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1. INTRODUCTION

The hypergeometric polynomials S{*#(X) defined by [1]

S (x) = (a T 4} Rk, B %), (x,@, €C) .

These polynomials have the following linear generating function [2]:

:Zosw(x)tk (1- t)-“[1+%j = (1-t)1-@-xt]7,

2)
[t < min -4
and the following extended generating function holds true [1]:
= (m+k _ X
SEA )tk = (L-t) " L- Q-] SEA| —=—|.
Z( ) j w0 = Q07 -0t S T
3)

Qt|<min{l,|l—x|_l} ; meNo)
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Here, we expanded the validity region based on the principle of analytic continuation on 1.
The definitions and icons used in last section are presented here as follows:

Before everything, the four Appell functions of two variables, indicated by F, F,, F; and F,, (see [2],
p. 53), were generalized by Lauricella [3] to functions of N variables, staded by FA(”), Fé“) , FC(”) and
Fén) (see [3], p. 60), where and

F?=F, F?=F, F¥ =F,, F? =F.

Further generalization of two-variables hypergeometric function is defined generalized Lauricella function
as follows (see [3-7]):

[(a):e(l)’m,g(n)]: [(b(l)): ¢(1)} o [(b(”))i ¢(n)}

""" 2,2
[©:v®..p®]: [d®): s0] . [@d®): s©]

n

[o'e} Zrnl Zmﬂ
= Q(ml,...,mn)Ll... n 2
my,..., M= ml mn.
where for convenience,
BW B(M

1 (n)
H( i m) H( ) g H(bj“ e
(1) N0
(] (n)
H(C )W(lh o H( i o ]:l[(dj” )mn(s}m

Qmy,...m,) =

the coefficients
0¥ (j=1...A k=L...n), 4 (j=1....B%; k=1,...n),
v (j=1..C; k=1...n), 6% (j=1...DY; k =1,...n)

are real constants and ( B(k)) abbreviates with similar comments for other parameters [8].

Here, (ﬂ)\, denotes the Pochhammer symbol, since
(l)n =n! (n < NO)
which is defined by

1 if v=0;, 1eC\{0}

(D, = !
AA+D...A+n=-1),ifv=neN; 1eC

this should be understood as conventional (0), =1.
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The main purpose of this manuscript is to obtain families of multilinear and multilateral generating
functions, various features and also various special cases for hypergeometric polynomials Slg“‘ﬁ ) ().

Furthermore, for these polynomials, a theorem is given that gives certain families of the bilateral generating
functions and generalized Lauricella functions. There are a few interesting results of this theorem.

2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this part, bilinear and bilateral generating functions of various families will be obtained for
hypergeometric polynomials Slﬁa’ﬁ ) (X) given by (1). Similar studies of the method used in this section are
[9-12].

Lemma 1. The following addition formula applies to hypergeometric polynomials Sé“’ﬂ ) x):
k
Séa1+azv/i+ﬂz) (X) — Zséﬁnﬂ) (X)Sr(na,ﬁ) (X) 4)
m=0

Proof: Replacing acby o+, and B by [+ [, in(2), we obtain

o0

Z Séaﬁaz PitBo) (X)tk — (l_t)ﬂﬁﬂz*araz [1_ (l_ X)t]*ﬁl*ﬂz
k=0

—fa—tyr - -t Ha-ts < i-a-xt )
= 3ISEN (S 5@ ()t

DS (8L (-

=0

Kk
S8 (O

m=0

M 1D

T
o

Comparing of the coefficients of t%, lemma is proved.

Theorem 1. For a non-vanishing function Qﬂ(yl,...,yr ) of I complex variables Y,....y, (reN) and
of complex order 11, let

Ay YireYii €)= kZ_;akQﬂw(yl,---,yr)é"

(& %0, 4,y €C)

and

[n/p]
OLY (X Yyye¥y ) = ; 8, S\ (), (Vireo¥, )ES.
Then,
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3015 XYt S 0 = @0 B @ A Oy ®)
n=0
Proof: Let S show thefrst member of the claim (5). Then,

w [n/p]
5= 3 3 A (0, VoY) S

n=0 k=0

Replacing N by N+ pK, then

S = 338, S0, e () S
k=0

n=0 k=t

= 3P D AL, i 92
= (-t L= @0t A, (V¥ 6)

which completes the proof-

Theorem 2. For a non-vanishing function Qﬂ(yl,...,yr) of It complex variables Y,,....y, (r€N)
and of complex order 11, let

[n/p]

A(g,l;,al%,’fl+ﬂ2)(x yl’ ’yr’n) — Z ak r(l%r:l—(aZ’ﬂl+ﬁ2)(x)Qy+y,k (yl""’yr)nk!

(&, #0, 1, yeC,n,peN).

Then,

n [k/p]

2 2, aSE P 008 (00 (Vv ¥ )

k=0 1=0

(6)
= A B (6 Yy e Y 1).
Proof: Let T denote the first member of the assetion (6). Then, upon subsituting for the polynomials
Srgalmz’ﬂﬁﬂ 2) (X) from the (4) of Lemma 1 into the left-hand side of (6), we obtain

n/p|n-pl
7= S0 A (R0, o (T

1=0 k=0

n/p|

n—pl
= &[ZS(%%(X)SW(x)j Qo (Ypre YT

1=0 k=0

n/p
[Z a1s(a1+az Bitpo) (X)Q,uﬂ//' (yl’ . ,yr)nl

1=0
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= Noven Al (o y Ly m).

np.ay

Theorem 3. For a non-vanishing function €3, (Yys--sY, ) of T complex variables Y, ...

of complex order 11, let

a, t"
A,u p.q X Yisee ’yrv Zansrg+qﬁ) (X)Qy+pn(yl’ ’yr) (nq)|

where a, #0, £ eC and

valn+m
G, p.a (Yoren¥rim) = Z(n _qkjakg;ﬁpk(yl""’yr)nk'

We have

NG (@ -
Zsrg+r’nﬂ) (X)en, p.q (yli' aYrs 77) )
n=0 n!

—a-m - X . t i

Proof: Let T denote the first member of the assertion (7). Then,

o nql n+m tn
T: S(a'ﬂ) X i aQ yarey k_.
; n+m ( )k:o n—qk k ,u+pk(y1 yr)77 nl

Using the relation (3) and replacing N by N+0K, then

—
Il

2 & ( N+m+gk gk
S@A  (x)a, Q AL
;;( n j n+m+qk(X) k ,u+pk(y1 yr)ﬁ (n +qk)|

= (n+m+agk) ., ; t9)"
a'k Z( q jsr§+mﬂ+)qk(x)t ng,wrpk(yli“ﬂyr)(77 )

Il
[M]s

=Loon (ka)!

T
o

1
Ms
B

[ _t\Ba-m+ak[1 1 _ A la X (Ut )k
(1 t)ﬂ [l (1 X)tT Sr(n+qﬁk)[1 (1 )tjj|Qy+pk(y1’ )(kq)'

T
o

e et Sasen[ X o i)
= (1-t) " [1- 1 x)t] gaksém‘?(l x )) QYoo Y) (k0!

PRy B S X . ty
=(1-t)” [1 @ X)t] A/"p'q[l—(l—x)t’ Yo (1 JJ

Y, (reN) and

(7
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which completes the proof.

3. SPECIAL CASES

Q Lk (Yys--rY,) (ke Ng, re N) multivariable function, when a variable is expressed in terms of

more and more simple functions, then we can provide the further embodiment of the above theorems.

By choosing =1 and
Qi (Y1) =C i (BrY)

in Theorem 1, where Poisson-Charlier polynomials C,(c; X) are generated by [13, 14]

36, (B0 =0-1) o0, (x>0, feNy=NU) @

We are thus leading to the following conclusion that we provide of bilateral generating functions for
Poisson-Charlier polynomials C,(¢; X) and hypergeometric polynomials Sr(]“’ﬁ ) ().

Corollary 1. If

A BYi0) =Y 88, BN (20, 4y <C),

then, we have

—_

[n/p

i 8, S\ (XC i (B XS P = A=) [L-A- Xt P A, , (B ©). ©)

n=0 k=0

Remark 1. Using the generating relation (8) for Poisson-Charlier polynomials C.(f;Y) and getting

a, :%, 1=0, w=1 in (9), we have
o [n/p] k
> 2 SEP MG B Gt =0 i A=) eC).

| <min{L, .- x}
By choosing r=1 and

Q,x (V) =582 (y)

in Theorem 2, for hypergeometric polynomials Sé“‘ﬂ ) (X), we have the following bilinear generating
functions.
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Corollary 2. If

[n/p]

A(Ofl‘*'azvﬂﬁ'ﬂzvaa»ﬁa (X y 77) — Z akS(a1+a2'ﬁl+ﬂ2)(X)S(“3 ﬂ3)(y)77

n, p, iy n-pk

(a, #0, 1, y €C),

then, we have

n_[k/p]
D a S (X)SEL D (X)S e (y)y' = Aoz Abaca ) (g ). (10)

k=0 1=0

Remark 2. Using (4) and taking &, =1, p=1L u=0, w=1 n=1 X=Y in(10), we have

n

K
DSy P 00872 (05799 () = 517 AT (),

k=01-0
By choosing r=1 and
Qy+pn (yl) = gSlpn 4y)

in Theorem 3, where generalized Cesaro polynomials g P ‘H//k (4, Y) are generated by [15]

Zg(” (A" =@-0) "t @-yt) 7, (11)

for generalized Cesaro polynomials g (1,y) and hypergeometric polynomials S{*# (X), we give a
family of bilateral generating functions as follows:

Corollary 3. If

A#’ 0.4 X A Y; t Zan rswiqﬁn) (X)ggpn (I"IC])'

(a, #0, me Ny, n#0)

and

k=0

valn+m
Hn,p,q(l’ yi1) = i(n_qu Szpk(ﬂ V), (n’ pe N)'

Then, we get
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gs,ﬁi‘mm(x) nalYs N~ —(1—t)ﬁ_a-m[1—(1—x)t]ﬂAM{ﬁ yn(lttj ) 02

For the family of hypergeometric polynomials Srga'ﬁ ) (X) explicitly provided by (1), in addition, for each
suitable selection of the coefficients @, (K € N,), the claims of Theorem 1, Theorem 2, Theorem 3 can be
applied to obtain the various families of multilinear, multilateral generating functions if Q (YyseenrY,)

(r S N) is expressed as an appropriate product of multivariable functions.

4. SOME PROPERTIES OF THE HYPERGEOMETRIC POLYNOMIALS

In this part, we investigate some properties for hypergeometric polynomials given by (1).

Theorem 4. The hypergeometric polynomials Sr(]“'ﬂ ) (X) have the following integral representation:

ey (U @=x)u, )"

(o ﬂ)F(ﬁ) ! ! ° l

5 (9 =

us?*ufdu,du,.
Proof: With the help of the

o) j e't"ldt, (Re(v)>0)

from (2), we get

isga'm (" = Lty <[1— @-x)t]*

n=0

) I e OuyaAigy =

—(1- x)t Uy, -1
_— u, du
F(a 2

r5)1 5l

e (u1+u2)e(u1+(1*><)“2 )t ul”‘_ﬁ_luf_ld Ulduz

(- )F(ﬂ)

© n
g (Ut z(ul +(1=x)u,) t"us#uf2du,du,.

n=0 n!

A
“T(a- )F(ﬂ) ! !
Comparing coefficents of t" in last equation, we have desired relation.

We now discusses several recurrence relationship of some of hypergeometric polynomials Sr(]“'ﬂ ) (x).1f
we differentiate each member of the generating function (2) with respect to X and using

ikiA(k,n) =ikiA(k,n—k),

we arrive at the following (diffrerential) recurrence relations for hypergeometric polynomials S,ga‘ﬁ ) (x),
respectively:
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(%Sé“ﬁ)(x)j 'Bz(l X)"S%2(x), n>1.

Besides, by differentiating each member of the generating function relation (2) according to t, for these
polynomials, we have another recurrence relationship below:

S0 (9 = (@- M XS K0 +Y A0S (9.

5. BILATERAL GENERATING FUNCTIONS

This section, we will derive several families of bilateral generating functions for the hypergeometric
polynomials S*# (x) and the generalized Lauricella functions.

For a suitably bounded non-vanishing multiple sequence {g),(ml, m,,. of real or

--’ms)}rrh,rrb,...,mseNo
complex parameters, let @, (U;;U,,...U;) of S (real or complex) variables U;;U,,...Us defined by

2 (=), ((0)), u™  u™
¢, (U U,,... u)—n;)m?;o @) ~ 2 O (my,...m, )’mz’""mS)m_l!'"ms! (13)

where, for convenience,
B D

(g = [ 1O, (@) =] (s
j=1 j=1

Theorem 5. The hypergeometric polynomials Séa’ﬁ ) (X) have the following bilateral generating function

representation:

iséa,ﬂ) (X)¢n (ul; u2 L ’us)tn

n=0

i (@5 (B)5 (0105

=L-t) " [1-@-xt]”
L=t L-@-xt] moimo @, ([@)mens

p
\(—u) (at)aaxm) u® ug
O M) o Y

where @,(U;;U,,...U,) is given by (13).

Proof: By using the relationship (3), easily seen

S (X)gh (Uy3 Uger U,
n=0
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© n © | b ms
=§Sé“’ﬂ)(x)n§%;§_0—( n()(g)()(;)w Q(f(ml,mz,...,ms),mz,...,ms)l;l1Ll| . l::] A"

= i (i(nzm&%é“’ﬂ)(xﬁ j(( Doy Q(f (my, My,..oimy), My, m, (=Ugt)™ Uy |£

my,mMy,...Mg=0\_n=0 ((d))ml5 mZ' ms!
& Y S X ()
- ml,mz,.z_,ms_o((l t)ﬁ b [1 (1 X)t] Sr(nl ! (l— (1— X)t j} ((d))r:lb
Q(f(m,m,,...m),m,,...m_ )(-u,t)™ %%

P O
=@-07 -t > sy ﬂ)(l—(l—x)tJ

(O . iy U" U

((d))mlé Q(f(ml,mz, i ) m2’ o )( ) 2!. .ms!

e b o els a+m -1 B e X
=(1-t)"[l-@-x)t] M'm;mszo{( m, ]ZF{ ml’ﬂ’a'l_(l—x)tj}
)y ity Ug” U

@y A M 20 e

o sl s & (a+m -)YN&(=m),(B), (1 (l—x)t)
=@-)"1--xt] mhm;ms_o (@-1)!m,! pzé (@), P
(®)ny _Utye U U

@y Ao Mg 20"

o pal g el = (atm DI =m),(B), (1 (1—x)t)
=(-t)” [1 @ X)t] w’m;ms_o (-1)im,! ; (@), pl
(@) m Uz” U
((d))MQ(f( M), M J 1- t) m,!" .1

By appropriately choosing the multiple sequence  Q(M;,M,,...,m.) in Theorem 5, for hypergeometric

polynomials Srg“'ﬂ ) (X) and generalized Lauricella functions, we obtain interesting results that give
bilateral generating functions.

I. Upon setting

(a)ml+...+ms (bZ)mz"'Cr‘)s)mS
(@), (), - €y

Of (m, m,,...m,),m,,...m, )=
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¢ =..=¢ and O, =...=6, =0

in Theorem 5, we arrive at the following result.

Corollary 4. The following bilateral generating function applies:

> SEAXFO[a,-n,b,,... 01, Cyy. O Uy, Uy U U

n=0

= (-t L- (- Xt} R

[(a) w® (S”] = [B:1 bz .. [o, :1f

Uy Xt
( ((1 1 (11(1—x)t)) Uyl |y

[ - l: = [e:1 [c,:1} ..; [c -1}

where the coefficients l//( are given by l// =y @= =y )y

II. By letting

(a)ml+...+mS (bZ)m2 e 'C[)s)mS

(@)mys.m,

Q(f (m,m,,...m.),m,,...m, )=
and

¢=05=0,

in Theorem 5, we easily get the following result.

Corollary 5. The following bilateral generating function applies:

isgmﬂ) () F [a,-n,b,,... b, au,,u,,... ugJt"

n=0

-t @t R

l@): 69 .0¢2]: = [p:1} b, -1} ... b, : 1}

uqt Uq Xt
(- (—(1 ea x)t))”z’ -Us

[ — l: = [e:} = . =
where the coefficients O\ are given by

g _ b 1=n<2)
0, (2<np<s+1)
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