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Numerical solution and stability analysis of a
nonlinear vaccination model with historical e�ects
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Abstract

In this paper, we extend the classical vaccination epidemic model from
a deterministic framework to a model with historical e�ects by formu-
lating it as a system of fractional-order di�erential equations (FDEs).
The basic reproduction number R0 of the resulting fractional model is
computed and it is shown that if R0 is less than one, the disease-free
equilibrium is locally asymptotically stable. Particularly, we analyti-
cally calculate a certain threshold-value for R0 and present the exis-
tence conditions of endemic equilibrium. By using stability analysis,
we prove stability and α-stability of the endemic equilibrium points.
The proposed model is applied on Pertussis disease and the fractional
nonlinear system of the model is solved by applying multi-step general-
ized di�erential transform method (MSGDTM). Our results show that
historical e�ects play an important role on the disease spreading.
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1. Introduction

In the epidemiology, mathematical models of infectious diseases are commonly used
to imply more realistic aspects of diseases spreading [19]. Many of current models are
an extension of the classical susceptible-infected-recovered (SIR) model of Kermack and
McKendrick [20]. During recent years, attentions of researchers have been given to vac-
cination and prevention policies [31, 21, 36, 4, 12]. The extension of SIR model that
includes vaccination is called SIRV. Di�erent approaches are used to implement the SIRV
model. For example, Arino et al. applied ordinary di�erential equations [6] and Allen et
al. implemented the model based on stochastic di�erential equations [3]. In mentioned
approaches, the state of system at each time does not depend on the previous history of
system. Therefore, these approaches do not incorporate the historical e�ects and lead
to systems with no memory. However, many new works have been devoted to study of
spreading processes with memory [35, 33, 7]. Studying previous epidemics and the way
we have dealt with them can reveal new insights to present and future epidemics. For
example, human experiences from Plague and In�uenza epidemics in the past helped to
contain the recent Ebola or In�uenza outbreaks more e�ectively. Hence, the better idea
is developing new models with past memory and historical e�ects.

An appropriate candidate to employ past e�ects could be fractional calculus [22].
Fractional calculus, the generalized form of ordinary di�erentiation and integration to
non-integer order [25] has unique features such as nonlocality and memory, making it
highly applicable in many �elds of science and engineering [34, 32, 9, 28]. There are
di�erent de�nitions of the fractional derivative. Among them, Riemann-Liouville and
Caputo fractional derivative have been used more than others. Comparing these two
fractional derivatives, one easily arrives at the fact that Caputo derivative of a constant
is equal to zero, which is not the case for the Riemann-Liouville derivative [30]. The main
concern of the paper thus focuses on the Caputo derivative of order α > 0, which is rather
applicable in real application [15, 2]. Fractional calculus has previously been used in
epidemiological studies [11, 17, 10, 5]. Previous works rarely discussed about in�uences of
memory on spreading diseases in a epidemic model which includes vaccination strategies.

In this work, we extend the classical SIRV epidemic model from a deterministic frame-
work to a model with historical e�ects. To consider long-time historical e�ects, we choose
a power-law function as kernel with respect to time such that distant past events have
far less e�ect on present, compared to near past events. This kernel guarantees exis-
tence of scaling feature as it is an intrinsic nature of most phenomena [23, 29]. Applying
fractional calculus produces a system of fractional-order nonlinear di�erential equations
(FDEs). We investigate the in�uences of memory on diseases outbreak in the model. We
also solve the nonlinear fractional system by using the multi-step generalized di�erential
transform method (MSGDTM) which is a modi�ed version of GDTM [27]. It is shown
that the approximate solutions obtained by MSGDTM algorithm are more accurate than
GDTM during a longer time [26, 14].

The rest of the paper is organized as follows. In the next section, by using fractional
calculus operators, the classical SIRV epidemic model is transformed from a deterministic
framework to a model with historical e�ects. In Section 3, we �rst evaluate the disease-
free equilibrium point of our fractional model and show that if the basic reproduction
number R0 is less than one, this equilibrium point is locally asymptotically stable. Then,
it is shown that the fractional model may has multiple endemic equilibrium points. In
such case, we exactly obtain a certain threshold-value of R0 denoted by RC . According to
parameters R0 and RC , we express existence conditions of endemic equilibrium points and
some stability results are proved. Specially, it is proved that the stability conditions of the
endemic equilibrium points depend on the value of α. Section 4 describes the multi-step



1480

generalized di�erential transform method (MSGDTM) for solving the fractional nonlinear
system obtained in Section 2. In Section 5, we solve the proposed fractional SIRV model
for parameters values of Pertussis disease. Then, the numerical results are presented to
demonstrate the in�uences of memory on the disease spreading. Finally, conclusions are
given in Section 6.

2. SIRV model with historical e�ects

The standard SIRV model is described by a system of ordinary fractional di�erential
equations given by

(2.1)


S′(t) = (1− η)b− bS (t)− βI (t)S (t)− φS (t) + θV (t) + ϑR (t) ,
I ′(t) = βI (t)S (t) + σβI (t)V (t)− (b+ µ) I (t) ,
R′(t) = µI (t)− (ϑ+ b)R (t) ,
V ′(t) = ηb+ φS (t)− (b+ θ)V (t)− σβI (t)V (t),

with the following non-negative initial conditions:

S(0) = S0, I(0) = I0, R(0) = R0, V (0) = V0,(2.2)

in which I(t), S(t), R(t) and V (t) denote the number of infected, susceptible, recovered
and vaccinated individuals in the population, respectively. Also, the population size is
constant and it is assumed I(t) + S(t) +R(t) + V (t) = 1 at any time t. In this model, it
is assumed that death and birth occur with the same constant rate b > 0. Newborns are
vaccinated with the rate η ∈ [0, 1] at birth. Parameter β is the transmission rate between
infected and susceptible individuals. Also, the factor 1− σ is the e�ect of vaccine, which
means that if σ = 0, the vaccine is complete and if 0 < σ < 1, the vaccine is incomplete.
Moreover, φ is the vaccination rate. The vaccine does not provide lifelong protection and
its protection is reduced with the rate θ. Infected individuals are recovered with the rate
µ > 0 and have temporary immunity. They leave this immunity with the rate ϑ.

The ordinary di�erential equations describe a epidemic process with no memory and
historical e�ects. In order to consider the historical e�ects, we �rst rewrite system (2.1)
in terms of time dependent integrations as follows:

(2.3) 
S′(t) =

∫ t
0
κ(t− ξ)

[
(1− η)b− bS (ξ)− βI (ξ)S (ξ)− φS (ξ) + θV (ξ) + ϑR (ξ)

]
dξ,

I ′(t) =
∫ t

0
κ(t− ξ)

[
βI (ξ)S (ξ) + σβI (ξ)V (ξ)− (b+ µ) I (ξ)

]
dξ,

R′(t) =
∫ t

0
κ(t− ξ)

[
µI (ξ)− (ϑ+ b)R (ξ)

]
dξ,

V ′(t) =
∫ t

0
κ(t− ξ)

[
ηb+ φS (ξ)− (b+ θ)V (ξ)− σβI (ξ)V (ξ)

]
dξ,

in which κ(t − ξ) is assumed as kernel with respect to time and is equal to Dirac delta
function δ(t− ξ). Dirac delta function can be replaced with any arbitrary function which
leads to a type of time correlations. To consider long-time historical e�ects, we choose a
power-law function as kernel such that distant past events have far less e�ect on present,
compared to near past events. We de�ne the power-law kernel by

(2.4) κ(t− ξ) =
1

Γ(α− 1)
(t− ξ)α−2,

which α ∈ (0, 1] and Γ(.) is the Gamma function. According to this de�nition, the
strength of historical e�ects is increased by reducing the value of α. By substituting this
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new power-law kernel in the system (2.2), we obtain

(2.5)



S′(t) =
1

Γ(α− 1)

∫ t

0

(t− ξ)α−2[(1− η)b− bS (ξ)− βI (ξ)S (ξ)− φS (ξ)

+ θV (ξ) + ϑR (ξ)
]
dξ,

I ′(t) = 1
Γ(α−1)

∫ t
0

(t− ξ)α−2
[
βI (ξ)S (ξ) + σβI (ξ)V (ξ)− (b+ µ) I (ξ)

]
dξ,

R′(t) = 1
Γ(α−1)

∫ t
0

(t− ξ)α−2
[
µI (ξ)− (ϑ+ b)R (ξ)

]
dξ,

V ′(t) = 1
Γ(α−1)

∫ t
0

(t− ξ)α−2
[
ηb+ φS (ξ)− (b+ θ)V (ξ)− σβI (t)V (t)

]
dξ.

Using fractional calculus [30, 25], for a function g : [a, b] → IR, the left fractional
integral of order α > 0 is de�ned by

a It
αg(t) =

1

Γ(α)

∫ t

a

(t− x)α−1g(x)dx.(2.6)

So, it is obvious that the right hand side of the above system is a fractional integral of
order (α − 1) on the interval [0, t]. For a continuous function g(t) on the [a, b] interval,
left Caputo derivative of order α > 0 is de�ned as follows [8, 16]:

c
t0D

α
t g(t) = a It

n−αDng(t),(2.7)

where n is an integer number satisfying α ∈ (n − 1, n) and D = d
dt
. By applying the

fractional Caputo derivative of order (α − 1) on both side of the preceding system, we
obtain the following system

(2.8)


c
0D

α
t S (t) = (1− η)b− bS (t)− βI (t)S (t)− φS (t) + θV (t) + ϑR (t) ,

c
0D

α
t I (t) = βI (t)S (t) + σβI (t)V (t)− (b+ µ) I (t) ,

c
0D

α
t R (t) = µI (t)− (ϑ+ b)R (t) ,

c
0D

α
t V (t) = ηb+ φS (t)− (b+ θ)V (t)− σβI (t)V (t).

In this representation, the governing equations of the system (2.8) have fractional
derivatives of order α ∈ (0, 1] in the sense of Caputo which guarantee the presence of
memory. The strength of memory e�ects can be controlled by α. As α approaches to 1,
the in�uences of memory are decreased and the system (2.8) tends to a system with no
memory, i.e. standard SIRV model.

Similar to [11], it is easy to show that the initial value problem (2.8)-(2.2) is well
posed, namely solutions remain non-negative for non-negative initial conditions. As the
population is constant, we have V (t) = 1−S (t)− I (t)−R (t) at any time t. Therefore,
we can consider the following system instead of (2.8)

(2.9) 

c
0D

α
t S (t) = f1(S(t), I(t), R(t))

= b+ θ − ηb− (b+ φ+ θ)S (t)− βI (t)S (t)− θI(t) + (ϑ− θ)R (t) ,
c
0D

α
t I (t) = f2(S(t), I(t), R(t))

= (σβ − b− µ)I (t) + (β − σβ)I (t)S(t)− σβI(t)R(t)− σβI2 (t) ,
c
0D

α
t R (t) = f3(S(t), I(t), R(t))

= µI (t)− (ϑ+ b)R (t) .

In the next section, we investigate the in�uences of memory on diseases outbreak in the
obtained fractional SIRV model.

3. Asymptotic stability of equilibrium points

It is obvious that if E = (Se, Ie, Re) is an equilibrium point of the system (2.9) then
E = (Se, Ie, Re, Ve) is an equilibrium point of the system (2.8) where Ve = 1−Se−Ie−Re.
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Therefore, we investigate existence and stability conditions of equilibrium points of the
system (2.9) in this section. The equilibrium points of the system (2.9) satisfy in the
following system

(3.1)


c
0D

α
t S (t) = 0,

c
0D

α
t I (t) = 0,

c
0D

α
t R (t) = 0.

So, the system (2.9) always has the following unique disease-free equilibrium

(3.2) Ẽ = (S̃, Ĩ, R̃) =

(
b+ θ − ηb
b+ θ + φ

, 0, 0

)
.

According to the system (3.1), the endemic equilibrium points are obtained by solving
the quadratic equation P (I) = AI2 +BI + C = 0, where

(3.3)

A = −σβ
2(b+ ϑ+ µ)

(b+ ϑ)
,

B = σβ2 − σβb− σβφ− σβµ− βb− βθ − βµ

b+ ϑ
(b+ θ + σφ) ,

C = β (b+ σφ+ θ + σηb− ηb)− (b+ µ) (b+ φ+ θ) .

It can be shown that if I∗ be a positive real root of the above quadratic equation then
E∗ = (S∗, I∗, R∗) is the endemic equilibrium point of the system (2.9) where

(3.4)

S∗ =
(b+ ϑ) (b+ µ− σβ) + σβI∗ (b+ ϑ+ µ)

(b+ ϑ)β (1− σ)
,

R∗ =
µI∗

b+ ϑ
.

According to the system (3.1), if E∗ = (S∗, I∗, R∗) be an endemic equilibrium point then

(σβ − b− µ) + (β − σβ)S∗(t)− σβR∗(t)− σβI∗ (t) = 0.

Therefore, we have

σβ(1− S∗(t)− I∗(t)−R∗(t)) + βS∗(t) = b+ µ.

On the other hand, the population is constant and V ∗(t) = 1 − S∗(t) − I∗(t) − R∗(t).
Hence, we obtain σV ∗(t) + S∗(t) = b+µ

β
< 1. Thus if β ≤ b + µ, then the system (2.9)

has no endemic equilibrium point.

3.1. Theorem. Let

R0 =
β

b+ µ

(
b+ θ + σφ− ηb(1− σ)

b+ θ + φ

)
,(3.5)

be the basic reproduction number. Then, the disease-free equilibrium Ẽ of the system
(2.9) is locally asymptotically stable if R0 < 1.

Proof. We perturb the disease-free equilibrium Ẽ = (S̃, Ĩ, R̃) by adding positive terms
ε1(t), ε2(t) and ε3(t), respectively, that is

S(t) = S̃ + ε1(t), I(t) = Ĩ + ε2(t) and R(t) = R̃+ ε3(t).

According to the systems (2.9) and (3.1), we obtain
c
0D

α
t ε1(t) = f1

(
S̃ + ε1(t), Ĩ + ε2(t), R̃+ ε3(t)

)
,

c
0D

α
t ε2(t) = f2

(
S̃ + ε1(t), Ĩ + ε2(t), R̃+ ε3(t)

)
,

c
0D

α
t ε3(t) = f3

(
S̃ + ε1(t), Ĩ + ε2(t), R̃+ ε3(t)

)
.
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For i = 1, 2, 3, we have

fi
(
S̃ + ε1(t), Ĩ + ε2(t), R̃+ ε3(t)

)
' fi(S̃, Ĩ, R̃) +

∂fi
∂S

(S̃, Ĩ, R̃) ε1(t)

+
∂fi
∂I

(S̃, Ĩ, R̃) ε2(t) +
∂fi
∂R

(S̃, Ĩ, R̃) ε3(t).

By replacing fi(S̃, Ĩ, R̃) = 0, for i = 1, 2, 3, we attain the following linearized system

c
0D

α
t ε = Jε,

with initial values

ε1(0) = S0 − S̃, ε2(0) = I0 − Ĩ and ε3(0) = R0 − R̃,

where ε = (ε1(t), ε2(t), ε3(t))T and J is the Jacobian matrix evaluated at the point Ẽ.
We have B−1 J B = C where C is a diagonal matrix of J given by

C =

 λ1 0 0
0 λ2 0
0 0 λ3

 ,
where λ1, λ2 and λ3 are the eigenvalues of J and B is the eigenvectors of J . By considering
J = BCB−1, we obtain the linear fractional-order system

c
0D

α
t ζ = Cζ,

where ζ = (ζ1(t), ζ2(t), ζ3(t))T = B−1ε. The solutions of the above system are given by
Mittag-Le�er functions

ζi(t) =

∞∑
n=0

tnαλi
n

Γ(nα+ 1)
ζi(0) = Eα(λit

α)ζi(0), i = 1, 2, 3.

According to results of Matignon [24], if |arg λi| > απ
2
then ζi(t) is decreasing and there-

fore εi(t) is also decreasing, for each i = 1, 2, 3. Thus, the disease-free equilibrium point

Ẽ is asymptotically stable if all the eigenvalues λi of the Jacobian matrix J evaluated at

Ẽ satisfy the following condition:

|arg λi| > α
π

2
.(3.6)

The Jacobian matrix of the system (2.9) evaluated at Ẽ is as follows:

J(Ẽ) =

 −b− φ− θ
−β(1−η)b−βθ

b+φ+θ
− θ −θ + ϑ

0 β (1− σ) b(1−η)+θ
b+φ+θ

+ σβ − b− µ 0

0 µ −b− ϑ

 .
It is enough to show that all eigenvalues of J(Ẽ), have negative real parts. The eigenvalues

of J(Ẽ) are

− (b+ ϑ) ,− (b+ θ + φ) ,
β (b+ θ + σφ+ ηbσ − ηb)− (b+ µ) (b+ θ + φ)

b+ θ + φ
.

It can be shown that if R0 < 1, then

(b+ θ + σφ+ ηbσ − ηb)
b+ θ + φ

<
(b+ µ)

β
,

and all the eigenvalues of J(Ẽ) have negative real parts. �
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We can show that C = (b+ µ) (b+ θ + φ) (R0 − 1). Therefore, the following equation
can be considered instead of the equation P (I) = 0,

(3.7) Q (I) :=
−AI2

(b+ µ) (b+ θ + φ)
+

−BI
(b+ µ) (b+ θ + φ)

+ 1 = R0.

When β > b + µ, if the quadratic equation Q(I) = R0 has no, one or two positive real
root, then the system (2.9) has no, one or two endemic equilibrium points. In the next
theorem, we exactly obtain a minimum of R0 and prove that it can be considered as a
certain threshold-value of R0.

3.2. Theorem. Let

RC = 1− ((b+ ϑ) (σ (b+ φ+ µ)− σβ + b+ θ) + µ (b+ θ + σφ))2

4σ (b+ ϑ) (b+ µ) (b+ ϑ+ µ) (b+ θ + φ)

be the minimum value of the curve Q(I) and β > b+ µ, then

(1) If R0 > 1 or R0 = 1, B > 0, then the system (2.9) has the unique endemic
equilibrium point E∗u.

(2) If RC = R0 < 1 and B > 0, then the system (2.9) has the unique endemic
equilibrium point E∗c .

(3) If RC < R0 < 1 and B > 0, then the system (2.9) has two endemic equilibrium
points E∗1 , E

∗
2 .

(4) If R0 < RC , then there is no endemic equilibrium point.

Proof. Since A < 0, the curve Q(I) has a minimum value. By direct calculation, it is
obtained that this minimum value occurs at point (IC , RC) where

IC =
(b+ ϑ) (σβ − b− θ − σ (b+ φ+ µ))− µ (b+ θ + σφ)

2σβ (b+ ϑ+ µ)
,

RC = 1− ((b+ ϑ) (σ (b+ φ+ µ)− σβ + b+ θ) + µ (b+ θ + σφ))2

4σ (b+ ϑ) (b+ µ) (b+ ϑ+ µ) (b+ θ + φ)
.

As mentioned above, the y-intercept of curve y = Q(I) is 1. Therefore, there are the
following cases:

(1) If R0 > 1, then the equation (3.7) has two real roots and one of them is non-
negative and greater than IC . If R0 = 1, then the equation (3.7) has a non-zero
real root such that it is non-negative and greater than IC when B > 0. So, the
system (2.9) has the unique endemic equilibrium point E∗u such that I∗u > IC .

(2) If RC = R0 < 1, then the equation (3.7) has a repeated real root which is
non-negative when B > 0. Thus, the system (2.9) has the unique endemic
equilibrium point E∗c such that I∗c = IC .

(3) If RC < R0 < 1, then the equation (3.7) has two real roots I∗1 and I∗2 . If B > 0,
then these roots are non-negative. Thus, the system (2.9) has two endemic
equilibrium points E∗1 and E∗2 such that I∗1 < IC < I∗2 .

�

In the following theorem, it is shown that the stability of endemic equilibrium points
introduced in Theorem 3.2 is related to value of α.

3.3. Theorem. Suppose E∗u, E
∗
c , E

∗
1 and E∗2 be endemic equilibrium points introduced

in Theorem 3.2, then:

(1) Endemic equilibrium points E∗c and E∗1 are unstable.
(2) If α ≤ 2

3
, endemic equilibrium points E∗u and E∗2 are locally asymptotically α-

stable.
(3) If α > 2

3
and ϑ ≥ θ, E∗u and E∗2 are locally asymptotically stable.
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Proof. The Jacobian matrix of the system (2.9) evaluated at the endemic equilibrium
point E∗ is given by

J(E∗) =

 −b− φ− θ − βI∗ −βS∗ − θ −θ + ϑ
βI∗ (1− σ) −σβI∗ −σβI∗

0 µ −b− ϑ

 .
According to the proof of Theorem 3.1, if all eigenvalues of the Jacobian matrix J(E∗)
satisfy the condition (3.6), then the endemic equilibrium point E∗ is asymptotically
stable. The characteristic equation of this matrix is P (λ) = λ3 + a2λ

2 + a1λ + a0 = 0
where

(3.8)

a2 = 2b+ ϑ+ θ + φ+ βI∗ (1 + σ) ,

a1 = (b+ ϑ)(b+ φ+ θ) + βI∗ (2bσ + σµ+ σφ+ σϑ+ b+ ϑ+ θ)

+ β2I∗ (σI∗ + (1− σ)S∗) ,

a0 = βI∗ [µ (θ − ϑ) + σµ (b+ ϑ+ φ) + (b+ ϑ) (θ + σb+ σφ)]

+ β2I∗ [(1− σ) (b+ ϑ)S∗ + σI∗ (µ+ b+ ϑ)]

= 2σβ2(b+ ϑ+ µ)I∗ (I∗ − IC) .

For every endemic equilibrium point E∗, it is obvious that a1, a2 > 0. According to
the proof of Theorem 3.2, for the endemic equilibrium point E∗c , we have I

∗
c = IC and

a0 = 0. So, the endemic equilibrium point E∗c is unstable. Similarly, for the endemic
equilibrium point E∗1 , we have I

∗
1 < IC , then a0 < 0. From Descartes' rule of signs, it

is clear that the equation P (λ) = 0 has at least one positive real root. Therefore, the
endemic equilibrium point E∗1 is unstable. For the endemic equilibrium points E∗u and
E∗2 , we have I

∗
u > IC and I∗2 > IC , respectively. So we obtain a0 > 0. From Descartes'

rule of signs, the equation P (λ) = 0 has three negative real roots or one negative real
root and two complex roots. If the equation P (λ) = 0 has three negative real roots, then
E∗u and E∗2 are stable. We now assume the equation P (λ) = 0 has one negative real root
λ1 = −z and two complex roots λ2,3 = x± iy, then

P (λ) = λ3 + λ2(−2x+ z) + λ(x2 + y2 − 2xz) + z(x2 + y2).

Therefore, we have

a2 = −2x+ z, a1 = x2 + y2 − 2xz, a0 = z(x2 + y2).

If a2a1 − a0 > 0, then −2x
[
(x− z)2 + y2

]
> 0. So, if a2a1 − a0 > 0, then λ2 and λ3

must have negative real parts. It can be shown that if ϑ ≥ θ, then a2a1− a0 > 0 and the
roots of equation P (λ) = 0 have negative real parts. Furthermore, we have a2, a1 ≥ 0, so
x2 + y2 ≥ 2xz and z ≥ 2x. Thus we obtain

x2(1 +
x2

y2
) ≥ 2xz ≥ 4x2.

The above equation show that sec2(Argλ2,3) ≥ 4 and π
3
≤ Arg(λ2,3) ≤ 2π

3
. So, if α ≤ 2

3
,

then |Argλ2,3| > απ
2
and E∗u, E

∗
2 are stable. �

Theorem 3.3 shows that the stability of the endemic equilibrium points can be con-
trolled by modifying the order of the fractional derivatives. In the fact, the fractional
SIRV model can be achieved the steady state meanwhile standard SIRV model is un-
stable. Hence, considering historical e�ects increase the stability region of the SIRV
model.
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4. MSGDTM algorithm to solve the nonlinear fractional system
(2.9) with initial values (2.2)

In recent years, Odibat et al. introduced a new method, called the generalized dif-
ferential transform method (GDTM), for solving linear and nonlinear fractional-order
di�erential equations [27]. Although the GDTM is used to provide approximate solu-
tions for a wide class of nonlinear problems in terms of convergent series, it has some
drawbacks. The series solution always converges in a very small region and it has been
shown that the obtained approximate solution is valid only for a short time in some prob-
lems [13, 26]. Here, we solve the nonlinear fractional system (2.9) with initial values (2.2)
by applying the multi-step generalized di�erential transform method (MSGDTM) which
is a modi�ed version of GDTM. It is shown that the approximate solutions obtained by
MSGDTM algorithm are more accurate than GDTM during a longer time [26, 14]. Also,
it is shown that MSDTM has a signi�cant performance compared with the Runge-Kutta
method when the order of the derivative is one [1].

Assume that the interval [0, T ] is divided into M subintervals [tm−1, tm] by using the
nodes tm = mh where h = T/M and m = 1, 2, ...,M . The main ideas of the MSGDTM
are as follows:

First, we apply the GDTM to the initial value problem (2.9)-(2.2) over the interval
[0, t1]. The Kth-order approximate solutions can be expressed by the following �nite
series

(4.1)



S1(t) =
K∑
n=0

S1(n)tαn,

I1(t) =
K∑
n=0

I1(n)tαn,

R1(t) =
K∑
n=0

R1(n)tαn,

in which S1(n), I1(n) and R1(n) are the di�erential transforms for S(t), I(t) and R(t)
over the interval [0, t1], respectively. These transforms satisfy the following recurrence
relations

(4.2)



S1(n+ 1) =
Γ(αn+ 1)

Γ(α(n+ 1) + 1)

[
(b+ θ − ηb)δ(n)− (b+ φ+ θ)S(n)

− β
n∑
l=0

I(l)S(n− l)− θI(n) + (ϑ− θ)R(n)

]
,

I1(n+ 1) =
Γ(αn+ 1)

Γ(α(n+ 1) + 1)

[
(σβ − b− µ)I(n) + (β − σβ)

n∑
l=0

S(l)I(n− l)

− σβ
n∑
l=0

R(l)I(n− l)− σβ
n∑
l=0

I(l)I(n− l)
]
,

R1(n+ 1) = Γ(αn+1)
Γ(α(n+1)+1)

[
µI(n)− (ϑ+ b)R(n)

]
,

.

where δ(n) = 1 when n = 0 and equals 0 otherwise. The di�erential transforms of the

initial values are given by S1(0) = S0, I1(0) = I0 and R1(0) = R0.
For m ≥ 2, we now apply the GDTM to the initial value problem (2.9)-(2.2) over

the interval [tm−1, tm]. We repeat the process and generate a sequence of approximate
solutions Sm(t), Im(t) and Rm(t) for m = 2, 3, ...,M . Finally the MSGDTM yields the
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following solution:

(4.3) S(t) =



S1(t) =
K∑
n=0

S1(n)tαn, t ∈ [0, t1]

S2(t) =
K∑
n=0

S2(n)(t− t1)αn, t ∈ [t1, t2]

...

SM (t) =
K∑
n=0

SM (n)(t− tM−1)αn, t ∈ [tM−1, tM ],

(4.4) I(t) =



I1(t) =
K∑
n=0

I1(n)tαn, t ∈ [0, t1]

I2(t) =
K∑
n=0

I2(n)(t− t1)αn, t ∈ [t1, t2]

...

IM (t) =
K∑
n=0

IM (n)(t− tM−1)αn, t ∈ [tM−1, tM ],

(4.5) R(t) =



R1(t) =
K∑
n=0

R1(n)tαn, t ∈ [0, t1]

R2(t) =
K∑
n=0

R2(n)(t− t1)αn, t ∈ [t1, t2]

...

RM (t) =
K∑
n=0

RM (n)(t− tM−1)αn, t ∈ [tM−1, tM ],

where Sm(n), Im(n), and Rm(n) for m = 1, 2, ...,M satisfy the recurrence relations in

the system (4.2) with initial conditions Sm(0) = Sm(tm−1) = Sm−1(tm−1), Im(0) =

Im(tm−1) = Im−1(tm−1), and Rm(0) = Rm(tm−1) = Rm−1(tm−1).

5. Numerical results

Parameters List for pertussis disease

Parameter Value/days Meaning

b 1/(75× 365) Average lifetime 75 years
η 0.9 Ratio of vaccinated newborns
θ 1/(5× 365) Average vaccine waning time
β 0.4 Transmission rate
µ 1/21 Average infectious period 21 days
φ 0.05 Vaccination rate
ϑ 1/31 Average immunity period 31 days
σ 0 to 0.2 E�ective rate of vaccine is between 0.8 to 1

Table 1. Parameter values obtained from an study on pertussis disease.

To illustrate the numerical results, we use the parameter values obtained from an
study on pertussis disease [18]. These value are shown in Table 1. In Table 2, equilibrium
points of the system (2.9) are computed using values of Table 1 for σ = 0.15, σ = 0.1 and
σ = 0.05. It can be seen that if σ = 0.15, the value of R0 is greater than 1 and the model
has the unique endemic equilibrium point E∗u. On the other hand if σ = 0.1, the value
of R0 is between 1 and RC and the model have two endemic equilibrium points E∗1 and
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E∗2 . Moreover, if σ = 0.05, the value of R0 is less than 1 and the model has the disease-

free equilibrium point Ẽ. These results are consistent with Theorem 3.2 meaning that
the values of R0 and RC play an important role on the stability analysis of equilibrium
points. Table 2 shows that by increasing the e�ect of vaccine (by decreasing parameter
σ) the pertussis disease can be contained.

Numerical results for existence of equilibrium points

σ R0 RC B Equilibrium points

0.15 1.336832 0.698558 0.013138 E∗u = (0.0822845, 0.2715756, 0.4004438, 0.2456951)

0.1 0.921731 0.807790 0.008566
E∗1 = (0.0281086, 0.0248889, 0.0366992, 0.9103032)

E∗2 = (0.0739100, 0.1914716, 0.2823288, 0.4522895)

0.05 0.506629 0.916437 0.003993 Ẽ = (0.0109045, 0, 0, 0.9890955)

Table 2. Show equilibrium points of the system 2.9 using values of
Table 1 for σ = 0.15, σ = 0.1 and σ = 0.05.

According to Theorems 3.1 and 3.3, we expect the equilibrium points E∗u, E
∗
1 and Ẽ

to be locally asymptotically stable and the equilibrium point E∗2 to be unstable. Here, we
apply MSGDTM algorithm to solve the system (2.9) for σ = 0.15, σ = 0.1 and σ = 0.05
using values of Table 1 and the following initial values:

(5.1) S(0) = 0.8, I(0) = 0.2, R(0) = 0, V (0) = 0.

The numerical results are shown in Figures 1, 2 and 3. These �gures show that the system
(2.9) achieves in the steady state for all four cases of α. These results con�rm the results
of Theorems 3.1 and 3.3. As we can see, the numerical solutions depend continuously on
the fractional-order derivative α and the model reaches the equilibrium point at a faster
rate by reducing α. In other words, the model approaches the steady state at a faster
rate when the e�ect of memory factor is increased.
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Figure 1. Numerical simulation of the system (2.9) with initial con-
ditions (5.1) for the parameters introduced in table 1, σ = 0.15 and
α = 0.6, 0.8, 0.9, 1.
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Figure 2. Numerical simulation of the system (2.9) with initial con-
ditions (5.1) for the parameters introduced in table 1, σ = 0.1 and
α = 0.6, 0.8, 0.9, 1.

In order to demonstrate the in�uences of memory on disease spreading, we compare
the approximate solutions evaluated in Figure 2 with the equilibrium point E∗2 of Table
2. Figure 4 reveals the 2-norm error of the approximate solutions evaluated in Figure 2.
As we can see, the error decreases when the time is increased for di�erent values of α.
Therefor, the approximate solutions evaluated in Figure 2 converge to the equilibrium
point E∗2 in all cases. Moreover, the convergence of solutions to E∗2 can be reached faster
by reducing α, increasing the strength of historical e�ects. It should be noted that the
step size 0.05 was used in evaluating the approximate solutions in Figures 1-3. Obviously,
the e�ciency of this approach can be dramatically enhanced by decreasing the step size
and computing further terms or components of S(t), I(t), R(t) and V (t).
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Figure 3. Numerical simulation of the system (2.9) with initial con-
ditions (5.1) for the parameters introduced in table 1, σ = 0.05 and
α = 0.6, 0.8, 0.9, 1.

6. Conclusion

In this paper, we generalized the classical SIRV model to a model with historical
e�ects using fractional calculus. We determined the basic reproduction R0 and proved
that if R0 < 1, the disease-free equilibrium is locally asymptotically stable. In standard
SIRV model, it is numerically shown that R0 must be further reduced to be less than a
threshold-value in order to ensure that the disease exterminate [6]. But this value has not
been obtained exactly. Here, we analytically calculated the threshold-value ofR0, denoted
by RC . Using the values of R0 and RC , we expressed the existence conditions of the
endemic equilibrium points in Theorem 3.2. Using stability analysis, we proved Theorem
3.3 for the stability and α-stability of the endemic equilibrium points. Theorem 3.3 shows
that the stability of the endemic equilibrium points can be controlled by modifying the
value of α. In the fact, the fractional SIRV model can be achieved in the steady state
by controlling the parameters that a�ect α. For the parameters values of Table 1 which
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Figure 4. Plot the 2-norm error of the approximate solutions evalu-
ated in Figure 2 for α = 0.6, 0.8, 0.9, 1.

are related to pertussis disease, we numerically studied results of Theorem 3.2 in Table2.
We applied MSGDTM algorithm to the system (2.9) with initial conditions (5.1) using
values of Table 1 for σ = 0.05, σ = 0.1 and σ = o.15. The simulated results shown in
Figures 1-3 con�rm Theorem 3.3. Furthermore, the in�uences of memory on the disease
spreading is illustrated.

References

[1] Abuteen, E., Momani, S. and Alawneh, A. Solving the fractional nonlinear Bloch system
using the multi-step generalized di�erential transform method, Comput. Math. Appl., 68
(12), 2124-2132, 2014.

[2] Alipour, M., Beghin, L. and Rostamy, D. Generalized Fractional Nonlinear Birth Processes,
Methodol. Comput. Appl. Probab., 1-16, 2013.

[3] Allen, L. J. and Driessche, P. Stochastic epidemic models with a backward bifurcation, Math.
Biosci. Eng., 3 (3), 445-458, 2006.

[4] Anguelov, R., Garba, S. M. and Usaini, S. Backward bifurcation analysis of epidemiological
model with partial immunity, Comput. Math. Appl., 68 (9), 931-940, 2014.

[5] Ansari, M. A, Arora, D. and Ansari, S. P. Chaos control and synchronization of fractional
order delay-varying computer virus propagation model, Math. Methods Appl. Sci., Jan 1,
2015.

[6] Arino, J., McCluske, C. C. and van den Driessche P. Global results for an epidemic model
with vaccination that exhibits backward bifurcation, SIAM J. Appl. Math., 64 (1), 260-276,
2003.

[7] Boguna, M., Lafuerza, L. F., Toral, R. and Serrano, M. A. Simulating non-Markovian
stochastic processes, Phys. Rev. E, 90 (4), 042108, 2014.

[8] Caputo, M. Linear model of dissipation whose Q is almost frequency independent-II, Geo-
physical J. International, 13 (5), 529-539, 1967.

[9] Demirci, E. and Ozalp, N., A method for solving di�erential equations of fractional order.
J. Comput. Appl. Math., 236(11), 2754-2762, 2012.



1493

[10] Demirci, E., Unal, A. and Ozalp, N., A Fractional Order SEIR Model with Density Depen-
dent Death Rate, Hacet. J. Math. Stat., 40(2), 2011.

[11] Ding, Y. and Ye, H. A fractional-order di�erential equation model of HIV infection of CD4+
T-cells, Math. Comput. Modelling, 50 (3), 386-392, 2009.

[12] Duan, X., Yuan, S., Qiu, Z. and Ma, J. Global stability of an SVEIR epidemic model with
ages of vaccination and latency, Comput. Math. Appl., 68 (3), 288-308, 2014.

[13] Erturk, V., Momani, S. and Odibat, Z. Application of generalized di�erential transform
method to multi-order fractional di�erential equations, Commun. Nonlinear Sci. Numer.
Simul., 13 (8), 1642�1654, 2008.

[14] Erturk, V., Odibat, Z. and Momani, S. An approximate solution of a fractional order dif-
ferential equation model of human T-cell lymphotropic virus I (HTLV-I) infection of CD4+
T-cells, Comput. Math. Appl., 62, 992�1002, 2011.

[15] Erturk, V. S., Zaman, G. and Momani, S. A numeric�analytic method for approximating a
giving up smoking model containing fractional derivatives, Comput. Math. Appl., 64 (10),
3065-3074, 2012.

[16] Frederico, G. S. F. and Torres, D. F. M. Fractional Noether's theorem in the Riesz�Caputo
sense, Appl. Math. Comput., 217 (3), 1023-1033, 2010.

[17] Hanert, E., Schumacher, E. and Deleersnijder, E. Front dynamics in fractional-order epi-
demic models, J. Theoret. Biol., 279 (1), 9-16, 2011.

[18] Hethcote, H. W. An age-structured model for pertussis transmission, Math. Biosci., 145
(2), 89-136, 1997.

[19] Hethcote, H. W. The mathematics of infectious diseases, SIAM review, 42 (4), 599-653,
2000.

[20] Kermack, W. O. and McKendrick, A. G. Contributions to the mathematical theory of epi-
demics�I, Bull. Math. Biol., 53 (1), 33-55, 1991.

[21] Kribs-Zaleta, C. M., Velasco-Hernandez and J. X. A simple vaccination model with multiple
endemic states, Math. Biosci., 164, 183-201, 2000.

[22] Lakshmikantham, V., Theory of fractional dynamic systems, Cambridge Scientifc Publ,
2009.

[23] Linkenkaer-Hansen, K., Nikouline, V. V., Palva, J. M.,R. and Ilmoniemi, J. Long-range
temporal correlations and scaling behavior in human brain oscillations, J. Neuroscience, 21
(4), 1370-1377, 2001.

[24] Matignon, D. Stability results for fractional di�erential equations with applications to control
processing, Comput. Eng. Syst. Appl., 2, 963-968, 1996.

[25] Miller, K. S. and Ross, B. An Introduction to the Fractional Calculus and Fractional Dif-
ferential Equations, Wiley, New York 1993.

[26] Odibat, Z., Bertelle, C., Aziz-Alaoui, M.A., Duchamp and G. A multi-step di�erential
transform method and application to non-chaotic or chaotic systems, Comput. Math. Appl.,
59 (4), 1462�1472, 2010.

[27] Odibat, Z., Momani,S. and Erturk, V. Generalized di�erential transform method: Applica-
tion to di�erential equations of fractional order, Appl. Math. Comput., 197 (2), 467�477,
2008.

[28] Ozalp, N. and Demirci, E., A fractional order SEIR model with vertical transmission, Math.
Comput. Modelling, 54(1), 1-6, 2011.

[29] Peng, C. K., Havlin, S., Stanley, H. E. and Goldberger, A. L. Quanti�cation of scaling
exponents and crossover phenomena in nonstationary heartbeat time series, Chaos, 5 (1),
82-87, 1995.

[30] Podlubny, I. Fractional Di�erential Equations, Academic Press, San Diego, 1999.
[31] Porco, T. C. and Blower, S. M. Designing HIV vaccination policies: subtypes and cross-

immunity, Interfaces, 28 (3), 167-190, 1998.
[32] Safdari, H., Kamali, M. Z., Shirazi, A. H., Khaliqi, M., Jafari, G. History e�ects on network

growth, arXiv preprint, 2015, arXiv:1505.06450.
[33] Van Mieghem, P. and Van de Bovenkamp, R. Non-Markovian infection spread dramatically

alters the susceptible-infected-susceptible epidemic threshold in networks, Phys. Rev. Lett.,
110 (10), 108701, 2013.



1494

[34] Wang, P. Y., Lin, S. D. and Srivastava, H. M. Remarks on a simple fractional-calculus
approach to the solutions of the Bessel di�erential equation of general order and some of
its applications, Comput. Math. Appl., 51 (1), 105-114, 2006.

[35] Yulmetyev, R. M., Emelyanova, N. A., Demin, S. A., Gafarov, F. M., Hanggi, P. and
Yulmetyeva, D. G. Non-Markov stochastic dynamics of real epidemic process of respiratory
infections, Phys. A, 331 (1), 300-318, 2004.

[36] Zeng, G.Z., Chen, L.S. and Sun, L.H. Complexity of an SIR epidemic dynamics model with
impulsive vaccination control, Chaos, Solitons & Fractals, 26 (2), 495-505, 2005.


