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notion of a 2-absorbing submodule and show that if the ring is commutative
then the notion is the same as the original definition of that of A. Darani and
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are different. Many properties of 2-absorbing submodules are proved which

are similar to the results for commutative rings.

Mathematics Subject Classification (2010): 16N60
Keywords: 2-Absorbing submodule, strong 2-absorbing submodule, prime

submodule, completely prime submodule

1. Introduction

In 2007, Badawi [1] introduced the concept of 2-absorbing ideals of commutative
rings with identity, which is a generalization of prime ideals, and investigated some
properties. He defined a 2-absorbing ideal P of a commutative ring R with identity
to be a proper ideal of R and if whenever a,b,c € R with abc € P, then ab € P
or bc € P or ac € P. In 2011, Darani and Soheilnia [3] introduced the concept
of 2-absorbing submodules of modules over commutative rings with identities. A
proper submodule P of a module M over a commutative ring R with identity is
said to be a 2-absorbing submodule of M if whenever a,b € R and m € M with
abm € P, then abM C P or am € P or bm € P. One can see that 2-absorbing
submodules are generalization of prime submodules. Moreover, it is obvious that
2-absorbing ideals are special cases of 2-absorbing submodules.

Throughout all rings (not necessarily commutative rings) have identities and all
modules are unital left modules. In recent years the study of the absorbing property
of rings, modules and related notions have been some of the topics of interest in
the development of the ring and module theory. In this paper we study the notion
of 2-absorbing modules over noncommutative rings. We prove basic properties of

2-absorbing submodules analogous to properties studied by Payrovi and Babaei in
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[6] and [7] for 2-absorbing submodules over commutative rings. We also introduce
the notion of strong 2-absorbing submodules and show that in general if R is not a
commutative ring then the notions of 2-absorbing and strong 2-absorbing submod-
ules are not the same. If R is a commutative ring then the notions of 2-absorbing
and strong 2-absorbing submodule coincide with that of the original definition in-

troduced by Darani and Soheilnia in [3].

2. 2-Absorbing submodules and ideals

Prime submodules of modules over associative rings were introduced by Dauns
[4]. A proper submodule N of M is called prime, if rRm C N implies rM C N or
m € N for all r € R and m € M. Recently the concept of 2-absorbing submodules
was introduced by Darani and Soheilnia as a generalization of 2-absorbing ideals in

Definition 2.1. Let P be a proper ideal of a ring R. Then P is a 2-absorbing ideal
of R if aRbRc C P implies ab € P or bc € P or ac € P for all a,b,c € R.

Definition 2.2. Let R be a ring and N be a proper submodule of an R-module
M. Then N is 2-absorbing submodule of M if aRbRm C N implies abM C N or
am € N or bm € N for all a,b € R and m € M.

Remark 2.3. If R is a commutative ring then this notion of a 2-absorbing sub-

module coincides with that of Darani and Soheilnia.

Definition 2.4. Let R be a noncommutative ring and M an R-module. We define
a proper submodule P of M to be a strong 2-absorbing submodule if whenever
a,b € R and m € M with abm € P, then abM C P or am € P or bm € P.

Proposition 2.5. Let R be a ring and N be a prime submodule of an R-module
M. If aRbRm C N and am ¢ N, then bM C N for all a,b € R and m € M.

Proof. Let a,b € R and m € M. Assume that aRbRm C N and am ¢ N. First,
we show that bRm C N. Let r be any element of the ring R. Then aR(brm) C
aR(bRm) C N. Since N is a prime submodule, aM C N or brm € N. Then
brm € N because am ¢ N. That is bRm C N. Since N is a prime submodule and
am ¢ N, it follows that m ¢ N so that bM C N. O

From [5], a proper submodule P of an R-module M is called completely prime,
if am € P implies m € P or aM C P, for each a € R and m € M. An R-module M

is completely prime if the zero submodule of M is a completely prime submodule
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of M. In general, an R-module M/P is a completely prime module if and only if

P is a completely prime submodule of M.

Proposition 2.6. If N is a prime (completely prime) submodule of an R-module

M, then N is a 2-absorbing (strong 2-absorbing) submodule of M.

Proof. Assume that N is a prime (completely prime) submodule of an R-module
M. Let a,b € R, m € M and assume N is a prime submodule such that aRbRm C
N but am ¢ N. Thus bM C N by Proposition 2.5. Then bm € N and abM C aN C
N. Hence N is a 2-absorbing submodule of M. Now, assume N is a completely
prime submodule and that abm € N but b ¢ N. Since N is completely prime and
bm ¢ N, we have aM C N. Hence abM C aM C N and we have N is a strong
2-absorbing submodule of M. O

In general if R is not a commutative ring then the notions of 2-absorbing and
strong 2-absorbing submodules are not the same.
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In [2] a module is defined to be a semi-commutative module if whenever am = 0
for a € R and m € M, we have aRm = 0. A submodule N of an R-module M is a
semi-commutative submodule if whenever am € N for a € R and m € M, we have

aRm C N.
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Proposition 2.8. Let M be a left R module. If N is a 2-absorbing submodule which

is also a semi-commutative submodule, then N is a strong 2-absorbing submodule.

Proof. Suppose N is 2-absorbing. Let a,b € R and m € M such that abm € N.
Since N is a semi-commutative submodule, we have aRbRm C N. Now N 2-
absorbing implies that am € N or bm € N or abM C N. Hence N is a strong
2-absorbing submodule of M. O

Compare the next Theorem with Theorem 2.3 in [6].

Theorem 2.9. Let N be a proper submodule of an R-module M. If N is a 2-
absorbing submodule of M, then (N :g M) = {r € R:rM C N} is a 2-absorbing
ideal of R.

Proof. Let a,b,c € R such that aRbRc C (N :g M) and suppose ac ¢ (N :g M)
and be ¢ (N :g M). We show that ab € (N :g M). Since ac,bc ¢ (N :gr M), there
exists x1, 29 € M such that acxy ¢ N and bexs ¢ N. Now, aRbRc(x1 + x3) C N.
Since N is a 2-absorbing submodule of M we have ab € (N :gp M) or ac(x1+x2) € N
or be(xy + x2) € N. If ac(x1 + x2) € N, then aczy ¢ N since acx; ¢ N. Since
aRbRecxo C N and bexy ¢ N and acxe ¢ N we have ab € (N :g M) . Similar to
the case be(xy +x2) € N, we get ab € (N :g M) . Hence (N :g M) is a 2-absorbing
ideal of R. g

Corollary 2.10. [6, Theorem 2.3] If R is a commutative ring and N is a 2-
absorbing submodule of M, then (N :gr M) is a 2-absorbing ideal of R.

Remark 2.11. The converse of the above theorem is not true in general.

Proof. Let p be a fixed prime integer. Then Z(p™°) = {o € Q/Z : a = r/p" +Z for
some 7 € Z and n > 0} is a non-zero submodule of Q/Z. Let Gy ={a € Q/Z : a =
r/pt +7Z for some r € Z} for all t > 0. It is well known that each proper submodule
of Z(p>) is equal to G; for some ¢ > 0. By [6, page 914], G; is not a 2-absorbing
submodule of Z(p>). We can see that (G :z Z(p>)) = 0 is a 2-absorbing ideal of
Z for all t > 0. [l

Compare the next Proposition with Theorem 2.2 (i) in [6].

Proposition 2.12. The intersection of each pair of prime (completely prime) sub-

modules of an R-module M is a 2-absorbing (strong 2-absorbing) submodule of M.

Proof. Let N and K be two prime (completely prime) submodules of M. If N =
K, then NN K is a prime (completely prime) submodule of M so that N N K is
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a 2-absorbing (strong 2-absorbing) submodule of M. Assume that N and K are
distinct. Since NV and K are proper submodules of M, it follows that N N K is a
proper submodule of M. Next, let a,b € R and m € M be such that aRbRm C
NNK (abm € NNK) but am ¢ NNK and abM ¢ NN K. Then, we can conclude
that

(a): am ¢ N or am ¢ K, and
(b): abM € N or abM ¢ K.

These two conditions give 4 cases:

(1): am ¢ N and abM ¢ N;
(2): am ¢ N and abM ¢ K;
(3): am ¢ K and abM ¢ N;
(4): am ¢ K and abM ¢ K.

Let N and K be two prime submodules. We first consider Case(1). Since
aRbRm C NNK C N and am ¢ N, it follows from Proposition 2.5 that bM C N.
This is a contradiction because abM ¢ N. Hence Case(1) does not occur. Similarly,
Case(4) is not possible.

Next, Case(2) is considered. Again, we obtain that bM C N and then bm € N.
Let r € R. Since aRbRm C NNK C K, it follows that aR(brm) C aR(bRm) C K.
Hence aM C K or brm € K because K is a prime submodule of M. If aM C K,
then abM C aM C K contradicts abM Q K. Thus brm € K. That is bRm C K.
Since K is a prime submodule, bM C K or m € K. If bM C K, then abM C K
leading to the same contradiction. Therefore, m € K and then bm € K. Hence
bm € N N K. The proof of Case(3) is similar to that of Case(2).

Now, let N and K be completely prime submodules of M and abm € NNK C N.
We consider Case(1): Since abm € NN K C N and N completely prime we have
aM C N orbm e N. If aM C N, then abM C aM C N which is not possible. So,
suppose bm € N. Now bM C N or m € N. This is not possible and therefor Case
(1) does not occur. Similarly, Case(4) is not possible. Next, Case(2) is considered.
We have abm € NNK C K and since K is completely prime it follows that aM C K
or bm € K. If aM C K then abM C aM C K which contradicts abM Q K thus
bm € K. From abm € NN K C N we have aM C N or bm € N. Since am ¢ N,
aM C N is not possible. Hence bm € N N K. The proof of Case(3) is similar to
that of Case(2). O
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Corollary 2.13. [6, Theorem 2.2 (i)] If R is a commutative ring and N is a prime
submodule of M or is an intersection of two prime submodules of M, then N is

2-absorbing.

Proposition 2.6 guarantees that every prime (completely prime) submodule is
a 2-absorbing (strong 2-absorbing) submodule. The converse does not necessarily
hold.

Example 2.14. Consider Zg as Z-module, (0) is not a prime (completely prime)
submodule of Zg since 2.3 € (0) but 3 ¢ (0) and 2 ¢ ((0), : Zg) = 6Z. By

Proposition 2.12 (0) = (2) N (3) is a 2-absorbing (strong 2-absorbing) submodule of

Ze as Z-module.

Proposition 2.15. Let N, W be two submodules of an R-module M and N C W.
If N is a 2-absorbing (strong 2-absorbing) submodule of M, then N is a 2-absorbing
(strong 2-absorbing) submodule of W.

Proof. If W = M, then there is nothing to prove. Let aRbRx C N (abz € N),
where a,b € R, x € W. N is a 2-absorbing (strong 2-absorbing) submodule of
M, so either ax € N or bx € N or ab € (N :g M). Since N C W implies
(N :g M) C (N :g W), then either ax € N or bz € N or ab € (N :g W). Hence N
is 2-absorbing (strong 2-absorbing) in W. O

Lemma 2.16. Let N be a proper submodule of an R-module M. Then N is a
2-absorbing (strong 2-absorbing) submodule of M if and only if aROK C N (abK C
N) implies ab € (N : M), or aKK C N or bK C N for each a,b € R and submodule
K of M.

Proof. Suppose that ab ¢ (N : M) and aK ¢ N and bK ¢ N. Then there exist
mq,my in K such that am; ¢ N and bmy ¢ N. Since aRbRm; C aRVK C N
(abm; € abK C N) and ab ¢ (N : M), am; ¢ N, we get bmy € N. Also, since
aRbRmy C aRbK C N (abmg € abK C N) and ab ¢ (N : M), bms ¢ N, we get
amg € N. Now, since aRbR(my + ms2) C aRVK C N (ab(my + ms) € abK C N)
and ab ¢ (N : M) we have a(mji+msg) € N or b(m1+mg) € N. If a(m1+ms) € N,
i.e. (ami 4+ amgy) € N then since amgs € N we get am; € N which is contradiction.
If b(my + mo) € N, i.e. (bmy 4+ bms) € N, then since bm; € N we get bmg € N
which is a contradiction. Thus either ab € (N : M) or aK C N or bK C N. The

converse is clear. O

As for the commutative case [6, Theorem 2.4] we have.
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Proposition 2.17. If N is a 2-absorbing submodule of the R-module M then (N :
Rm) is a 2-absorbing ideal of R for every m € M\N.

Proof. Let a,b,c € R and m € M\N such that aRbRc C (N : Rm). Hence
aRb(RcR)m C N. Since RcR is an ideal of R, we have (RcR)m is a submodule
of M. It now follows from Lemma 2.16 that a(RcR)m C N or b(RcR)m C N or
abM C N. Hence acRm C N or beRm C N or abM C N. Thus ac € (N : Rm) or
bc € (N : Rm) or abRm C abM C N i.e. ab € (N : Rm) and we are done. O

Compare the next Theorem with [7, Theorem 2.3].

Theorem 2.18. Let N be a proper submodule of the R module M. If N is 2-
absorbing (strong 2-absorbing) submodule of M and if I and J are ideals of R
and K a submodule of M such that IJK C N, then IK C N or JK C N or
IJ C (N :g M). The converse holds for 2-absorbing submodules.

Proof. Suppose IJK C N and IJ ¢ (N :g M). We show that /K C N or
JK C N. Suppose IK ¢ N and JK ¢ N. There exists a; € I and ay € J such
that a1 K ¢ N and a2 K ¢ N. But ajRasK C IJK C N (a1a2K C IJK C N).
Since N is a 2-absorbing (strong 2-absorbing) submodule of M it follows from
Lemma 2.16 that ajas € (N :g M). Since IJ & (N :g M). there exists by € I and
by € J such that biboM ¢ N. Now, since N is 2-absorbing (strong 2-absorbing)
and byRboK C IJK C N (biboK C IJK C N) and also biboM ¢ N it follows
from Lemma 2.16 that by K C N or bo K C N. We have the following cases:

Case (1) byK C N and boK ¢ N

Since a1 Rbo K C IJK C N (a1bo K CIJK C N) and a1 K j(_ N and by K gé N it
follows from Lemma 2.16 that a1by € (N :g M). Since by K C N and a; K € N, we
conclude (a1 +b1)K ¢ N. On the other hand, (a3 +b1)RboK C N ((a1 +b1)bo K C
N) and neither (a1 +b1)K C N nor bo K C N, we get that (a; +b1)bs € (N : M) by
Lemma 2.16. But since (a1 + b1)by = (a1bs + b1b2) € (N : M) and a1bs € (N : M),
we get bibe € (N : M) which is a contradiction.

Case (2) boK C N and 1K ¢ N

By a similar argument to case (1) we get a contradiction.

Case (3) byK C N and boK C N

boK C N and asK ¢ N gives (a2 + b2)K € N. But ajR(az + b2)K C N
(a1(az+b2)K C N) and neither a1 K C N nor (az+be)K C N, hence ay(az+b3) €
(N : M) by Lemma 2.16. Since ajas € (N : M) and (ayaz2 + a1b2) € (N : M),
we have a1by € (N : M). Since (a; + b1)RasK C N ((a1 + b1)as K C N) and
neither as K C N nor (a3 + b1)K C N, we conclude (a; + b1)as € (N : M) by
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Lemma 2.16. But (a; + b1)as = ajas + bias, so (ajas + bias) € (N : M) and since
araz € (N : M), we get byag € (N : M). Now, since (a1 + b1)R(az + b)) K C N
((a1 4+ b1)(az + b)) K C N) and neither (a; + b1)K C N nor (az + bo)K C N,
we have (a1 + b1)(a2 + b2) = (a1a2 + a1bs + bras + bibe) € (N : M) by Lemma
2.16. But ajag,a1bs,bias € (N : M), so bjby € (N : M) which is a contradiction.
Consequently IK C N or JK C N.

The converse is clear for the 2-absorbing case since if aRbRm C N, then
(RaR)(RbR)Rm C N and we have am € (RaR)Rm C N or bm € (RbR)Rm C N
or abM C (RaR)(RVR)M C N. O

Corollary 2.19. Let I and J be two ideals of R and P a 2-absorbing submodule of
M. If m € M such that IJm C P, then Im C P or Jm C P or I1J C (N :g M).

Proof. If IJm C P, then IJRm C P and consequently Im C IRm C P or
Jm CJRm C PorIJC (P:gr M). O

Lemma 2.20. Let I be an ideal of R and N be a 2-absorbing (strong 2-absorbing)
submodule of M. If a € R, m € M and IRaRm C N (Iam C N), then am € N
or ImC N orlaC (Ng:M).

Proof. Let am ¢ N and Ia ¢ (Nr : M). Then there exists b € I such that
ba ¢ (Np : M). Now, bRaRm C N (bam € N), implies that bm € N, since
N is a 2-absorbing (strong 2-absorbing) submodule of M. We have to show that
Im C N. Let ¢ be an arbitrary element of I. Thus (b+ ¢)RaRm C IRaRm C N
(b+ c)am € Iam C N). Hence, either (b+c¢)m € N or (b+c)a € (Ng : M). If
(b+c)m € N, then by bm € N it follows that em € N. If (b+c¢)a € (Ng : M), then
ca ¢ (Ng: M), but cRaRm C N (cam € N). Thus em € N. Hence, we conclude
that Im C N. O

Corollary 2.21. Let N be a 2-absorbing (strong 2-absorbing) submodule of the
R-module M. Then (N :pp I) = {m € M : Im C N} is a 2-absorbing (strong 2-
absorbing) submodule of M for every ideal I of R.

Proof. Let I be an ideal of R and a,b € R and m € M such that aRbRm C
(N :pr I)(abm C (N :pp I)). Thus ITaRbRm C N(Iabm C N), then (IaR)RbRm C
IaRbRm C N. Hence from Lemma 2.20 we have (IaR)m C N or (IaRb) C (Ng :
M) or bm € N. If bm € N, then Ibm C N and consequently bm € (N :ps I) and
we are done. If TaRb C (Ng : M), then ab € aRb C (N :g M) :g I) = (N :m
I):g M). If (IaR)m C N, then am € aRm C (N :pr I). Thus bm € (N :pp 1)
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or am € (N :pp I) or ab € ((N :p I) :g M) which complete the proof for 2-
absorbing. For Tabm C N and N strong 2-absorbing it follows from Lemma 2.20
that abm € N or Im C N or Iab C (Ng : M). If abm € N, then am € N or
bm € N or ab € (N :g M). Hence for am € N it follows that fTam C IN C N
and we have am € (N :p; I). For bm € N it follows that Tom C IN C N and we
have bm € (N :p I). For ab € (N :g M), we have ab € (N :g M) :g I) = ((N :p
I) :p M). For Im C N, we have m € (N :p I) and thus am € (N :pr I). For
Iab C (Ng: M), wehaveabe (N:g M):gI)=((N:pmI):g M) and (N :p I)
is a strong 2-absorbing submodule of M. O

For the next Theorem compare also [7, Theorem 2.7 and Corollary 2.8].

Theorem 2.22. Let N be a 2-absorbing submodule of M. Then (N :g M) is a
prime ideal of R if and only if (N :r P) is a prime ideal for every submodule P of
M containing N.

Proof. Let I and J be ideals of R and K a submodule of M such that N C P
and IJ C (N :g P). Hence IJP C N. Since N is a 2-absorbing submodule of M
it follows from Theorem 2.18 that IP C N or JP C N or IJ C (N :gr M). Hence
IC(N:gpP)orJC(N:gP). Alsofor IJ C (N :g M) by the assumption that
(N :g M) is a prime ideal, we get IP C IM C N or JP C JM C N. Hence also
IC(N:gP)orJC (N :gP)and we have (N :g P) is a prime ideal.

This is clear, just take P = M. ([

Proposition 2.23. Let N and K be submodules of an R-module M with K ¢ N.
If N is a 2-absorbing (strong 2-absorbing ) submodule of M, then K N N is a
2-absorbing (strong 2-absorbing) submodule of K.

Proof. Since N and K are submodules of M and K ¢ N, K N N is a proper
submodule of K. Assume that N is a 2-absorbing (strong 2-absorbing) submodule
of M. Let a,b € R and z € K be such that aRbRz C N (abz € N). Since K is a
submodule of M, abK C K and ax;bx € K. Moreover, since aRbRx C KNN C N
(abr € KNN C N) and N is a 2-absorbing (strong 2-absorbing ) submodule of M,
abM C N orax € N or bx € N. Thus abK C abKNabM C KNNorax € KNN
or bx € KNN. Therefore, K NN is a 2-absorbing (strong 2-absorbing ) submodule
of K. O

Proposition 2.24. Let N and K be submodules of an R-module M with K C N.
Then N is a 2-absorbing (strong 2-absorbing) submodule of M if and only if N/K
is a 2-absorbing (strong 2-absorbing) submodule of M/K.
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Proof. First, assume that N is a 2-absorbing (strong 2-absorbing) submodule of
M. Then N/K is a proper submodule of M/K. Let a,b € R and m € M be
such that aRbR(m + K) C N/K (ab(m + K) C N/K). Let s;t € R. Thus
asbtm + K = asbt(m + K) C aRbR(m + K) C N/K. Then there exists n € N
such that asbtm + K = n+ K so that —n + asbtm € K C N and then asbtm € N.
This shows that aRbRm C N. (For the strong 2-absorbing case, abm + K =
ab(m + K) C N/K and then there exists n € N such that abm + K = n+ K so
that —n + abm € K C N and then abm € N). As a result, am € N or bm € N
or abM C N because N is a 2-absorbing (strong 2-absorbing) submodule of M.
Therefore, a(m + K) € N/K or b(m + K) € N/K or ab(M/K) C N/K. Hence
N/K is a 2-absorbing (strong 2-absorbing) submodule of M /K.

Conversely, assume that N/K is a 2-absorbing (strong 2-absorbing) submodule
of M/K. Then N is a proper submodule of M. Let a,b € R and m € M be such
that aRbRm C N(abm € N). Then aRbR(m + K) C N/K (ab(m + K) C N/K).
Since N/K is a 2-absorbing (strong 2-absorbing) submodule of M/K, we obtain
that a(m+ K) € N/K or b(m+ K) € N/K or ab(M/K) C N/K. That is am € N
or bm € N or abM C N. This implies that N is a 2-absorbing (strong 2-absorbing)
submodule of M. ]

Consider R = R; x Ry where each R; is an associative ring with identity,
M; be an R;-module where ¢ = 1,2, and M = M; x My be the R-module with

(r1,7m2)(my, ma) = (rymq,romsg) where r; € R;, m; € M;,i=1,2.

Theorem 2.25. Let My be an Ri-module, My be an Ro-module, R = R1 X Ry and
M = M; x My. Then
(1) N1 is a 2-absorbing Ri-submodule of M if and only if N1 x My is a 2-
absorbing submodule of M ; and
(2) Na is a 2-absorbing Rs-submodule of My if and only if My x Ny is a 2-
absorbing submodule of M.

Proof. It suffices to prove only part 1. First, assume that N; is a 2-absorbing
R;-submodule of M;. Suppose that (a,b)R(c,d)R(m1,ma) € Ny x My where
(a,b),(c,d) € R and (mq1,mg) € M.

Then (aRijcRymi,bRadRoms) = (a,b)R(c,d)R(mqy,ma) C Ny X Mo, ie.,
aRycRymy, C Ny and bRodRamo C Ms. Since N is a 2-absorbing Rp-submodule of
My, acM; C Ny or amy € Ny or emy € Ny. That is (a,b)(¢, d)M = (acMy,bdMs) C
Ny xMs or (a,b)(mi,ms) = (amy,bmsg) € Ny xMs or (¢,d)(my,ma) = (cmq,dms) €

Ny X M. Therefore, N1 x My is a 2-absorbing submodule of M. Conversely, assume
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that N7 x Ms is a 2-absorbing R-submodule of M. Let a,b € Ry and m; € M.
Assume that aR1bR1m1 C Ny. Let z,y € Ry and msy € Ms. Then
(a,2)R(b,y)R(m1,m2) = (aR1bR1m1, tRoyRoms) C Ny xMs. Since Ny x M isa 2-
absorbing R-submodule of M, (a,z)(b,y)M C N1 xM; or (a,x)(m1,ms2) € Ny x M,
or (b,y)(mi,me) € Ny X M. Then

(abMy,xzyMs) = (a,x)(b,y)M C Ny x My or (ami,zms) = (a,z)(my,my) €
N7 x My or (bmq,yma) = (b,y)(m1,ma) € N1 X Ma, i.e., abM; C Ny or amy € N;
or bm; € Ni. Therefore, N7 is a 2-absorbing R;-submodule of M;. O

Theorem 2.26. Let My be an Ri-module, My be an Ro-module, R = R1 X Ry and
M = M1 X Mg. Then

(1) Ny is a strong 2-absorbing Ry-submodule of My if and only if N1 X Ms is
a strong 2-absorbing submodule of M; and
(2) Ny is a strong 2-absorbing Ra-submodule of My if and only if My x Ny is

a strong 2-absorbing submodule of M.

Proof. It suffices to prove only part 1. First, assume that N; is a strong 2-
absorbing R;-submodule of M;. Suppose that (a,b)(c, d)(m1, ma) € Ny x My where
(a,b),(c,d) € R and (my,mz2) € M.

Then (acmq,bdms) = (a,b)(c,d)(m1,me) € N1 X Ma, i.e., acm; € Ny and bdms
€ Ms>. Since Nj is a strong 2-absorbing R;-submodule of M7, it follows that acM; C
Ny or amiNy or emy € Ny. That is (a,b)(c,d)M = (acM;,bdMs) C Ny X Ms or
(a,b)(m1,ma) = (amq,bmz) € N1 x M or (¢,d)(m1,mz) = (cmq,dmz) € Ny x Ms.
Therefore, N7 x My is a 2-absorbing submodule of M. Conversely, assume that
N7 X Ms is a strong 2-absorbing R-submodule of M. Let a,b € Ry and my € M;.
Assume that abmy € Ny. Let ,y € Ry and mgy € Ms. Then (a, x)(b,y)(m1,ms) =
(abmq,xymsy) € N1 x My. Since N7 X Ms is a strong 2-absorbing R-submodule
of M, it follows that (a,z)(b,y)M C Ny X My or (a,z)(mi,ma) € Ny X My or
(b,y)(m1,ma) € N1 x M. Then (abMy,zyMs) = (a,z)(b,y)M C Ny x My or
(amy,xmg) = (a,z)(my,mg) € N1 x My or (bmy,ymsa) = (b,y)(m1, m2) € N1 X Mo,
i.e., abM; C Ny or amy € Ny or bmy; € Ny. Therefore, Ny is a 2-absorbing R;-
submodule of Mj. O
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