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Abstract: In this work, moment relations for the product moments of order statistics from the standard
two-sided power (STSP) distribution are obtained. Since the probability density function (pdf) of the STSP
distribution is a piecewise function, we consider the pieces separately and develop certain moment relations
based on these pieces. Also, the usefulness of these moment relations in evaluating the product moments of
order statistics from the STSP distribution is discussed.
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1. Introduction

The moment relations and identities are important for computational efficiency since they reduce
the amount of calculations required for the evaluations of the moments. From the view of order
statistics, there are many works about moment recurrence relations and identities for the single and
product moments of order statistics. General recurrence relations for moments of order statistics
can be found in Khan et al.(1983), Arnold et al.(1992), David and Nagaraja(2003). For specific
distributions a lot of works on this subject can be found in the literature. For example, many
classical distributions such as normal, Cauchy and logistic distributions (Balakrishnan et al.,1988),
beta distribution (Thomas and Samuel,2008) and Topp-Leone distribution (Geng,2012).

On the other hand, the standard two-sided power distribution (STSP) was introduced by van
Dorp and Kotz (2002) as a peaked alternative to the beta distribution.It also gives a better alter-
native way of modelling excess kurtosis of data to the Laplace distribution in case of a bounded
domain. The STSP distribution has also applications in risk analysis such as PERT (Program
Evaluation and Review Technique) (Kotz and Van Dorp, 2004). It has the following probability
density function (pdf)

)= flalapy={ 10 920 =1 (1)
where fi(z) =a(5)*"" and fo(z) = 04(1:;;)“*1 and cdf is

F(m)EF(aza,ﬁ):{ggg :%Eiif (1.2)
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where F(z) = 8(5)* and Fy(z) =1—(1— A5 5). It is easy to observe that

afi(@) O<x<p
fzlen B) =4 adry (1.3)
ulii,ﬂ<:r<1

where o > 0

The STSP distribution has extensive flexibility according to its parameters which determines
the shape («) and reflection (3) of the distribution. For example; for 5= 0.5 it is in a symmetrical
structure, for a = 2 it corresponds to a triangular distribution, for §=0.5 and o =2 it returns
to a symmetrical triangular distribution that was recently studied by Nagaraja (2013) and it also
simplifies to uniform distribution on [0, 1] for & =1 and finally it corresponds to a power function
distribution for g =1.

Since the STSP distribution both generalizes the power function and triangular distributions
from which order statistics are studied in the literature, it is natural to study the order statistics
of the STSP distribution which is more flexible than these simple distributions. Cetinkaya and
Geng (2016) studied the order statistics from the STSP distribution and derived single moment
recurrence relations. Except for this reference, as far as we know, the STSP distribution has not
been considered in order statistics point of view in the literature. The product moments of order
statistics are also important in deriving variance-covariance matrices of order statistics and corre-
lation computations. The aim of this paper is to present certain moment relations for the product
moments of order statistics from the STSP distribution which are useful in checking the compu-
tations for product moments of order statistics and reducing the amount of calculations required
for the evaluations of these moments.These relations may especially be useful in deriving the best
linear unbiased estimators (BLUE) of the parameters.

Let X;., < X5, < X3, <---<X,., be the order statistics of a random sample size n drawn from
the STSP distribution. The joint pdf of X,., and X,., is

frs(z,y) = { Cranl F(@)]" T E(y) = F@) " 1= Fy)"~ f(x) f(y) ;2 <y

0 ,otherwise

and

BIX}, X, = Crsn/ / oMy [F (@) [F(y) = F(2)] 7" L= F(y)]" =" f(2) f(y)dody

where  C, 4, = oy T 1),(n ol since
fil)fi(y) ,0<2z<B,0<y<p
Flay) = @) R0),0<z<f,f<y<]
’ fQ(x)fl(y) 75<l‘<170<y</6
f(x)foly) B<z<1,B<y<l1

then

EIXE, X! ] =Cn / / DY [F @) F(y) - F@)] 1 - Fy)]" f(z,y)dady  (14)
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where

fil@)fily) O0<z<y<p
flx,y)=1q filz)fa(y) ,0<z<f<y<l
fo(x)fay) ,B<z<y<l

and (1.4) becomes

E[Xk Xl ]_

at CR(y) = Fu@) T = B@))" fu() fuy)dady
[F2( )= Fy ()] 1 = B ()] fu(z) faly)dady
) [Fa(y) — Fa(2)) " L= Ba(y)]" " falw) foly) dady

Mg“kél7l +M )uﬁk‘sl'?z + Mgksl%

rqn

_I_
m\m\\
Q\\m\

a

(1.5)

Because of fi(x) ,fi(y) , fo(x) and fo(y) are not proper pdf’s, each partial integral in (1.5) do
not give the anticipated product moment experessions So, these integrals are named as lower ,
middle and upper product moments and Lu!)  \phD and ! are the notations of these
product moments, respectively. The moment relations for each part are obtained in the following

sections.

2. Moment relations for lower partial product moments
For the case of 0 < X,.,, < X, <, we entitled the first part of the integral in (1.5) as lower
partial product moment and used , u(k’.l) for its notation. The moment relations obtained for ., ,u(’“ )

r,$:m T8

are presented in the following theorems.
THEOREM 1. If 1<r<s—1<n , then

(k1) — T (kD)
L/'Lr,s,:n k—f-ar L/'Lr+1,s7:n

PROOF.
B ry
LD =G, / / 2y [P ()]~

s X
_Crsn/ 1_ n @f(

Firstly, transformation (1.3) is used for fi(x) in the integral which is based on x and partial inte-
gration with the substitution u = [F;(z)]"[F\(y) — Fi(x)]*"""! and dv = z*~'dx used. Then, we get

"R (y) = Fu(@)] T L= Bu(y)]" 0 fi(z) fi(y)dady
) [/Oyl‘k[Fl(x)]r_l[Fl(y)—Fl(x)}s_r_lfl(ff)dff dy

§—1r— e
il = 2=t [ ety @l A ) - ()= B
- «fo(2) £ (y)ddy
~2TCeem / / DY B (@) F () — B (@) L= R fi(2) £ (y)dady

Thus Theorem 1 is derived by simplifying the resulting expression.
This recurrence relation shows that if L p(%!) can be obtained for an arbitrary r value, results for
other rth order statistic can be evaluated.
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THEOREM 2. If2<r<s<n and « €Z" , then

ki) ™ (ktal))
L/-‘Lrsn ,B(a_l)('f’— 1) Llr—1 s 1:n—1

PROOF.

A&2=rm/ /waTIWK)IHM““W—E@W”M@ﬁ@M@

=Crsn \ "2 Fy(2)[Fi(y) — Fi(2)]"" 1= Fu(y)]"° fi(z) f1 (y)dzdy
_TM/ /xymr2m@[<> Fy(2)* "1 = Fy(y)]"* (@) fu(y) dady
T”/ /kml @) 2R (@) [F (y) — F @)1 = B )] f(2) fi () dady

Then Theorem 2 is derived by simplifying the obtained expression.

THEOREM 3. If1<r<s<n-—1and a€Z" , then
ki 1 (k,1) Lﬂiksl:ai
Ly s:n = n—s LMy sin—1 — B(Q 1)
PROOF.
k,l) 7 Y k1 1 1
i =Crn [ [ Y IR @I )~ A@) L= RO fi(0)fi(w)dady
0 0

Similar to previous theorem; by extracting [1 — Fi(y)]"™* as (1 — Fi(y))" (1 — B(4)*) we get

Mﬂ—am/ /xyﬂ P R() — B (@) L B @) (@) fu(y)dedy

G [0 [ ety B @ R - B RGP @ ey

Theorem 3 follows by simplifying the resulting expression.
It is clearly seen that when the lower partial product moment is available for n-1 sample size, it
can be obtained for n sample size easily by using this relation.

THEOREM 4. If3<r<s—1<n-—1 and2a€Z" , then

(k1) _ an(n —1) ( (k+20,1) _ (k420,1) >
:u’r sn 52((1_1) (k + 2a)(r _ 1) L/’erl,572:n72 L/'Lr72,sf2:n72

PRrROOF.
am/ /xyﬂ W () — B (@) [ - Byl (@) fu(y)dady
_am/ / (@ By (@) [Fa(y) — B ()"~ L Fi ()"~ f1 () f () dady
-amJ /xym S R G) ~ R 1= A () dody

;ff; =" /0 N-FA"fily )[ /0 yﬂck““_l[Fl(a:)]r_Q[Fl(y)—Fl(:v)]s_r‘ldx dy
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By using partial integral substutions as u = [F} (z)]"?[Fi(y) — Fi(z)]*"""! and

xFt2e=ldy = dv we get
(k1) —

LMy sin =
(s L[ [ @ R ) - R - R
*f1(x) f1(y)dzdy
G 2 [ [ e IR @R e) - @ - R
(@) (v)drdy

By simlifying this expression, Theorem 4 is obtained.

THEOREM 5. If1<r<s<n and aj €Z* , then
n—s (k,l+aj)
wn — (7 TSN gy s 7
/’Lrsn<5>zo< ] )( 1) /Bj(a 1)
J_
PRrROOF.
B ry
iy l7)1 = CT',s:n/ / xkyl [Fl (x)]ril[Fl (y) - F1 (x)]57’r71[1 - Fl (y)]nisfl(m)fl (y)d.’ll'dy
o Jo

In this integral, by using binomial expansion for [1 — F; (y)]" = [1 — B(%)O‘]n_s we get

l’h(“ksln CTSnZ( ] ) Bg(a 1)/ / i l+aj )]Til

[Fi(y) — Fy (o))" fu(e) fi(y)dedy

Theorem 5 is obtained by simplifying the resulting expression.
THEOREM 6. If1<r<s<n—-1,n>2,c=r+j and ac€Z™ , then
s—r—1

e e DV G

50(1 a)(S—C—l) M(D‘CJFQ)
(n—c)(ac+ 1) Hemen=e

X

where ;1*"? _is named as lower single moment of the STSP distribution which is given by

Cetinkaya and Geng (2016).
PROOF.

B ry
0= Con [ [ PR R = F@) - RO ) A dsdy

Firstly, by using binomial expansion for [F}(y) — Fy(z)]*~"~! , the following expression is obtained.

D =G S e ] i [t s

=0 J
ylF ()P L= Fu(y))" fu(y)dy
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s—r—1 o c(l—a) B
(k,1) — E s—r—1 — jﬁ ( / act2 s—c—1
MT sn CT'7537la — ( ] > ( 1) ac _|_ 1 0 y [Fl (y)]
(1= Fi(y)]" ™ fi(y)dy

where ¢ =r + j. Then, by simplifying the result expression, theorem 6 is obtained.

In the theorem above the lower partial single moment of the STSP distribution which is given
by Cetinkaya and Geng (2016) is used. It is clearly seen that the lower partial product moment
can be evaluated with lower partial single moment by using this relation.

3. Moment relations for middle partial product moments

Similar to lower partial product moment; for the case of 0 < X,.,, < 8 < X,., <1, we entitled
the second part of the integral in (1.5) as middle partial product moment and used Mﬂg’;lr{ for its
notation. The moment relations obtained for ,u{%;!) are given in the following.

THEOREM 7. If1<r<s<n-—1and a€Z" , then

(k1) _ n Za (0‘) _1)d ()
lur s _ . Mo s:n =
M (n_ 8)(1 _IB)a 1 pard j ( )M s 1

PROOF.

1 B8
i = /ﬁ / DY (@) [Fa(y) — Fa (@) 1 = Ba()]"* fi (2) faly) dady

By extracting [1— Fy(y)]"~* as [1 — B(y)]" 1 — Fa(y)] = [1 — Fa(y)]" ' [(1 = B)(:=5)°] and
using binomial expansion for (1 —y)* we get

Muﬁksll—(l?gi’;l < > / / ey [y ()]

*[F(y) - Fix )]S B "= fi(@) faly)ddy

The theorem is obtained by simplifying the result expression.
It is clearly seen that when the middle partial product moment is available for n — 1 sample size,
it can be obtained for n sample size easily by using this relation.

THEOREM 8. If2<r<s<n-—1and a €Z" , then

(kol) _ n(n—1) - <0‘) v (Btanlg)
/'Lv s (n—s)(r—l)[ﬁ(l—ﬂ)}“—l 7_20 ,7 ( 1)Miu7'—1,s—1:n—2

PROOF.

1B
Mhf, = Cn/[3 /0 2y [y ()] 7 (y) — Fi(@)] T L= Ba(y)]" ful@) fa(y) dady

By extracting both [Fi(z)]""! as [Fi(z)]"?Fi(z) =
Ey(y)]" 1= Fa(y)] = [1 - Fa(y )]" A -8)(E)

ittt =g 2 () v [ / TrIRErT

Jj=

#[Fa(y) — Fu(2)] "1 = Fa(y)]" " fu(z) fay)dady

by simplifying the resulting expression, the theorem is derived.

[Fi(2)]"2B(5)" and [1 — Fy(y)]"* as [1 —
] we get
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THEOREM 9. If2<r<s<n and « €Z" , then

(k) n (k+avl)

Mlu’Tsn W MHMr—1s-1m—1

PROOF.

1 B
(ki) — o l’k l (z r—1 A — Fi(x s—r—1[1 _ A n—s () s T
a) /ﬁ/ Y @) Fay) — Fr(@)] L = Fa()]"* fi() faly)dedy
By extracting [F, (2)]"" as [Fy(2)] 2 [Fy(2)] = [Fy (2)]2B(2)" we get

= / [ eyt - REr
*[1— F2( )" fu(x) fa(y)ddy
Then, theorem 9 is derived by simplifying the resulting expression.

This theorem is also obtained for the lower partial product moment,too. Thus it can be useful for
both the first two parts of the product moment.

THEOREM 10. If1<r<s<mn and a(n—s)€Z" , then

a(n—s)
| —
(k1) _ n Z a(n—s) 1)7 (ki)
M:U’rsn S!(n—S)!(l—ﬂ)(O‘_l)(n_s) ( j ( ) /’[’rss

=0

PROOF.
1 B
i) = C / / Y R @) Faly) — Fu(@) 11 = Ba()]"* f1(2) foly) dady
8 0

[1— Fy(y)]"* equals Ly) "9 . By using binomial expansion for (1 —y)*"~*) we get

1 ﬁ)(a 1)(n—s)

a(n—s)
MngzT)L _ = ﬁc)’(rji)(n—s) Z_; <04( ) / / k[ ()]
T ARG - R@T ) B)dedy
Thus, theorem is derived by simplifying the resulting expression.
THEOREM 11. If1<r<s<n and a(r—1)€Z" , then
(k1) _ n! (k+a(r—1),0)

MMy s:n = ( —r ¥ 1)'(7“ — 1)!6(0_1)(T_1) MM s—r41n—r41

PROOF.
1 B
mpl) = Crgn / / 2y [F(2)]" [Fa(y) — Fi (@)1 = Fa(y)]" ™ fi (@) fo(y) dady
8 Jo

We know that [F;(z)]" ! = [ﬁi—:y—l. By using this identity we get

il = a”fn/ / HeC Dy [Fy(y) — Fi(a)]
#[1—Fao(y)]"* fi(x) f2(y)dxdy

By simplifying the resulting expression, theorem is derived.
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4. Moment relations for upper partial product moments
The last part of the integral in (1.5) is named as upper partial product moment for the case
of <Xy <Xy <1 and gy ,uff“sln is used for its notation.The obtained relations are given in the

following.

THEOREM 12. If1<r<s<n-—1 and a € Z* , then

(k1) _ (kl+])
:ursn ( (oz 1)2( ) U r,sin—1

PROOF.

o) = C /ﬁ /ﬁ ey [y (@) [Faly) — Fa(a)]" (1 — By fola) foly)dady

By extracting [1 — Fy(y)]" " as [1 = F>(y)]" ' [1 = F(y)] = [1 = B(y)]" (1 - 8)(;=4)" and
using binomial expansion for (1 —y)* we get

=g 32 (5) / ;o

7=0

[Fy(y) — Fa(z)]* "1 - "7 o) fay) dady

By simplifying the resulting expression, the relation above is derived. It is clearly seen that when
the upper partial product moment is available for n — 1 sample size, it can be obtained for n sample
size easily by using this relation.

THEOREM 13. If2<r<s<n and a € Z* , then

o (a i)
ki) _ M (k1) _ijo (j)(_l) UMyr— 1js Lin—1
Ubrsn = 777 | Ubr—ts—tin—1 (1—B)leD

PROOF.

oD = Cy /6 /ﬁ Ly By (@) [Faly) — Fal@)) (L — B fala) foly)dady

After extracting [Fy(z)]" ™" as [Fy(z)]" 2Fy(z) = [Fo(z)]"2[1— (1 — 5(}:;)(1] , and using the bino-
mial expansion for (1 —z)* we get

5D, = / / Ly By (@) 2 Faly) — Fal@)) (L — By fala) fuly)dady

-(- 1a0’“s”z<) // Y [Py ()] 2 [Fa(y) — Fa(@))

(1= Fx(y)]" " fa(2) f2(y)dady

Then, the moment relation in theorem 13 is derived by simplifying the resulting expression.

THEOREM 14. If1<r<s<n and a(n—s)€Z" , then

a(n—s)
! _
(k1) — n a(n—s) 1) esl+)
Ubtr.sin sl(n —s)I(1 — B)la=1n=s) Z ( j (=17 vy

Jj=0
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PROOF.

o) = C, /B /B Ly By (@) [Faly) — Fa(e)]" (1 — Byl fola) foly)dady

It is known that [1 — F5(y)]"® equals % By using binomial expansion for (1 —y)*"=*)
we get
C a(n—s) (
/.L(k ) r,8m Z (a ) / / k l+]
7,8 _ a—1)(n—s
(1= gy 2
*[Fa(2)] " [Fa(y) = Fo(2)]"" 7 fal@) fo(y)ddy

Thorem is derived by simplifying the resulting expression.
This theorem is obtained for the upper partial product moment, too. So these theorems can be
used for both two part of the product moment.

THEOREM 15. If2<r<s<n-—1 and a € Z* , then

(k1)

n! — r—1 j 1
U = D= 7+ 1) _0< ;) e

j .
aj ; kil
X ( i )(_1)2 Utug,:—r-)i-lzn—T-&-l

=0

Q <.

PROOF.
Ngkslzl = Cr,s:n/ /y 33kyl [F2($)]r71[F2(y) - F2(1’)]57T71[1 — E()]" " fa(x) f2(y)dxdy (4.1)
B JB

It is known that [Fy(z)]" " = [1 - (figj”ffl]’“’l. By using binomial expansion for this identity we
get

(1—x2) rfl_r_l r—1 Y (1—x)™
=gl =2 (7)Y a e

Jj=

Then, by using binomial expansion for (1 — z)*/ in the resulting expression above, [Fy(z)]""! is

obtained as . o
e =3 () g () o

Jj=0

1

replacing [Fy(x)]"~! with the resulting expression above in (4.1) we get

O O
/ / YR (y) = Fa(@)] 1 = Fa()]"° fa(w) fo(y) dady

Finally, by simplifying the resulting expression, theorem 15 is derived.
Similar to Theorem 11, when we obtain the result for the minimum rth order statistics we can
obtain the results for the upper partial product moments of the other rth order statistic.
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5. Conclusion

In this paper, we derived some moment relations about the product moments of order statis-
tics from the STSP distribution. We observed from the results that these relations are not much
computationally friendly due to the piecewise definition of the pdf of the STSP distribution.
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