ 1. Also, by (1.1) and (1.5), we see that
(1.8) A —pbnpr >0 (n>p+1)
and
(1.9)  pAbdnpr—ABn>0 (n>p+1).
Let the inequality (1.3) hold. Then from (1.7), (1.8) and (1.9) we deduce that

p(1=M)2P4rzf'(2)
[A0) P

_ M
pA-B o5 (2)

_ Zn p+1(/\n Py n,p,k ) n2" "
A= B) + 52, 1 AG g~ ABrlaye 7
Done erl()\n Ponpk)|an]
= p(A—B) =32 1[PASnpk — ABn]|an|
<1 (5=,

Hence, by the maximum modulus theorem, we arrive at (1.4). (]

We now consider the following two subclasses of A(p).
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1.2. Definition. A function f € A(p) defined by (1.2) is said to be in the class
Qp,k(N, A, B) if and only if it satisfies the coeflicient inequality (1.3).

It follows from Lemma 1.1 that, if f € Qp (A, A, B), then the subordination relation
(1.4) holds.

1.3. Definition. A function f € A(p) defined by (1.2) is said to be in the class
Gp.k(\, A, B) if and only if it satisfies
(1.10) Y n[An(l = B) = pbnpi(l — A)llan| < p°(A— B).

n=p+1
It is clear that

(L11)  f(2) € Gpr(A A, B) = % € Qui(N A, B).

If we write
An(l — B) — pdppi(l — A)
p(A—B)

Qn = an,P,k(/\aAa B) =
and
fn="an>an (n2p+1),

then it is easy to verify that

9Bn _mdan o 0B _ ndan
X p O " 9A  p A

Therefore we have the following inclusion relations. If

%_@aa” > 0.

<0 and 9B ~ p 0B -

1<X <A -1<By<B<A<Ay;<1andB<0,
then
Gp(M\ A, B) C Qp (XA, B) C Qypr(Xo, Ao, Bo)

/
CQui(l,1,—1) C {f cAp) R S (e U)}.
fo(2)

Thus, by Lemma 1.1, we see that each function in the classes Qp (A, A, B) and G, (A, A, B)
is p-valent starlike with respect to k-symmetric points. Analytic (and meromorphic) func-
tions which are starlike with respect to symmetric points and related functions have been
extensively studied by several authors (see, e.g., [1]-[14]).

The object of this article is to investigate distortion bounds, inclusion relations and
convolution properties for the classes Qp x (), A, B) and Gp k() A, B).

2. Distortion bounds

2.1. Theorem. Suppose that either
(a) (k—1)(1-=B)>p(1—A) and A > 1, or
(b) (k—1)(1 = B) < p(1— A) and A > 20 > 1
(i) If f € Qp.x(X, A, B), then for z € U,

P p(A - B) p+1 p p(A - B) p+1
(2.1) 2" = WM <SR < ] +m|z\ o

The bounds in (2.1) are sharp for the function

(22) )= - A D)

+1
mz” (S Qp,k()\,A,B).
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(ii) If f € Gp (N, A, B), then for z € U,
_ A—B)
2. p—1 _ p( P < |f
e ol - 5 ) < 176
_ A - B)
< p—1 p( P
< (1 + s A g
The bounds in (2.3) are sharp for the function
(A - B)
2.4 o _PA-D)
P e )
Proof. For n > p+1and *2 € N, we have n = p+mk (m € N), 6 px = 1, and
(2.5)  An(l—B)—ponpr(l—A) > Ap+k)(1—B)—p(l-—A).
Forn>p+1and "2 ¢ N, we have np,x = 0,0ptm,px =0 (1 <m < k—1) and
(26) Mn(l—=B)—pdppir(l—A)>Xp+1)(1-B).
If either (a) or (b) is satisfied, then
(27)  Ap+HK)(1—B)—p(1— A) > \p+1D)(1 - B).
(i) If

2T e Gpr(\ A, B).

fz) =2+ Z anz" € Qpi(\, A, B),
n=p+1
then it follows from (2.5) to (2.7) that

[e’s}

Ap+1)(1=B) Y laal < D An(l = B) = pénpi(l = A)llan| < p(A - B).

n=p+1 n=p+1
Hence we have

o A-B)
< [P p+1 A< 2P p(— pt+l
FEIS T+ 3 ool < 2P+ 55550 g

and

- A-B
FEI 2 12l = =Y fanl > 27 — 5 A B et >

it (p+1)(1 - B)
for z € U.
(it) If
F2)=2"+ 3 anz" € Gpi(X A, B),
n=p+1

then (2.5) to (2.7) yield

Ap+1)(1-B) Y nlan| <p*(A-B).

n=p+1

From this we easily have (2.3). O

2.2. Theorem. Let
p(1—A)
(k—1)(1-B)’

() If f(z) = 2" + 3207 1 anz" € Qpi(N A, B), then for z € U,
&t p(A—B) = A(1 = B) n 07 njan|

@9 WEIZ = 3 lanllel" - = s )

n=p+1

(2.8) (k—1)(1—B)<pl—A) and1 <A<

‘ |p+k
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and

ptk—1 A_B PRl pla,
Q1) G+ Y faan + 2 (pJ)rk)( B>)Z?1p—+ix>| |

n=p+1

‘ |p+k

Equalities in (2.9) and (2.10) are attained, for example, by the function
p(A— B) Pt

Ap+k)(1—B)—p(l—A)

() If f(z) = 2" + 3207 1 anz™ € Gpi(X, A, B), then for z € U,

p+k—1
(2.12)  [f(2) ZplalP ™t = D nlanllz"
n=p+1
P*(A-B) - (1 - )Zptl;ﬁ#lan'\zlwkﬂ
Ap+k)(1—B)—p(1-A)

(2.11)  f(z) = 2" — "€ Qpir(\ A B).

and
pt+k—1

(2.13) |f' () <plelP ™t + D mlanll2" !
n=p+1

P B) A= BT el
AMp+k)(1=B) —p(l—A)
Equalities in (2.12) and (2.13) are attained, for ezample, by the function
p*(A-B) ;
(p+E)[A(P+E)(1—B)—p(1l—A)]

Proof. (i) If f(2) = 2" + 3207 1 anz™ € Qpi(X, A, B), then from (2.5), (2.6) and (2.8)
we find that

(2.14)  f(z) =2 — ¥ e Gpr() A, B).

n= 1

Z [M(1 = B) — pon,p.i(1 — A)]|an]|
P+
k—

1

p+
2 2, dnll=Bla|
)

+ AP +E)(1-B) =p(1—A)] > laa|.

n=p+k

From this we easily have (2.9) and (2.10).
(ii) If f(2) = 2" + 322,11 an2™ € Gpr(A, A, B), then we have

P(A=B)> > n[An(l—B) = pdupr(l— Alan]
n=p+1
p+k—1
> Z An’(1 — B)|an|
n=p+1
+Ae+E)(A-B)—p1—A)] > nlal.
n=p+k

This leads to (2.12) and (2.13). O
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2.3. Theorem. Let f(2) given by (1.2) be in the class Qp,x (X, A, B).
(i) If A=1, then for z € U,

_ 1 _ 1
@15) (= J1eP ) < I£ G <o (1277 5 51
The bounds in (2.15) are sharp for the function
(216)  f(2) = 2" + 2" € Qui(N A, B).

Alp+1)
(is) If A < 1, then for z € U,
pt+k—1
217)  |f' )| 2plel"™ = D nlanllz"
n=p+1
_ p(A=B) = (1= B) 3 njas| (4 K[
Xp+k)(1-B)—p(1— A)
and
pt+k—1
2.18) |f' ()] <plelP™" + > nlan|lz*
n=p+1
p(A—B) — X1 - B) Y2 njan|

p+k—1
o+ R0 B - p- A PR

Equalities in (2.17) and (2.18) are attained, for ezample, by the function f(z) in (2.11).

Proof. (i) If A =1, then

Y Pl = B) = pdnpi(l = Allan] =M1~ B) Y nlas| <p(1 - B),
n=p+1 n=p+1
which gives (2.15).
(ii) If A < 1, then it is seen that
(2.19) (1l — B) — ponpi(l—A) 2)\(1_B)_p(1—A)
n p+k
n—p
> R 4
(n >p+1, % S N)
and
ooy ULt o) (nzper "2 N).

Using (2.19) and (2.20) we obtain

oo

p(A=B) > Y (1= B) = pdupi(l—A)llan|
n=p+1
p+k—1 %)
>A1-B) 3 nlan + {m _B)— ;)(17—]:1)} 3 nlaal
n=p+1 p + n=p+k
From this we easily have (2.17) and (2.18). O

2.4. Theorem. Let f(2) given by (1.2) be in the class Gp (X, A, B).
(i) If either

(2.21) (k—1)(2p+k+1)1—B) > plp+k)(1—A) and A > 1,
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or

(222) (k—1)2p+k+1)(1—B) < p(p+k)(1 — A)

p(p+k)(1—A)
(k—1)2p+k+1)(1—B)’

and \ >

then for z € U,
& MMFH
Alp+1)*(1 - B) Alp+1)*(1 - B) '
The bounds in (2.23) are sharp for the function given by (2.4).

(i) If
(224) (k-1)@2p+k+1)(1—-B) <plp+k)(1-A4)

p(p+k)(1—A)
(k—1)(2p+k+1)(1-B)’

(2.23) |2 - 2P < ()] < 17 +

and 1< A<

then for z € U,

| e P - B) = A1 - B) S 2,
(2:29) f@I2 = 2l = R G- B s -
and

s (A - B) = M1 - B) S n?a,|
(220 @IS+ 2, lanllel”+ (p+k>[A<p+k>(1fB>—p<+1fA>] S

The bounds in (2.25) and (2.26) are attained, for ezample, by the function in (2.14).

Proof. Let f(z) = 2" + 3207 . anz" € Gpr(N, A, B). Forn > p+1and ;2 € N, we
have

(2.27)  n[An(l = B) = ponpi(l—A)] = (p+ k) [Ap+ k) (1 — B) — p(1 — A)].
For n>p+1and "2 ¢ N, we have
(2.28)  n[M(l = B) — pbnpi(l — A)] > Ap+1)°(1 — B).
(i) If either (2.21) or (2.22) is satisfied, then
(229)  (p+ k)P +E)(1—-B)—p(1-A)] > Ap+1)*(1 - B)

and it follows from (2.27) to (2.29) that

Alp+1 Z janl < D~ nlAn(l = B) = pdups(l — A)llan| < p*(A - B).
n=p+1 n=p+1

Thus we arrive at (2.23).
(ii) If (2.24) is satisfied, then we get

(p+ k)@ + k) (1= B) —p(l = A)] < Ap+1)°(1 - B)
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and so
p’(A—B) > Z n[An(l — B) — pon p,i(1 — A)]|ax]
n=p+1
p+k—1
>A1-B) Y n’lan
n=p+1
++EAp+E)(-B) —p1—A)] > laa|.
n=p+k

Now we easily have (2.25) and (2.26). O

3. Inclusion relation
In this section we generalize and improve the above mentioned inclusion relation
(3.1)  Gpr(MAB)CQpi(N A, B).
3.1. Theorem. If —1 < D <0, then
(3.2) Gpir(\ A B)CQpr(AC(D),D),
where

_ ., pl=D)(A-B)
(33) CD)=D+ GID0_D)

and the number C(D) cannot be decreased for each D.
Proof. 1t is clear that D < C(D) < 1. Let f(z) € Gpx(\, A, B). In order to prove that
f(z) € Qpr(A, C(D), D), we need only to find the smallest C' (D < C' < 1) such that
(1l —D) —pdnpir(l—C) < n[An(l — B) — pdn px(1 — A)]

o(C—D) = P(A-B)
for all n > p + 1, that is, that

(3.4)

(AN = Pon,p,k)(1 = D) n {(A”_p(snpk)(l_B) }
3.5 32 T O <2 P + .
(33 p(C D) PSP pA-B) o
(n>p+1).
For n > p+1and "2 € N, (3.5) is equivalent to
(36) C>D+ _1_—D = p(n).

Noting that (1.1), a simple calculation shows that ¢(n) (n > p+ 1, A > 1) is decreasing
in n. Hence
3.7 < k) =D 1-D
B7) e <ep+k) =D+ 505 ——
p(A—B) A(p+k)—p
For n > p+1and "2 ¢ N, (3.5) reduces to

1-D
38) C>D+ wasBy = P(n)

p(A—-B)

and we have

1-D
(39) ¥ <Yp+1) =D+ a5
p(A—B)
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It is obvious that ¢(p + k) < ¥»(p+1). Thus, by taking C = ¢ (p + 1) = C(D), it follows
from (3.4) to (3.9) that f(2) € Qpx(N, C(D), D).
Furthermore, for D < Cy < C(D), we have
Ap+1)(1-D) _ p*(A-B) Alp+1)(1 = D) p*(A-B)

WCo-D) Ap+12(1-B)  pCD)-D) Ap+12(1-B)

which implies that the function f(z) € Gp k() A, B) defined by (2.4) is not in the class
Qp.k (X, Co, D). The proof of Theorem 3.1 is thus completed. O

Taking D = B, Theorem 3.1 reduces to the following result.
3.2. Corollary. G, k(A A, B) C Qp.x(A\,C(B), B), where

p(A - B)

C(B)=5B
(B) =B+

€(B,A)
cannot be decreased for each B.

Note that Corollary 3.2 refines the inclusion relation (3.1).

4. Integral transforms
4.1. Theorem. Let f(z) € Qp (N, A, B) and

+ 5 e
@) e =52 e ea s -p).
0
Then I,(z) € Qp,x(A,C1(D), D), where =1 < D <0 and
(4+p)(A— B)(1-D)
(n+p+1)(1-B)
The number C1(D) cannot be decreased for each D.

(4.2) Cu(D)=D+

Proof. Clearly D < C1(D) < 1. For

fz)=2"+ > anz" € Qpi(N\ A, B),

n=p+1

it follows from (4.1) that

— Lt+D
4.3 I.(2) = 2P + H anz".
(4.3)  Iu(2) n§1”+”

In order to prove that I,(z) € Qp (X, C1(D), D), we need only to find the smallest C
(D < C <1) such that
An(l = D) = pdupi(1 =C) ptp _ An(l = B) — pnpi(l = A)

p(C = D) ptn = p(A—B)

(4.4)

foralln >p+1.
For n > p+1 and “72 € N, (4.4) reduces to
1-D _
GEm(=B) | pn—p) _ p1(n).
(b+p)(A=B) * (u
It is easy to show that pi(n) (n > p+ 1, A > 1) is decreasing in n and so
< _ 1-D
(46) Wl(n) — 901(p+ k) =D + (p+p+k)(1—B) n pk
(u+p)(A—B) (u+p) (Ap+Ak—p)

(45) C>D+
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For n >p+1and 72 ¢ N, (4.4) becomes

1-D
(u+p)(A—B)
and we have
4 < =D 1= D
(48)  (n) <hilp+1) =D+ a5
(n+p)(A-B)

It is clear that ¢1(p + k) < ¥1(p + 1). Therefore, by taking C' = ¢1(p + 1) = C1(D), it
follows from (4.4) to (4.8) that I,(z) € Qp,x (A, C1(D), D).

Furthermore the number C} (D) is best possible for the function f(z) defined by (2.2).
The proof of the theorem is completed. ]

4.2. Theorem. Let I,(z) (p > —p) and C1(D) (-1 < D < 0) be the same as in
Theorem 4.1. If f(z) € Gpx(\, A, B), then 1,(z) € Gp (A, C1(D), D) and the number
C1(D) cannot be decreased for each D.

Proof. In view of (4.3) we have

Iu(z):<zp+ 3 ““’z”)*f(z)
n;l’u—‘rn

and so
I > !
(4'9) 2 #(z) =[5 Z N+pzn " (Zf (Z)>
p Wt )
From (4.9) and (1.11), an application of Theorem 4.1 yields Theorem 4.2. O

4.3. Corollary. Let f(2) € Gp (N, A, B) and I,,(2) (u > —p) be the same as in Theorem
4.1. Then I,(2) € Qpx(A, C2(D), D), where —1 < D <0 and

p(u+p)(A-B)A1-D)
(p+1)(p+p+1)(1-DB)
The number C2(D) cannot be decreased for each D.

Cy(D) =

Proof. Clearly D < Ca2(D) < 1. Let f(z) € Gp,x (X, A, B). Then it follows from Theorem
4.2 and Corollary 3.2 that I,(z) € Qp (N, C(D), D), where —1 < D < 0 and

_ p(Ci(D)—D) _ p(p+p)(A-B)(1-D) _
O =Dt T =P o prna-B) ~ AP

Furthermore, for the function f(z) € Gp (A, A, B) given by (2.4) and D < Cp <
C2(D), we have

L(z) = 2" — p’(A— B)(u+p) LP+1
g Ap+1)2(1-B)(u+p+1)
and
Ap+1)(1-D) P’(A—B)(u+p)
p(Co — D) Ap+1)?A-=B)(p+p+1)
1-D p(A—B)(pn+p)

ZGD)-D p+DI-B)(utp+1)
=1.

Hence I,(z) ¢ Qp,k(\, Co, D) and the proof of Corollary 4.3 is completed. O
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5. Convolution properties

In this section, we assume that

(51) —1<Bj<A;j<landB;<0 (j=1,2).
5.1. Theorem. Let f;(z) € Qpr(X, A5, B;) (j =1,2).
(i) If
(5.2)  pl(1=B1)(A2 = B2) + (1= B2)(A1 = B1)] > (p—k+ 1)(1 = B1)(1 - B2)
and X > 1,

then (f1 * f2)(2) € Qp (N, A(B), B), where

(5.3) A(B)=DB+ p(l - B) 13[ A; — B;

Alp+1) iz 1-B;
and the number A(B) cannot be decreased for each B.
(i) If
(5.4)  pl(1=B1)(A2 — B2) + (1 = B2)(A1 — B1)] < (p— k+ 1)(1 — B1)(1 — B2)
and X\ > A1,
where

1—Bi1)(1 = B2) —p[(1 = B1)(A2 — B2) + (1 — B2)(A1 — Bi)]
(k—1)(1 = B1)(1 — Bs) ’

then (f1 * f2)(2) € Qpr(A\, A(B), B) and the number A(B) cannot be decreased for each

B

(i) If
(5.6)  pl(1 = B1)(As — B2) 4+ (1= B2)(A1 — B1)] < (p—k+1)(1 = B1)(1 — B)
and 1 < A < A,

(5.5) 1< =N

then (fi  f2)(2) € Qpix(A, A(B), B), where
1-B

Ap+k)—p 2 1-B; 2 1-B;
D H]’:l Aj—B; +Zj=1 Aj—Bj

and the number K(B) cannot be decreased for each B.

(5.7) A(B)=B+

)

Proof. Clearly B < A(B) <1 and B < A(B) < 1. Let

Fi(2)=2"+ Y an;2" € Quir(\A;By) (G=1,2).

n=p+1
Then
- An(1 — Bj) — pon,p(l — 4;)

(5.8) > {H L - |an,1an,2]

Sl Gaiet p(4; — B;j)

2 oo
An(1 = By) — ponp(l — A;)
< J L 2 <1.
<[I{ 3 02yt <

1
Also, (f1 * f2)(2) € Qui(X, A, B) if and only if
SRS

|an,1an,2| S 1.
n=p+1
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In order to prove the theorem, it follows from (5.8) and (5.9) that we need only to find
the smallest A such that

(5.10) An(l = )(Apdé’; H n(l — ,4; 5;,;@(1 —4))

j=1

for all n > p + 1, that is, that
(1 _ B) (A”*P‘Sn,p,k)
p
2 (An—pdy, p,k)(1—B;)
H]‘:l{ - i(Ajpkaj) . +5n7p,k} — Onp.k

For n > p+1and 2 € N, (5.11) becomes

(511) A>B+

(n>p+1).

1-B
An— 2 1— B
ppHg lA ] +Zg 1A

The function p2(n) (n > p+ 1,A > 1) is decreasing in n and hence

(5.12) A>B+ = @a(n).

7

1—-B
P [T T + T Th

J J

(5.13)  p2(n) < p2(p+ k) =

Forn >p+1and “72 ¢ N, (5.11) becomes

1-B
AZB-I-m:Q/&(n)
B3 j=1 A;—B;

and we have
1-B
(5.14) 42(n) <vY2(p+1) =B+ )\(p+1) 1—[ 1-B;
j=1 A;-B;

Now
2 2 2

' Aj—B; “HA;-B P Aj — B,
=1 j=1

_ h()\)
p(A1 — B1)(A2 — B2)’

Jj=1

where
(5.16)  h(\) = [A(p+k) — p](1 — B1)(1 — By) + p[(1 — B1)(As — Ba)
+ (1= B2)(A1 = B1)] = AMp+ 1)(1 — B1)(1 — Bz)
= a\+ b,
a = (k‘ — 1)(1 — B1)(1 — Bz)
and
b=p[(1— B1)(A2 — Ba2) + (1 — B2)(A1 — B1)] — p(1 — B1)(1 — Ba).
Note that a > 0 and
(517)  h(1) = (k—=1—=p)(1 = B1)(1 = B2) +p[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)].

+(
If either (5.2) or (5.4) is satisfied, then it follows from (5.10) to (5.17) that h(\) >
w2(p+ k) < a(p+1) = A(B) and (f1 * f2)(2) € Qpi(\, A(B), B). Furthermore, for
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B < Ay < A(B), we have

Alp+1)(1 2 B;)
Ao— 1;[ p+1 Bj)
Ap + T (4, *B) _
~ (A :U o+ (- By) "

Therefore the functions
p(A; — Bj)

(2) =2 — — 7
PR =2 50— By
show that (f1 * f2)(2) € Qp,x(\, Ao, B). This proves (i) and (ii).
(iii) If (5.6) is satisfied, then we have h(A) <0 (1 <A< A1), 2(p+1) < pa(p+k) =
A(B) and (f1 * f2)(2) € Qpx(A, A(B), B). Furthermore, the number A(B) cannot be
decreased as can be seen from the functions

_ p(4; — B;)) » R (i —
fJ(z) =z - )\(p—Fk)(l —Bj) —p(l — A])Z +k € QP&(A? AJvB]) (] = 172)'

e Qur(NA;,B)) (1=1,2)

O

5.2. Corollary. Let f1(2) € Qp (X, A1, B1), f2(2) € Gpi(\, Az, B2) and let A(B), A(B), \1
be gwen as in Theorem 5.1.

(i) If pl(1 = B1)(A2 = B2) + (1= B2)(A1 = B1)] > (p—k+1)(1=B1)(1-B2) and A > 1,
then (f1* f2)(2) € Gp,x(A\, A(B), B) and the number A(B) cannot be decreased for each
B

(ZZ) pr[(l_Bl)(AQ_BQ)“[_(l—BQ)(Al_Bl)} < (p—k—f—l)(l—Bl)(l—Bz) and \ > )\1,
then (f1* f2)(2) € Gp,x(X\, A(B), B) and the number A(B) cannot be decreased for each
B.

(le) pr[(l_Bl)(AQ_B2)+(1_§2)(A1 —Bl)] < (p—k+1)£1—31)(1—32) and 1 S
A < A1, then (f1 * f2)(2) € Gp,x(X, A(B), B) and the number A(B) cannot be decreased
for each B.

Proof. Since

Zfz( )

f1(2) € Qpu(X, A1, B1), € Qp,k (X, A2, B2)

(see (1.11)), and

Zfép(z) — Z(fl * fZ)I(Z) (Z c U),

fi(z) * »

an application of Theorem 5.1 yields Corollary 5.2.

O

5.3. Theorem. Let fl(Z) S Qp,k()\,Al,Bl) and fz(Z) c Gp,k()\,AQ,BQ).

(i) If p(p + k)[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)] + p*(A1 — B1)(A2 — Ba) >
[(p+1)> = k(p+ k)](1 = B1)(1 = Bz2) and A > 1, then (fi * f2)(2) € Qpr(X, AL(B), B),
where

5 PU=B) A B
(5.18) Ai(B)=B+ Ap+1)2 1:[1 1 - By

and the number A1(B) cannot be decreased for each B.
(it) If p(p + k)[(1 = B1)(A2 = B2) + (1 = B2)(A1 — B1)] + p*(A1 — B1)(A2 — B2) <
[(p+1)% —k(p+k)](1 — B1)(1 — B2) and X\ > A2, where X2 is the root in (1,+00) of the
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equation h1(\) = a1\ + 1A + ¢ =0,

=(+k)p+k)?—(+1)7,
by =pllp+1)% —2(p+k)?)(1 — B1)(1 — Ba)
(5.19) +p(p+ k)?[(1 — B1)(A2 — B2) 4 (1 — B2)(A1 — B1)]
a1 =p°(p+k)(1 — B1)(1 — B2) + kp*(A1 — B1)(A2 — Ba)
—p*(p+ K)[(1 = B1)(A2 — B2) 4+ (1 — Ba)(A1 — B1)],

then (f1* f2)(2) € Qp (A, A1(B), B) and the number A1(B) cannot be decreased for each
B.

(iii) If p(p + k)[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)] + p* (A1 — B1)(A2 — B2) <
[(p+1)2—k(p+k)](1—B1)(1—Bz2) and 1 < X < Ao, then (fi*f2)(2) € Qpir (N, A1(B), B),
where

—~ 1-B
(5.20) A:(B)=B+
+E) (A (p+k 1-B; Tk 1-B, . )
(p (p )p)Hle J+p Zle B+A(p+k)p

and the number ZI(B) cannot be decreased for each B.

Proof. It is clear that B < A;(B) < 1 and B < A;(B) < 1. In order to prove Theorem
5.3, we need only to find the smallest A such that

(5.21)

(1l — B) — pbppi(l— A Eﬁxm_ ) = ponpi(l — Aj)
p(A— B) p it AfB)

for all n > p + 1, that is, that

(1 - B) (Ar=rmet )

. > > .
(522) A>DB+ PR (T — (n>p+1)
p L1j=1 p(A;—Bj) np.k Pk
Forn > p+1and “2 € N, (5.22) becomes
1-B
(5.23) A>B+ SR — = @3(n).
( p2 2) Hj 1Ay - ZJ 1 — + An—pp

It is easy to verify that p3(n) (n > p+ 1,\ > 1) is decreasing in n and hence

(5.24)  @s3(n) < @s(p+k)

— B4 1-B
- (p+k) M (p+k) 1-B +k 1-B k
(p )((p p)Hle 15]'+p ijlﬁ"_m
= A,(B).
For n > p+1and 22 ¢ N, (5.22) reduces to
1-B
(5:25) A=B+ 55— =Us(n)
P2 j=1 A;—Bj
and we have
1-B
(5:20) va(n) Svalp+1) = B+ s g = AD)
p2 j=1 A;—B;
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Now
.27y PHRRAEEE) —p] AP+ 1)’ & 1-B;
p2 e} A; — Bj
n p+k 2 1-B; 2
p j:lAj_BJ' Ap+k)—p
= hi(X)
p2[A(p + k) — p](A1 — B1)(As — Bs)’

where

hi(A) = (p+k)Ap+k) —p*(1 - Bi)(1 - Bs)
+p(p+ k) AP+ k) —pl[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)]
—Ap+1)’Ap+k) —pl(1 - Bi)(1 - Bs)
+ kp®(A1 — B1)(As — Bs)

=a )N+ i+
and a1, b1, c¢1 are given by (5.19), Note that a; > 0 and

hi(1) =k[k(p + k) — (p+ 1)*](1 — B1)(1 — Bo)
+kp(p+ k)[(1 — B1)(A2 — Bz2) + (1 — B2)(A1 — B1)]
+ kp* (A1 — B1)(A2 — Bo).

The remaining part of the proof of Theorem 5.3 is much akin to that of Theorem 5.1.
Furthermore, the number A;(B) is best possible for the functions

_ P _ p(A1 — Ba) p+1
fl(Z)—Z >\(p+1)(1_Bl)Z er,k(A,AhBl),
2 —
Py =p - A2 2B g A, By,

Alp+1)2(1 - Bz)
and the number A:(B) is best possible for the functions

_.p p(Al_Bl) p+k
fl(Z) =z - )\(p+k)(1—Bl)—p(1—A1)Z * eQPyk(A,A17Bl)7

_ p*(A2 — B») ran
B = G BRG R— By) (AT © CrrhAn B

d

5.4. Corollary. Let f;(z) € Gpr(\ A;, B;) (j = 1,2) and let Ai(B), A1(B), Az be given
as in Theorem 5.3.

(i) If p(p + k)[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)] + p*(A1 — B1)(A2 — Ba) >
[(p+ 1) — k(p+ k)](1 — B1)(1 — Bz) and A > 1, then (f1  f2)(2) € Gpr(A, A(B), B)
and the number A1(B) cannot be decreased for each B.

(i) If p(p + k)[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)] + p*(A1 — B1)(A2 — Ba) <
[(p4+1)? —k(p+k)](1 = B1)(1 — B2) and A > Xz, then (f1 * f2)(2) € Gpr(\, A1(B), B)
and the number A1(B) cannot be decreased for each B.

(iii) If p(p + k)[(1 — B1)(A2 — B2) + (1 — B2)(A1 — B1)] + p* (A1 — B1)(A2 — B2) <
[(p+1)*> —k(p+k)](1—B1)(1—Bz) and 1 < X < X2, then (fi* f2)(2) € Qp.x(\, A1(B), B)

and the number A1(B) cannot be decreased for each B.
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