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Abstract

In this paper we study some maps which are skew-commuting on rings.
Also we present some results concerning derivations in generalized case.

2000 AMS Classification: 16N60, 16W25.

Keywords: skew-commuting map, additive map, generalized derivation, semiprime
ring, prime ring.

Received 09/02/2014 : Accepted 30/04/2014 Doi : 10.15672/HJMS.2015449652

1. Introductions and Preliminaries
Throughout this paper, R be a ring with center Z(R). For an integer n > 1, a ring

R is called n-torsion free if nx = 0, (x ∈ R) implies x = 0. As usual we write [x, y] for
xy − yx and use the identities [xy, z] = x[y, z] + [x, z]y and [x, yz] = y[x, z] + [x, y]z for
x, y, z ∈ R. Recall that a ring R is prime if xRy = {0} implies x = 0 or y = 0 and is
semiprime if xRx = {0} implies x = 0. An additive mapping d from R into itself is called
a derivation if d(xy) = d(x)y + xd(y) for all x, y ∈ R. An additive mapping f : R → R
is said to be a generalized derivation if there exists a derivation d : R → R such that
f(xy) = f(x)y + xd(y) for all x, y ∈ R. A mapping f : R→ R is called skew-commuting
on R if f(x)x+ xf(x) = 0 and is called commuting on R if [f(x), x] = 0 for all x ∈ R.
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2. Main Results
We shall make use of the following results.

2.1. Theorem. [2] Let R be a 2-torsion free semiprime ring. If an additive mapping
f : R→ R is skew-commuting on R, then f = 0.

2.2. Theorem. [3] Let R be a semiprime ring, I a nonzero ideal of R and F a nonzero
generalized derivation of R associated with a derivation D. If F (xy) = F (x)F (y) for all
x, y ∈ R, then D(I) = 0.

2.3. Lemma. [5] Let R be a semiprime ring. Suppose that the relation axb + bxc = 0
holds for all x ∈ R and some a, b, c ∈ R. In this case, (a + c)xb = 0 is satisfied for all
x ∈ R.

2.4. Lemma. [6] Let R be a semiprime ring and D be a derivation on R. If D(x)D(y) =
0 for all x, y ∈ R, then D = 0.

2.5. Theorem. Let R be a 2-torsion free semiprime ring, D be a derivation and α be
a homomorphism on R. Suppose that the mapping x 7→ (D(x) + (α(x) − x)) is skew-
commuting on R. In this case α = I and D = 0.

Proof. Put G(x) = α(x)−x. By Theorem 2.1, we have D = −G. Therefore D(x)D(y) =
0 for all x, y ∈ R. Hence D = 0 by Lemma 2.4. So we get α = I. �

2.6. Theorem. Let R be a nonzero 2-torsion free semiprime ring, D be a derivation
and α be a homomorphism on R. Suppose that the mapping x 7→ D(x) + α(x) is skew-
commuting on R. In this case α = D = 0.

Proof. The result follows by Theorems 2.1 and 2.2. �

In [4] Vukman proved that on a 2-torsion free semiprime ring R, if the mapping
x 7→ D(x)x + xα(x) is commuting on R, then D and α − I map R into Z(R). The
next theorem is a version of this result in case of skew-commuting map. We will use the
following lemmas in the proofs of next theorems.

2.7. Lemma. [4] Let R be a semiprime ring and let f : R→ R be an additive mapping.
If either f(x)x = 0 or xf(x) = 0 holds for all x ∈ R, then f = 0.

2.8. Lemma. [4] Let R be a 2-torsion free semiprime ring and α : R → R be an
automorphism such that x[α(x), x] = 0 or [α(x), x]x = 0 for all x ∈ R. Then α− I maps
R into Z(R).

2.9. Lemma. [1] Let R be a prime ring and let F : R→ R be an additive map. If there
exists a positive integer n such that F (x)xn = 0 for all x ∈ R, then F = 0.

2.10. Theorem. Let R ba a 2 and 3-torsion free semiprime ring. Suppose that D is
a derivation and α : R → R is an onto homomorphism such that the mapping x 7→
D(x)x+ xα(x) is skew-commuting on R. In this case α− I maps R into Z(R).

Proof. The assumption of the theorem can be written in the form

(D(x)x+ xα(x))x+ x(D(x)x+ xα(x)) = 0, x ∈ R.(2.1)

Using the linearization of (2.1), a routine calculation gives

A(x)y +D(x)yx+D(y)x2 + xα(y)x+ yα(x)x+ xα(x)y + xD(y)x

+ x2α(y) + xyα(x) + yD(x)x+ yxα(x) = 0, x, y ∈ R,
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where A(x) = D(x)x+ xD(x). Replacing y by yx in the above relation, we get

A(x)yx+D(x)yx2 +D(y)x3 + yD(x)x2 + xα(y)α(x)x+ yxα(x)x+ xα(x)yx

+ xD(y)x2 + xyD(x)x+ x2α(y)α(x) + xyxα(x) + yxD(x)x+ yx2α(x) = 0.

It follows from the above relations that

(xy + yx)D(x)x+ x2α(y)G(x) + xα(y)G(x)x+ xy[x, α(x)](2.2)

+ yx[x, α(x)] + y[x, α(x)]x = 0, x, y ∈ R,

where G(x) = α(x)− x. Replacing y by xy in (2.2), we get

(2.3)
x(xy + yx)D(x)x+ x2α(x)α(y)G(x) + xα(x)α(y)G(x)x

+ x2y[x, α(x)] + xyx[x, α(x)] + xy[x, α(x)]x = 0.

Multiplying the left side of (2.2) by x and then subtracting the obtained relation from
(2.3), we obtain

x2G(x)α(y)G(x) + xG(x)α(y)G(x)x = 0, x, y ∈ R.
Since α is onto, therefore

x2G(x)yG(x) + xG(x)yG(x)x = 0, x, y ∈ R.
Hence

x2G(x)yxG(x) + xG(x)yxG(x)x = 0, x, y ∈ R.
By Lemma 2.3, we have

(2.4) (x2G(x) + xG(x)x)yxG(x) = 0, x, y ∈ R.
Replacing y by yx in (2.4), we get

(x2G(x) + xG(x)x)yx2G(x) = 0, x, y ∈ R.(2.5)

It follows from (2.4) and (2.5) that

(x2G(x) + xG(x)x)y(x2G(x) + xG(x)x) = 0, x, y ∈ R.
Since R is semiprime, this implies

x(xG(x) +G(x)x) = 0, x ∈ R.(2.6)

Using the linearization of (2.6), a routine calculation gives

x(xG(y) + yG(x) +G(x)y +G(y)x) + y(xG(x) +G(x)x) = 0.(2.7)

Replacing y by xy in (2.7), we obtain

(2.8)
x(xG(xy) + xyG(x) +G(x)xy +G(xy)x)

+ xy(xG(x) +G(x)x) = 0, x, y ∈ R.

Multiplying the left side of (2.7) by x and then subtracting the obtained relation from
(2.8), we get

x[α(x), x]y + x2G(x)α(y) + xG(x)α(y)x = 0, x, y ∈ R.

Using (2.6), we get

x[α(x), x]y + xG(x)[α(y), x] = 0, x, y ∈ R.(2.9)

Replacing y by yz in (2.9), we obtain

0 = x[α(x), x]yz + xG(x)α(y)[α(z), x] + xG(x)[α(y), x]α(z)

= −xG(x)[α(y), x]z + xG(x)α(y)[α(z), x] + xG(x)[α(y), x]α(z)

= xG(x)[α(y), x]G(z) + xG(x)α(y)[α(z), x], x, y, z ∈ R.
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Since α is onto, we have

xG(x)[y, x]G(z) + xG(x)y[α(z), x] = 0, x, y, z ∈ R.

Putting y = x in the above relation, we infer xG(x)x[z, x] = 0 for all x, z ∈ R. If we
replace z by zy, then xG(x)xz[y, x] = 0 for all x, y, z ∈ R. Putting y = G(x), we have

(2.10) xG(x)xz[G(x), x] = 0, x, z ∈ R.

Replacing z by xz in (2.10), we get xG(x)x2z[G(x), x] = 0 for all x, z ∈ R. On the other
hand (2.10) gives x2G(x)xz[G(x), x] = 0. Subtracting these two recent relations, we
obtain

x[G(x), x]xz[G(x), x] = 0, x, z ∈ R.

Hence x[G(x), x]x = 0 by semiprimeness of R. According to (2.6), we get x2G(x)x = 0
for all x ∈ R. Therefore x2[G(x), x] = 0 for all x ∈ R. The linearization with a simple
calculation leads to

x2[G(y), y] + (xy + yx)([G(x), y] + [G(y), x]) + y2[G(x), x] = 0, x, y ∈ R.

Replacing y by x+ y in the above relation, we get

(2.11) x2([G(x), y] + [G(y), x]) + (xy + yx)[G(x), x] = 0, x, y ∈ R.

Left multiplication (2.11) by x[G(x), x] and using x[G(x), x]x = 0, we get

x[G(x), x]yx[G(x), x] = 0, x, y ∈ R.

Since R is semiprime, x[G(x), x] = 0 for all x ∈ R. So x[α(x), x] = 0 for all x ∈ R.
Therefore α− I maps R into Z(R) by Lemma 2.8. �

2.11. Theorem. Let R ba a 2 and 3-torsion free prime ring. Suppose that D is a
derivation and α : R→ R is an onto homomorphism such that the mapping x 7→ D(x)x+
xα(x) is skew-commuting on R. The only case for R is R = {0}.

Proof. By Theorem 2.10 we obtain that α− I maps R into Z(R). So relation (2.6) gives
us G(x)x2 = 0. Hence α = I by Lemma 2.9. Therefore (2.1) and (2.2) give

D(x)x2 + xD(x)x = −2x3, x2D(x)x = 0, x ∈ R.(2.12)

Hence we have

D(x3)− x2D(x) = −2x3, x ∈ R.(2.13)

It follows from (2.12) that

xD(x)x2 = −2x4, x ∈ R.(2.14)

Right multiplication of (2.12) by x and then using (2.14), we get D(x)x3 = 0. Hence
D = 0 by Lemma 2.9. So (2.14) implies x4 = 0 for all x ∈ R. So we get R = {0} by
Lemma 2.9. �

Vukman [4] proved the result below.

2.12. Theorem. [4] Let R be a 2-torsion free semiprime ring and D : R → R be a
derivation such that x[D(x), x] = 0 or [D(x), x]x = 0 for all x ∈ R. Then D maps R into
Z(R).

In the following theorem we generalize this result.

2.13. Theorem. Let R be a 2-torsion free semiprime ring and F be a generalized deriva-
tion associated with a derivation D on R. Also let [F (x), x]x = 0 for all x ∈ R. In this
case D maps R into Z(R).
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Proof. The linearization of [F (x), x]x = 0 gives

[F (x), y]x+ [F (y), x]x+ [F (x), x]y = 0, x, y ∈ R.(2.15)

Replacing y by yx in (2.15), we get

[F (x), y]x2 + [F (y), x]x2 + y[D(x), x]x+ [y, x]D(x)x+ [F (x), x]yx = 0.

Right multiplication of (2.15) by x and subtracting the obtained relation from the above
relation, gives

y[D(x), x]x+ [y, x]D(x)x = 0, x, y ∈ R.(2.16)

Replacing y by D(x)y in (2.16), we have

D(x)y[D(x), x]x+D(x)[y, x]D(x)x+ [D(x), x]yD(x)x = 0, x, y ∈ R.

Using (2.16), we infer [D(x), x]yD(x)x = 0. Hence (2.16) implies that [D(x), x]xy[D(x), x]x =
0 for all x, y ∈ R. Since R is semiprime, [D(x), x]x = 0 for all x ∈ R. Therefore D maps
R into Z(R) by Theorem 2.12. �

2.14. Theorem. Let R be a 2-torsion free semiprime ring and let D and G be two
derivations on R. Suppose that (D(x)x+ xG(x))x = 0 for all x ∈ R. In this case D and
G map R into Z(R).

Proof. A routine calculation shows that

(2.17) D(x)yx+D(y)x2 + xG(y)x+ yG(x)x+D(x)xy + xG(x)y = 0.

Let y be yx in (2.17). Then

D(x)yx2 +D(y)x3 + yD(x)x2 + xG(y)x2

+ xyG(x)x+ yxG(x)x+D(x)xyx+ xG(x)yx = 0, x, y ∈ R.

Multiplying (2.17) from the right by x and then subtracting the obtained relation from
the above relation, we get

y(D(x)x2 + xG(x)x) + xyG(x)x− yG(x)x2 = 0, x, y ∈ R.
Hence by the assumption, we get

xyG(x)x− yG(x)x2 = 0, x, y ∈ R.

Replacing y by G(x)xy, we get

xG(x)xyG(x)x+G(x)xy(−G(x)x2) = 0, x, y ∈ R.
By Lemma 2.3 we get

[G(x), x]xyG(x)x = 0, x, y ∈ R.(2.18)

If we replace y by yx in (2.18), then

[G(x), x]xyxG(x)x = 0, x, y ∈ R.

Multiplying (2.18) from the right by x and subtracting the obtained relation from the
above relation, we obtain

[G(x), x]xy[G(x), x]x = 0, x, y ∈ R.

Since R is semiprime, [G(x), x]x = 0 for all x ∈ R. Hence G maps R into Z(R) by
Theorem 2.12. Also using same argument shows that D maps R into Z(R). �

2.15. Theorem. Let R be a 2-torsion free prime ring and let D and G be two derivations
on R. Suppose that (D(x)x+ xG(x))x = 0 for all x ∈ R. In this case D = −G and R is
commutative, unless D = G = 0.
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Proof. By Theorem 2.14 we get that G maps R into Z(R). So by the assumption, we
obtain (D + G)(x)x2 = 0 for all x ∈ R. Therefore D + G = 0 by Lemma 2.9, and we
conclude that D maps R into Z(R). �

Our last result generalizes a result of [4].

2.16. Theorem. Let R be a semiprime ring, F be a generalized derivation associated with
a derivation D on R and α : R→ R be an onto homomorphism. If F (x)x+x(α(x)−x) = 0
holds for all x ∈ R, then α = I and F = D = 0.

Proof. The linearization of F (x)x+ x(α(x)− x) = 0 gives

(2.19) F (x)y + F (y)x+ xG(y) + yG(x) = 0,

where G(x) = α(x)− x. Substituting yx for y in (2.19), we have

0 = F (x)yx+ F (y)x2 + yD(x)x+ xα(y)α(x)− xyx+ yxG(x)

= (F (x)y + F (y)x− xy)x+ yD(x)x+ xα(y)α(x) + yxG(x)

= −xα(y)x− yG(x)x+ yD(x)x+ xα(y)α(x) + yxG(x).

Therefore

xα(y)G(x) + y[x,G(x)] + yD(x)x = 0, x, y ∈ R.(2.20)

Replacing y by xy in (2.20), we get

xα(x)α(y)G(x) + xy[x,G(x)] + xyD(x)x = 0, x, y ∈ R.

Multiplying (2.20) from the left by x and subtracting the obtained relation from the
above relation, we get

xG(x)α(y)G(x) = 0, x, y ∈ R.

Since α is onto, xG(x)yG(x) = 0 for all x, y ∈ R. Hence xG(x)yxG(x) = 0 for all
x, y ∈ R. Since R is semiprime, xG(x) = 0 for all x ∈ R. By Lemma 2.7 we get G = 0,
which implies that α = I. Now by (2.19) we have F (x)x = 0 for all x ∈ R. Hence F = 0
by Lemma 2.7. On the other hand, we have F (xy) = F (x)y+ xD(y) for all x, y ∈ R. So
xD(y) = 0 for all x, y ∈ R. Since R is semiprime, we infer D = 0. �
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