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GCED and reciprocal GCED matrices
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Abstract

We have given structure theorems for a GCED (greatest common exponential divi-
sor) and Reciprocal GCED matrix. We have also calculated the value of the determi-
nant of these matrices. The formulae for the inverse and determinant of GCED and
Reciprocal GCED matrices defined on an exponential divisor closed set have been
determined.
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1. Introduction

Let S = {x1,22,...,2,} be a finite ordered set of distinct positive integers. The matrix (S) where
sij = (wi, ;) =greatest common divisor of x; and xz;, is called the greatest common divisor(GCD) matrix
on the set S. A set S = {x1,z2,...,z,} is said to be factor closed if for every x; € S, and d | ; then
des.

In 1876, H.J. Smith [7] proved that the determinant of a GCD matrix on S = {1,2,...,n} is equal
to ¢(1)p(2)---¢(n) where ¢ is Euler’s totient function. The result holds if S is a factor closed set.
The structure theorems for Reciprocal GCD matrices and LCM (least common multiple) matrices were
determined by S.J. Beslin [2]. The structures of Power GCD matrix, Power LCM matrix, Reciprocal LCM
matrix, GCD Reciprocal LCM matrix, GCUD (greatest common unitary divisor) Reciprocal LCUM (least
common unitary multiple) matrices have been determined [1, 3, 5, 9]. Research has also been extended to
divisibility properties of such matrices and their applications [4, 6]. It is worth to note that the structures
of most of the above mentioned matrices have been determined on factor closed sets, ged closed sets, lem
closed sets or unitary divisor closed sets or on sets contained in factor closed sets. This has motivated the
authors to follow the same direction.

*Department of Mathematics, National University of Computer and Emerging Sciences,
B-Block, Faisal Town, Lahore, Pakistan. Email: zahid.raza®@nu.edu.pk

"Department of Mathematics, College of Sciences, The University of Sharjah,
P.O.Box: 27272, Sharjah, United Arab Emirates.

*Department of Mathematics, National University of Computer and Emerging Sciences,
B-Block, Faisal Town, Lahore, Pakistan. Email:seemalw11@gmail.com



634

We recall that an integer d = H pi* is said to be an exponential divisor of m = H pi¥, if a;i|b; for
=1
every 1 < ¢ <t and is denoted by d|em. This notion was introduced by M. V. Subrarao [8]. Note that

unlike divisor and unitary divisor, 1 is not an exponential divisor for every m > 1. By convention 1|.1.
The smallest exponential divisor of m > 1 is its square free kernel x(m) = H pi [10].

Two integers n and m have Common exponential divisor if and only if they have the same prime factors.

Two integers m = H pi% and n = H p:* are exponentially co-prime if (b;,¢;) = 1 for every 1 < i < r.
i=1 i=1

We denote the GCED (greatest common exponential divisor) of two integers m and n by (m,n).. By

convention (1,1)¢y = 1 and (1, m)) does not exist for every m > 1.

A set S = {x1,22,23,...,2Zn} is said to be an exponential divisor closed set if the exponential divisor
of every element of S belongs to S. For example the set {12,18,36} is not an exponential divisor closed
set. But, {6,12,18,36} is an exponential divisor closed set.

Similarly, a set S = {z1,22,23,...,2,} is said to be GCED closed if (x:, ;) € S for every z;,z; € S.
Note that {6,12, 18,36} is also a GCED closed set.

The exponential convolution of two arithmetic functions f and g is given as

(fogm = > - > fe"p" . p g " p"),

kily=mq kplp=my

where n = p1"™1p2™2 ... p. "7
The inverse with respect to ® of the constant function 1 is called the exponential analogue of Md&bius
function and is denoted by 1(®). It should be noted that the sets considered in section 2 are such that the

GCED of every two elements exists.

2. Structure of GCED matrix

Let T = {z1,x2,23,...,2,} be an ordered set of distinct positive integers greater than 1. The n x n
matrix T(e) = (ti;)(e) having ti; = (zi,25) () as its 45" entry is referred as the GCED (greatest common
exponential divisor) matrix on the set T', where (x:,%;)() is the greatest common exponential divisor of
z; and z;. Let R = {y1,y2,¥3,...,Ym} which is ordered by y1 < y2 < y3 < ... < ym be a minimal
exponential divisor-closed set containing T'. We refer R the exponential closure of the set T. It is easy to
see that GCED matrices are symmetric. We always assume that r1 < 2 < 3 < - - < T, in T.

We define arithmetic function g(n) as follows:

(2.1) g(n) = Z Z Z pla1p2az,..pTar/“L(E)(plb1p2b2,..prbr)7

a1by=c1 azby=cg arbr=cp

cr

where n = p1“t1p2“% - - - p,

2.1. Theorem. Let R = {y1,y2,...,ym} be the exponential closure of the set T = {z1,z2,...,Tn}, where
Y1 <Y <yYs < -+ <Ym and x1 < T2 < T3 < -+ < T
Define the n x m matriz C = (cij) by

Cii = 17 y] |exi
“J 0, otherwise
and the m X m diagonal matriz by
W = diag(g(y1), 9(y2), - - -, 9(ym))-
Then,
Te) = CUC".

Proof. The ij" entry of CUC" is equal to

(CUCY)iy =Y eanglyr)esw = > gl = > glww),

k=1 YkleTi Uk lew; Ykle(®iZ;5) (e)



635

where the function g is defined in Equation 2.1.
By Mo&bius Inversion Exponential formula, we have,

> g(d) =n.
dlen
Finally, we get,
(C\I’Ot)i]’ = (l’i,l’j)(e).

2.2. Theorem. Let R = {y1,y2,...,ym} be the exponential closure of the set T = {x1,x2,...,xn} where
Y1 <Yy <ys< - <Ym andr1 < w2 <3< - < Ty. Then

detTe) = > (det Cry kg n) 9 Wk I Wks) - - 9 (),

1<ky<ko<...<kn<m

where Ci, ko,....kn) 18 the sub matriz of C' consisting of the i, kot k™t columns of C.

Proof. By Theorem 2.1, we have, T(,) = (C\IJ%)(C\II%)t. Thus we can write E = C'U2 which leads to
Tiey = EE*. By applying Cauchy-Binet formula, we get

det(T)ey = > det Egy ko, k) A€t B (k) ks k)
1<k <ko<...<kn<m

2
= E (det Eky ky,... k) s
1<ky <k <...<kn<m

th th
J k2™

where E, k,,....k,) is the sub matrix of E consisting of the k1 sy k™ columns of E.

Hence,
2
det T(.) = > (det Cy kg, kn)) 91 )9(Yks) - - - 9(Yk,, )-

1<k) <kg<...<kn<m

2.3. Corollary. Let T = {z1,22,...,xn} be a finite ordered set of distinct positive integers. If T = R,
then the determinant of GCED matriz T() defined on T is given as:

det T,y = Hg(wk)
k=1

Proof. Note that C is a lower triangular matrix with diagonal (1,1,...,1),. This implies that det C' = 1.
Since the determinant of a diagonal matrix is equal to the product of its diagonal entries, hence the desired
outcome achieved.

2.4. Corollary. If T(.y is an n X n GCED matriz on a finite ordered set of distinct integers denoted by
T ={z1,22,...,2n}, then the trace is given as:

n
t?”T(e) = Z Ti.
k=1

2.5. Lemma. Let T(e) = (tij)(e) is an n xn GCED matriz defined on an exponential divisor closed set T'.
Consider n x n matriz C = (ci;) as defined in Theorem 2.1. Then, the n x n matrix W = (w;;) defined by

W — M(e)(%), Tjlexi
“ 0, otherwise

is the inverse of C'.
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Proof. The 5" entry of CW is given by
N 2k @) L if mi=ux;
(CW)35 Zczkwk] Z Z = (za) { 0, otherwise
k=1 TileTi,TjleTk zgle ot
If 2L is not an integer then no g divides ;”1 If z; = ; then, 1].1 and p(¥ (1) = 1.
;

2.6. Theorem. Let T(.) be an n X n GCED matriz on an exponential divisor closed set. Then, its inverse
matriz (A) ) = (aij) ) s given as

(aij)(e) = >

Zil(e)Th Tl (e) Tk

M(e) %M(e) %i

g(xa)

Proof. Since T(.) = (C¥C") and Lemma 2.5 suggests that, C~' = W, therefore
(1) = (we) ™ = whe W,

where 3" entry of (T') (3 is given as

(e)zq  (e) za
vy
Aij)(e) = . ?
(@i5)e ) Z 9(wa)
Zil(e)®d Tl (e)Td
Hence, the required result.
3. Structure of Reciprocal GCED matrix
Let T = {x1,®2,23,...,2} be an ordered set of positive integers greater than 1. The n X n matrix
Ty = (tij)(e) having t;; = W as its ij'" entry on T is called a Reciprocal GCED matrix. It is easy
to note that Reciprocal GCED matrices are symmetric. We always assume that 1 < 22 < 23 < -+ < Zp.

We define arithmetic function f(n) as follows:

(3.1) Z Z Z %M(e)( 1ps ba ...prbr)7

aip, a2 ar
a1bi=cy agba=ca arbr=cp P17 p2 Dr
Cr

where n = p1“t'p22 - - p,

3.1. Theorem. Let R ={y1,y2,...,ym} be an exponential closure of the set T = {x1,x2,...,2s}, where
Y1 <Y2<ys<--<Ym and x1 < T2 < 23 < -+ < Tyn. Define the n x m matriz C = (ci;) by

Cii = 17 Yj |€xi
I 0, otherwise
and the m x m diagonal matriz by

E = diag(f(y1), f(y2),- -+, F(Ym))-
Then,
T = CEC".

Proof. The 45" entry of CEC? is equal to

(CECY)i; = Zczkf ek = > flw = Y. flw),

k=1 YkleTi Yk lez; Ykle (@i T5) (e)

where f is defined in Equation 3.1. By M&bius Inversion Exponential formula,

dlen
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Finally we get,

(@i, 25)(e)

3.2. Theorem. Let R = {y1,¥y2,...,ym} be an exponential closure of the set T = {x1,22,...,2n}, where
Y1 <Y <ys< -+ <Ym and r1 < w2 <23 < - - < Ty. Then

det T(ey = > (det Cliy kgoooston)* F (Wi F(Uks) - - F(UR),

1<ki<ka<--<kp<m

where Cg, ky.... k) 5 the sub matriz of C' consisting of the k1", ko™, ... kn'™ columns of C.

Proof. The proof can be done on similar lines as Theorem 2.2.

3.3. Corollary. Let T = {z1,22,...,xn} be a finite ordered set of distinct positive integers. If T = R,
then the determinant of Reciprocal GCED matriz T .y defined on T is given as:

detT(e) = H f(xk)
k=1

Proof. Note that C is a lower triangular matrix with diagonal (1,1,...,1),. This implies that det C' = 1.
The result is further proved by using the fact that the determinant of a diagonal matrix is equal to the
product of its diagonal entries.

3.4. Corollary. IfT(e) is an n X n Reciprocal GCED matriz on a set T = {x1,%2,...,%n}, then the trace
1S glven as:

_ "1
t’I“T(e) = Z w—
k=1""

3.5. Theorem. Let T(e) be an n X n Reciprocal GCED matriz on an exponential divisor closed set T'.
Then, its inverse matriz Ay = (aij)(e) 18 given as:

M(@) Ld'u(e) Zd

(aij)e) = > W

Til(e)Th:Tjl(e) Tk
Proof. Since T,y = (CEC") and by Lemma 2.5, C~' = W, therefore
(T = (CEC") ™' = W'ET'W,

where 3" entry of (T') (3 is given as

(aij)(e) = >

Zil(e)Th %l (e) Tk

M(e) %‘:M(e) %j

f(za)

Hence, the required result.

4. Examples
4.1. Example. Let T' = {12,18,36}. The GCED matrix T{.y on T is given as:

12 6 12
Tey= |6 18 18
12 18 36
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Note that T = {12,18,36} is not an exponential divisor closed set. Its exponential closure is R =
{6,12,18,36}. The 3 x 4 matrix (C)) is

— ==
= O =

— = O

= O O
_ 1

By Theorem 2.2, we know that,

det Tie) = > (det Cy kgr.oon) 9(Wi1 )9 (ks - - - 9(Yien)-

1<k) <ko<...<kn<m

So,
11 of 11 0o
det Ty = |1 0 1| g(6)g(12)g(18) + |1 0| g(6)g(12)g(36)+
11 1 11 1
1 0 o 1 0 o
1 1 0] g(6)g(18)g(36)+]0 1 0| ¢(12)g(18)g(36)
11 1 11 1

where, g(6) = 6,9(12) = 6,¢(18) = 12 and ¢(36) = 12.
Hence, the determinant is given as:

det Ty = (6)(6)(12) 4 (6)(6)(12) + (6)(12)(12) + (6)(12)(12) = 2592.
The Reciprocal GCED matrix T(e) on 7' is given as:

1
2

-
»
o=
=

To=|5 15 18

By Theorem 3.2,

det T(e) = Z (det Cklsk21~-<;kn)2f(yk1)f(ka) o f(Ykn)-
1<k) <ko<...<kp<m
So,
1 of 1 1 o
detT(ey=1[1 0 1| f(6)f(12)f(18)+ |1 0 0| f(6)f(12)f(36)+
11 11 1
1 0 of 1 0 of
1 1 0 f(6)f(18)f(36)+|0 1 0 f(12)f(18)f(36),
11 1 11 1
where,

1(6) = 21 (@B) = 3, £(12) = Gamu®(2)O) + g (D) = 5
) + i () = 5 and

)
. ) + O ((3)(@) + i (2)(3)) +
9((2)(3)) = . Hence,

det T(e) = @ .
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4.2. Example. Let T = {2,4,16}. This set is an exponential divisor closed, so we apply the Corollary to
Theorem 2.2 directly to calculate the determinant. The GCED matrix defined on T is

2 2 2
Tey=12 4 4],
2 4 16

where, ¢(2) = 2u®(2) = 2,9(4) = 2uP(2%) + 2249 (2) = 2, and g(16) = 2u(®(2%) + 22,9 (2?) +
2419 (2) = 2(0) + 4(—1) + 16 = 12. Thus,
det Tey = [ [ 9(xx) = 9(2)9(4)9(16) = (2)(12)(12) = 48.

The Reciprocal GCED matrix T(e) on 7' is given as

1 1 1
2 2 2
T, =1 1 1
T(e)_ 2 1 i I
11 1
2 4 16

where, f(2) = 1, f(4) = 5' and f(16) = $2. Thus,

det Ty = [] fw) = (5)(F)(T) = 1o5-

k=1
4.3. Example. Let T' = {2,4,16}. The 3 x 3 GCED matrix T{.) defined on T is
2 2 2
Ty =12 4 4
2 4 16

By Theorem 2.6, we know that (T)fl(e) = (as;) where,
(e)(Zry,(e) 2k e)(92y,,(e) (52 e) 92y, (e) 92 e) rody, (€) (o4
- pOEIWI ) p@eHu@ed) | pDeHu9e?) | pehuDeh |
a1 = Egz)\ez; R ) + a )+ aae b
_ w2 @) _ 1 _ @)@
Similarly, one can calculate and verify the following values

9o = %, a3 = ;—21 and az3z = 11—2 So, the inverse of the GCED matrix T is

1 30

(T)*l — =t = =1
(e) — 2 12 12

—1 1

0w 1

The 3 x 3 Reciprocal GCED matrix on T is given as

11 1
2 6 12

[

T, | = 1 1

T(e) = 5 18 18
1 1

12 18 36

The inverse of the Reciprocal GCED matrix T(e) is calculated to be

-2 4 0

=28 16

@H=|"
0 16 —16

3 3
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