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1 Introduction and Preliminaries

The well-known concept of the real quaternion was first introduced by Hamilton in 1843 [1]. It has four components, i.e.

q=qr+qi+q;j+qk
where qr, ¢, qj,qr € R and 4, j and k satisfy

==k =1, ij=—ji=k, ik = —ki = —j, jk = —kj =i.

The real quaternion algebra plays an important role in matrix analysis, quantum physics, kinematics, differential geometry, game development,
image and signal processing etc. Thus, there are number of studies associated with real quaternions [2, 3]. Since the multiplication of real
quaternions is non-commutative, all results about the complex numbers cannot be generalized in real quaternions. This problem restricts the
applications of real quaternions. In addition, this can increase the complexity of many processes.

The concept of commutative quaternions was first introduced by Schiitte and Wenzel [4]. The major difference between commutative quater-
nions and real quaternions is commutativeness of the multiplication, which are commutative for commutative quaternions. There are many
studies on commutative quaternions in literature. Catoni et al. studied the functions of commutative quaternions variable and obtained general-
ized Cauchy-Riemann conditions [5]. Pei et. al introduced digital signal and image processing using commutative quaternions. For color image
processing, they defined a simplified polar form of commutative quaternions to represent the color image and showed that this representation is
useful to process color images in the brightness-hue-saturation color space [4]. In [6], Isokawa et al. investigated two types of multistate Hop-
field neural networks based on commutative quaternions. Moreover, Kosal and Tosun investigated some algebraic properties of commutative
quaternion matrices by means of complex representation of commutative quaternion matrices [7]. In [8], Kosal et al. constructed some explicit
expression of the solution of the Kalman-Yakubovich-conjugate commutative quaternion matrix equations, by means of real representation of
a commutative quaternion matrices. In [9], Kosal and Tosun studied some equivalence relations and related to results over the commutative
quaternions and their matrices. In this sense, they defined consimilarity, semisimilarity and consemisimilarity over the commutative quaternions
algebra and their matrix algebra and determined the equalities of these equivalence relations. In [10], Kosal and Tosun established universal
similarity factorization equalities over the commutative quaternions and their matrices. Based on these equalities, real matrix representations of
commutative quaternions and their matrices have been derived, and their algebraic properties and fundamental equations have been determined.

In this study, the existence of solution to the elliptic quaternion matrix equations AX = B is characterized and solutions of this matrix equation
are derived by means of real representations. Elliptic quaternions are generalized form of commutative quaternions and so complex numbers
[5]. Thus, the obtained results extend, generalize and complement some known commutative quaternions matrices and complex matrices results
from the literature.
A set of elliptic quaternions is denoted by [5]
Hp ={a=ao+aii+azj+ask: aop,a1,a2,a3 € R, i,j,k ¢ R}

where

2 2 .2 .. .. . . . . . .

C=k"=q,j°=1,i=51=k,jk=kj=1, ki=1ik=qaj, a<O.

There are three types of conjugate of a = ag + a1t + a2j + ask € Hy. They are
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la = ap — a1t + agj — ask,

2

a=ag~+ayi—asj—ask, .

3a = ap — a1t — azj + ask

and norm of a is defined
lall = V/la (*fa) (2a) (3a)]
= \/ [(a0 +a2)” = a(ar +a3)*] [(a0 — a2)” — alar - a3)’].

Addition, multiplication and scalar multiplication of the elliptic quaternions a = ag + a1% + a2j + aszk,b = by + b1 + baj + b3k € Hp and

A € R are defined by
a+b=(ap+by)+ (a1 +b1)i+ (a2 +b2) j + (a3 + b3) k,

pq = (agbo + ca1by + a2bz + aazbs) + (a1bg + agb1 + azbs + azb3)
+ (agbs + agbo + aa1bz + aazby) j + (asbo + agbs + a1bs + azb1) k,

and

Aa = A(ao + a1t + agj =+ agk) = )\ao —+ /\ali =+ )\agj =+ )\U,gk

respectively.
If a = ap + a1i + agj + ask € Hp and ||a|| # 0 then a has multiplicative inverses. Multiplicative inverse of a is given by

()9 0)

- 4
[lal

2  Elliptic Quaternion Matrices

The set of H,"*™ denotes all 7 x n type matrices with elliptic quaternion entries. For A = (a;;), B = (b;) € Hy"*", C = (c;x) €

H;LXZ and A € R, the ordinary matrix addition, scalar multiplication and multiplication are defined by
A+ B = (aij) + (bij) = (aij +bij) € Hp"™",
AA =) (aij) = ()\aij) S H;nxn
and
n
AC = Z aijcijk | € H;nxl
Jj=1

respectively.
There are three types’ of conjugate of A = (aij) € H;nxn. They are

A= (1@) € Hy " 2A= (2@) € Hy ™ and®A = (3@) e Hy"™ "

A matrix AT € H}™™ is transpose of A € Hy'*". Also A*s = (‘SZ)T € H"*™, s=1,2,3, is called conjugate transpose according to

th

the s*" conjugate of A € H"*™.

Theorem 1. Let A and B be elliptic quaternion matrices of appropriate sizes. Then followings are satisfied:

(Sx‘_l)T:S (AT 7
(AB)** = B*> A*
(AB)T = BT AT
S

(AB) = (°A4) (°B) ,

If A=Y and B~ exist then (AB)_*1 =B71A7!,
If A7 exists (A*S)_1 = (Ail) B
(A) "' =(amD).

N kv

This theorem can also be easily proved by direct calculation.
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3 Real Representation of Elliptic Quaternion Matrices
Let A = Ao + A1i + Azj + Agk € HJ' ™™ where Ag, A1, Aa, Az € R™*".For X € Hp*", we will define the linear transformations
na (X) = AX.
Then, we get real representations of elliptic quaternion matrix A = Ag + A1i + Agj + Ask € Hy' ™"
Ay aA; A aAs
_[ A Ao Az Az ) paman

(A= 4y ads Ay ad;
Az Ay A1 Ay

Theorem 2. Let A, B € H," ", C € H, P and X € R. Then following identities are satisfied:

l. A=B & mnp(A) =mp (B), np (A+ B) =np (A) +np (B),
2. mp (AC) = np (A) np (C), mp (AA) = np (AX) = Anp (A), 4
3. A= 5 Eamny (A) E;} where Eyy = (I; ily  jl;  kl;) € H™*Y,
4. If A is a nonsingular matrix of size m then
—1 -1 -1 1 —1 *
TIp (A ) =Tp (A)7 A = 2 %0 E47n77p (A) E411nv

5. mp (A) = Ry hmp (A) Ran, mp (A) = Sprmp (A) San and np (A) = Ty, np (A) Tan, where

0 alty 0 O 0 0 I © 0 0 0 al
N R AT E A I A
0 0 L 0 0 I 0 O Iy 0 0 O©
4  On Solutions to the Elliptic Quaternion Matrix Equation AX = B
Now, we consider the solution of the
AX =B e))

by means of the real representation, where A € Hy" " Be H;n *P We define the real representation of the matrix equation (1) by
np (A)Y =mp (B). (2)
Proposition 1. The equation (1) has a solution X if and only if the equation (2) has a solution Y = np (X).

Theorem 3. The equation (2) has a solution Y € RAnx4p if and only if the equation (1) has a solution X € H;}Xp. In that case, if Y €
RY™X4P s q solution of (2), then the matrix

Iy
1 . . 1 1 1 —ilp
X = 3 _ 8a (Im iIm ][m k?]m) (Y + Q4mYQ4p + S4mYS4p + T4mYT4p) j]p (3)
—kIp
is a solution of (1).
Proof:
‘We show that if the real matrix
Y11 Y2 Yiz Yiu
y= | Yu Yo Yz Yau , Yup € R™*P w0 =1,2,3,4 )

Y31 Yz Y33 Yiy
Yy Yao Yiuz Yuy

is a solution to (2), then the matrix given in (3) is a solution to (1). Since anlYQn =Y, R;ll YR, =Y, S;LIYSR =Y, we have

My (A) QY Qap = 11p (B), np (A) Ry Y Ry = 1p (B), 11p (A) SpynY Sap = mp (B) .

This equation shows that if Y is a solution to (2), then QZ,}LYQM” RznlLYRélp and S;}LYSZLP are also solutions to (2). Thus the following
real matrix:

1 _ _ _
Y = 2 (Y + QunYQup + R Y Rap + S5, Y Sap ) )

is a solution to (2). Now substituting (4) in (5) and the simplifying the expression, we easily get
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Zo aZy Zo alds

Z1 Zo 243z Z2

Zo ats Zy oZy ’
Z3  Za 21 Zo

where

Zo =1 (Y11 + Yaz + Ya3 + Vi) , ZlZi(% +Y21+%+Y43)7
Zy =% (Y13 + Yas + Y31 + Yia), Z3=%(%+Y23+%+Y41)‘

Thus we obtain

X = Zy + Zoi+ Zsj + Zyk = (I i T KIm) (Y + QinY Qap + SiY Sap + Tipn YT )

1
8 — 8«

5 Numerical Algorithms

Based on the discussions in the previous section, in this section we provide numerical algorithms for solving elliptic quaternion matrix equation
AX = B.

1. Input Ay, A1, A2, A3 and By, By, B2, Bs.
2. Form np (A) and np (B).
3. Compute Y and Y = § (V + QY Qup + Ry Y Rap + SV Sy ) -
4. Calculate
Ip
1 L —1 —1 1 —ily
X = o (I il I k) (Y + QunY Qup + SphY Sap + Tipa YT ) i
—kIp
6  Numerical Examples
Let us for solve the elliptic quaternion matrix equation
1 143 ¥ — 14+2i+j 24+j+k
J k T\ —1+54+2 —1+i425 )
Under consideration of the Theorem 3, real representation of given matrix equation is
110 a«a 000 O 1 2 20 0 1 1 0 «a
0000100 « -1 -1 0 a« 1 2 2a O
011 1 00O0O 2 0 1 2 0 1 1 1
000 O0OT1T1O0 v — 0 1 -1 -1 2 0 1 2
0000110 « - 1 1 0 o 1 2 2o 0
1 00 a 00 0O 1 2 2« 0 -1 -1 0 «
000 O0O0OT1T1°1 0 1 1 1 2 0 1 2
0110 00O0O0 2 0 1 2 0 1 -1 -1
If we solve this equation, we have
1 2 2c 0 -1 -1 20 -«
0 0 0 0 2 2 0 0
2 0 1 2 -2 -1 -1 -1
v — 0 0 0 0 0 0 2 2
o -1 -1 -2a —a 1 2 2a 0
2 2 0 0 0 0 0 0
-2 -1 -1 -1 2 0 1 2
0 0 2 2 0 0 0 0
Finally, we obtain
Ip
L - — — —il
X = g5 (I il jIm Klm) (Y + QY Qap + Sph¥ Sap + Tih YTy ) o
—kIp

1+2i—j—2k 2—j—k
2j 2j :
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