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Non-selfadjoint matrix Sturm-Liouville operators
with eigenvalue-dependent boundary conditions
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Abstract

In this paper we investigate discrete spectrum of the non-selfadjoint
matrix Sturm-Liouville operator L generated in L* (R4, S) by the dif-
ferential expression

(y)=—y"+Q(x)y , z€Ry:[0,00),
and the boundary condition y/ (0) — (8o + B1A + B2A?) y (0) = 0 where
Q is a non-selfadjoint matrix valued function. Also using the uniqueness

theorem of analytic functions we prove that L has a finite number of
eigenvalues and spectral singularities with finite multiplicities.
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1. Introduction

The study of the spectral analysis of non self-adjoint Sturm-Liouville operators was
begun by Naimark [23] in 1954. He studied the spectral analysis of non-selfadjoint dif-
ferential operators with continuous and discrete spectrum. Also he investigated the
existence of spectral singularities in the continuous spectrum of the non-selfadjoint dif-
ferential operator. Spectral singularities are poles of the resolvent’s kernel which are in
the continuous spectrum and are not eigen-values [26]. General notion of the sets of
spectral singularities for closed linear operators on a Banach space was given by Nagy in
[22]. Let Lo denote the operator generated in L? (Ry) by the differential expression

(1.1) by =-y"+v(@)y ., zeRy
and the boundary condition
y1 (0) — hy (0) = 0

where v is a complex valued function and h € C.
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In [23] it is shown that if

[e'9]

/exp (ex) v (x)] dz < o0,

for some € > 0, then Lo has a finite number of eigenvalues and spectral singularities
with a finite multiplicities. Pavlov [25] established the dependence of the structure of
the spectral singularities of Lo on the behavior of the potential function at infinity. The
spectral analysis of the non-selfadjoint operator, generated in L? (R+) by (1.1) and the
integral boundary condition

/B<x>y(x)dx+ay'<0>—ﬂy<o>:0

where B € L? (Ry) is a complex-valued function, and a, 8 € C, was investigated in detail
by Krall [15],[16].

Some problems of spectral theory of differential and some other types of operators with
spectral singularities were also studied in [1],[3]-[7],[17],[18]. The spectral analysis of the
non self-adjoint operator, generated in L? (Ry) by (1.1) and the boundary condition

vy (0)
y (0)
where a; € C, i =0, 1, 2 with as # 0 was investigated by Bairamov et al. [8].

The all above mentioned papers related with differential and difference operators are of
scalar coefficients.Spectral analysis of the selfadjoint differential and difference operators
with matrix coefficients are studied in [2],[9]-[11],[14].

Let S be a n-dimensional (n < oo) Euclidian space. We denote by L? (R4, S) the
Hilbert space of vector-valued functions with values in S and the norm

=g + a1+ 042)\2

1M,y = [ 17 @) o
0

Let L denote the operator generated in L? (R4, S) by the matrix differential expression
ty)=-y"+Q(2)y, zeRy

and the boundary condition y (0) = 0, where @ is a non-selfadjoint matrix-valued func-
tion (i.e. @ # Q). In [24], [12] discrete spectrum of the non-selfadjoint matrix Sturm-
Liouville operator was investigated. Let us consider the BVP in Ly(R4, S)

(12) " +Qx)y = Ny, zeRy,

(1.3)  yr(0) = (Bo+ B+ B2A) y (0) = 0

where @ is a non self-adjoint matrix-valued function and 8o, 51, B2 are non self-adjoint
matrices with det 82 # 0.

In this paper using the uniqueness theorem of analytic functions we investigate the
eigenvalues and the spectral singularities of L. In particular we prove that L has a finite
number of eigenvalues and spectral singularities with finite multiplicities, if the condition

lim Q(z) =0, /e“ HQ'(:E)H dr < oo, € >0,

T—00
0
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holds, where ||.|] denote norm in S. We also show that the analogue of the Pavlov
condition for L is the form

Tr—r0o0

lim Q(z) =0, /eeﬁHQ'(m)Hd:p < 00, €>0.
0

2. Jost Solution
Let us consider the matrix Sturm-Liouville equation
21)  —y"+Q)y=\y, zeR;

where @ is a non-selfadjoint matrix-valued function and

e o}

(2.2) / 211Q (@) dz < oo

0

holds. The bounded matrix solution of (2.1) satisfying the condition
limy (z,\)e ™ =1, e C, :={A: A€ C, ImA>0}
T —r00

will be denoted by F (z,A). The solution F (z, A) is called Jost solution of (2.1). It has
been shown that, under the condition (2.2), the Jost solution has the representation

(2.3)  F(x,)) =1+ /K (z,t) e™Mdt

where I denotes the identity matrix in S and the matrix function K (z,t) satisfies

(2.4)
K(z,t) = ;Zo Q(s)ds+= Z/t-:/s jQ (s,v)dvds Zo i/s ) K(s,v)dvds.

K (z,t) is continuously differentiable with respect to their arguments and

(2:) Kol < e (%5Y)

1 t t
(26) ol < e (55| +ee (55
1 T+t T+t
2. K < -
(2.7 el < 3le(5)] v (55
where o (x f IQ ()|l ds and ¢ > 0 is a constant. Therefore, F' (z, \) is analytic with re-

spect to A in (C+ :={X\: X € C4,ImA > 0} and continuous on the real axis ([2], [17],[19]) .
We will denote the matrix solution of (2.1) satisfying the initial conditions

G(07A):I ) G/(07)‘):50+ﬂ1)\+/82A2
by G (x,\). Let us define the following functions:
(2.8)  Ax(N) = F, (0,£)) — (Bo + Bi) + B2A*)F(0,£))  AeCa,
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where C+ = {A: A € C, £TIm\ > 0}. It is obvious that the functions A, ()\) and A_(\)
are analytic in C; and C_, respectively and continuous on the real axis.It is clear that
the resolvent of L defined by the following

(29) Ry(L)p= / Rz, &N e (), eI’ (Ry,S)

where
Ry (z,6X) , XeCy
(z,§A) =
(&N, AeCo
3 — F(z, 2N AT (NG (EN), 0<é<uw
(210) Ri(fafaA)_{ —G(SL‘,)\) [Aﬁt()\)]ilF(g,:l:)\), $§£<OO7

and G* (¢, \) and A% ()\) denotes the transpose of the matrix function G (¢, \) and A+ (\)
respectively.

In the following we will denote the class of non self-adjoint matrix-valued valued
absolutely continuous functions in Ry by AC(Ry).

2.1. Lemma. If
(2.11) QeAC(R4), lim Q(z)=0 , /xB HQ/(ZE)H < 00
' 0
then Kyi(z,t) exist and

1 oo
Ky (z,t) = ng ;) + /Q VK¢(s,t + s)ds
0

N —

(2.12) - §>K<§,§>

%/ (5,6 — )+ Ky (t — 3+ )] ds.

Proof. The proof of lemma direct consequently of (2.4). I
From (2.5)-(2.7) and (2.12) we obtain that

(213) [Ka(0,0)] < e HQ’ wte | +ag )

holds, where a1 (t f a(s)ds and ¢ > 0 is a constant.
t

2.2. Lemma. Under the condition (2.11), Ay and A_ have the representations

(2.14) AL (\) = =B\ +A)\+B+/F+ yedt, e Cy,
0

(2.15)  A_(A\) = —Ba2)® +C/\+D+/F (tye~dt, xeC_,

where A, B, C, D are non self-adjoint matrices in S, and F* € L1(Ry).
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Proof. Using (2.3), (2.4) and (2.8) we get (2.14), where
A=1i—p1 —if2K(0,0),

(2.16) B =—K(0,0) — fo — if1K(0,0) + 2K:(0,0),

FH(t) = Ku(0,t) — BoK (0,£) — iB1K: (0, 1) + B2 K1 (0,0).
From (2.5) — (2.7) and (2.13), F* € Li(R4). By similar way we obtain (2.15) and
F~eLi(Ry). 1
2.3. Theorem. A;(\) and A_(\) have the asymptotic behavior:
(2.17)  Ax(N) = —B2X* + AN+ B+ 0o(1) A€ Cy, [N — oo
Proof. The proof is obvious from (2.5) — (2.7) and (2.13)). 1

We will denote the continuous spectrum of L by o.. From Theorem 2 ([22], page 303)
we get that

(2.18) o.=R.

3. Eigenvalues and Spectral Singularities of L

Let us suppose that
(3.1)  fr(A\):=detAL(N).

We denote the set of eigenvalues and spectral singularities of L by o4 (L) and o, (L),
respectively. By the definition of eigenvalues and spectral singularities of differential
operators we can write

(32) oa(L)={AXeCq, fr(N)=0U{XxAeC, f_(\) =0}
(33)  oss (L) ={A: AR\ {0}, f+ A) =0} U{r: X e R\ {0}, f— (A) =0}
[22], [23], [26]. It is clear that oss (L) C R.

3.1. Definition. The multiplicity of a zero of fy in C4 (or f— in C_) is defined as the
multiplicity of the corresponding eigenvalue and spectral singularity of L.

In order to investigate the quantitative properties of the eigenvalues and the spectral
singularities of L, we need to discuss the quantitative properties of the zeros of fi and
f— in C4+ and C_, respectively. Assume that

M ={A: A€ Cy, fr (\) =0}
and

Mi={\:A€R, f+(\) =0}.
From (3.3) and (3.4), we get
(3.4)  o4(L)= M UM,
and
(3.5)  0.s (L) = M UMy —{0}.
3.2. Theorem. Under the condition (2.11)

i) The set o4 (L) is bounded and has at most countable number of elements and its
limit points can lie only in a bounded subinterval of the real axis.
ii) The set oss (L) is bounded and p(oss (L)) = 0, where p(0ss (L)) denotes the linear
Lebesque measure of oss (L).
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Proof. Using (2.5) and (3.1) we get that the function f+ is analytic in C4 continuous on
the real axis and

(3.6)  fr(\)=-NdetBs+O(\), € Cy,|\ — oo,

Equation (3.6) shows the boundedness of the sets o4 (L) and o5 (L). From the analyticity
of the function f1 in C4 we obtain that o4 (L) has at most countable number of elements
and its limit points can lie only in a bounded subinterval of the real axis . By the boundary
value uniqueness theorem of analytic functions, we find that p (oss (L)) =0, [13]. 1

We will denote the sets of limit points of M1+ and M;‘ by Mj' and Mz' respectively
and the set of all zeros of A, with infinite multiplicity in C4 by M;' Analogously define
the sets My , M, and My .

It is explicit from the boundary uniqueness theorem of analytic functions that [13]

(3.7) MInMf=wo, MfcME MEcMT,
MF c My, M5 c MF, MfcMf
and p(M3") = p(M) = p(M5") = 0.
3.3. Theorem. If
(3.8) QeACRy) , lim Q(z)=0 , /eex |Q (z)]| do < 00, €>0
&Tr—r 00
0

the operator L has a finite number of eigenvalues and spectral singularities and each of
them is of finite multiplicity.

Proof. By (2.5), (2.13), (2.14) and (3.8) we observe that, the function A4 has an analytic
continuation to the half plane Im A > —%. So, the limit points of zeros of A in C4 can
not lie in R. From analyticity of Ay for ImA > —£, we obtain that all zeros of Ay
in C, have a finite multiplicity. We obtain similar results for A_. Consequently by
(3.4) and (3.5) the sets 04 (L) and 045 (L) have a finite number of elements with a finite

multiplicity. I

Now let us suppose that hold, the conditions which is weaker than (3.8).
3.4. Theorem. If
(3.9) QeAC(Ry) ZILH;O Q(x)=0 ,Iseuﬂgr [exp (ev) | Q" (z)]|] < o0, >0

holds , then M = M =

Proof. From (3.1) and (3.9) we have fy is analytic in C4 and all of its derivatives are
continuous on the C .For sufficiently large P > 0 we have

- J+(N)

- < T, =0,1,2,..0€Cq, |\ <P
e < m=0 e Cq, [N <

(3.10)

where
[e o)

(3.11) T = Q%/tme*“/”ﬁdt, m=0,1,2, ..,
0
where ¢ > 0 is a constant. Since the function f; is not equal to zero identically, using
Pavlov’s Theorem [25] we get that M satisfies
(3.12) /lnG (s)dp (M;,s) > —00
0



613

where G (s) = inf T’;’i,m , W (Mgr , s) is the linear Lebesque measure of s-neighborhood of

M3 and a > 0 is a constant .
We obtain the following estimates for Ty,

(3.13) T < Bb"m!m™
where B and b are constants depending on ¢ and . Substituting (3.13) in the definition

of G (s) , we arrive at

G(s) = inmeS < Bexp(—e 'b7's).

m ml
Now by (3.12), we get

a

(3.14) /s_ldu (M;',s) < oo.
0

Consequently (3.14) holds for an arbitrary s if and only if u (M;', 5) =0or M;‘ =¢. In
a similar way we can show M; = ¢ 1

3.5. Theorem. Under the condition (3.9) the operator L has a finite number of eigen-
values and spectral singularities and each of them is of a finite multiplicity.

Proof. We have to show that the functions f; and f_ have a finite number of zeros with
a finite multiplicities in C; and C_, respectively. We prove only for f..

It follows from (3.7) and Theorem 3.4 that M = M} = ¢. So the bounded set M;"
and M;" have no limit points, i.e. the function f; has only finite number of zeros in C.
Since M = ¢, these zeros are of finite multiplicity. Nl
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