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Fate of Entanglement for Initial Separable States
In Quantum Neural Network

U. KORKMAZ

Abstract—This study is related to the fate of entanglement for
initial separable states in a quantum neural network (QNN) model,
which is in contact with the data environments locally. The
duration of entanglement in quantum systems becomes extremely
important when we consider it as a valuable resource. Thus, the
effects of various initial states on the occurrence or decay of
entanglement are investigated in the presence of information
reservoirs. Especially in this study, central spin model has been
examined as a quantum version of neural networks by taking
inspiration from the biological models. Our model consists of a
central spin system with two nodes to which the nodes are coupled
to independent spin baths. Numerical results clearly show that
different initial states have a profound effect on the fate of the
entanglement. It also shows that the entanglement lifetime can be
adjusted by regulating the reservoir states. The results can be used
in realistic communication network situations to improve the
performance of entanglement formation or distribution.

Index Terms— Entanglement, Information reservoir, Central
spin model, Quantum neural network.

. INTRODUCTION

N RECENT studies in the field of artificial intelligence,

especially machine learning and artificial neural networks
(ANN) have become popular. Machine learning, a field of
computer science at the beginning of ANN, provides the ability
to learn without explicit programming to computers [1-3].
Neural networks, which are interconnected computing
structures based on binary McCulloch-Pitts neurons, are
inspired by biological foundations [2]. The Hebb's learning
rule, based on biological and neurophysiological basis, aims to
obtain the best learning by changing the weight of the relevant
units [4]. When classical learning rules address the dynamics in
a statistical information environment, they manage them in the
form of probability density functions [5]. Thus, the
formulations and constraints of learning laws are based on the
relationships between the global and local information
environments of each transaction item.
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Networks that contain quantum material are known as
quantum networks, which are important for the distribution of
quantum resources and quantum communication [6]. The use of
these quantum networks as neural networks has triggered
several studies, including attempts to implement QNN
suggestions in the context of quantum computations [7-18]. In
this respect, quantum systems make the applications more
attractive than classical communication tasks. In particular, one
of the most interesting features of quantum mechanics is the
entanglement. [19-21]. For this reason, it is important to
understand their properties and dynamics for a number of
applications in quantum mechanics. There are also many areas
where entanglement plays a central role. For example, the
transmission  of unknown quantum data, quantum
cryptography, secure communication, quantum measurement
and quantum information processing [20-24]. In spite of these
effective applications, because of the fragile nature of the
entanglement, it is an important challenge to maintain and
distribute entanglement for a sufficient amount of time.

When entangled system units come into contact with
environmental degrees of freedom, entanglement decays to zero
within a finite period. This is referred to as entanglement
sudden death (ESD) [20, 25-27]. It was also observed
experimentally by Almeida et al [28]. The entanglement
dynamics in the common and independent reservoirs vary
dramatically depending on the initial conditions of the system
in the Markovian information environment [21]. In some cases,
entanglement can be lost for a limited period of time, and then
can revive again. The reason for this is that the common
reservoirs tend to create entanglement instead of destroying
completely it as a result of combining the qubits indirectly. Due
to the correlation created by the environment, even if qubits are
initially prepared in a factorized condition, may lead to a
phenomenon known as entanglement sudden birth (ESB) [20,
29].

In this study, entanglement dynamics are investigated after
creating a simple QNN architecture [30]. Although the dynamic
behavior of quantum entanglement under certain assumptions
in QNN architecture has been well studied for a few qubits
scales, it should be reassessed for the sake of using quantum
resources. Moreover, due to the rapid advances in technology,
the entanglement production has been achieved more rapidly
than the entanglement decay [31]. In particular, we investigate
the dynamics of a small QNN unit in contact with the quantum
information reservoir. In the Ref. [21], the information store
concept was initially introduced in a classical style and was
studied for quantum systems. We simulate the proposed
quantum system up to three input nodes with different states
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and examine the open system dynamics. This study relates to
the numerical simulation of the dynamic evolution of an open
QNN that is initially separated. The basic assumption of this
paper is that QNNSs in information environments are considered
as open quantum systems. Therefore, the purpose of the study
is to examine the dynamics of entanglement based on the
quantum data of QNNs. Open system dynamics are modeled by
repeated interactions [32,33] between the local nodes of the
network and the units representing the reservoir. These repeated
types of interactions have been shown to be dynamic maps
equivalent to the Markovian principal equation approach, using
the divisibility of quantum channels [34]. We have found that
the initial states of the quantum network are strongly related to
the entanglement dynamics. Both asymptotic decay and the
decay of entanglement in finite time have been observed due to
diversity in environmental states.

This paper is organized as follows: In Sec. Il, we present the
physical model and system dynamics. In Sec. Ill, we analyze
the QNN as a system that interacts weakly with the information
reservoir in the Markov approach. Finally, we conclude this
work in Sec. 1V.

Il. PHYsICAL MODEL AND SYSTEM DYNAMICS

One of the most important factors in the emergence of neural
networks is the studies to perform advanced cognitive tasks [5].
Perceptron is the most simple neural network unit. And
inspired by perceptron, we created the QNN model as
equivalent to the central spin model (also known as the spin-
star network) which has with various applications such as the
decay of quantum coherence [35] and quantum communication
[36]. In Ref. [37], the dynamic evolution of central spin
quantum consistency based on different spin binding types with
Markov Dynamics was investigated. It has also been shown that
this model may have advantages on the quantum scale for
thermodynamic studies [38]. In this study, the central spin
model inspired by biological models (Fig. 1 (a)) was examined
as a quantum version of neural networks.

The system of interest is treated as an open quantum system
and consists of three interactive qubits with a flip-flop type
Hamiltonian. The time-independent Hamiltonian representing
system dynamics can also be used for quantum effects in
biological systems [39]. This is expressed as follows

N N-1 N-1
w z VA + -
H = 5 0; + aui + ]io-i Oout +
i=1 i=1

i

N-1
Z]icr;iai_ +H.c.> (D
i=1

where w, 6%, ¢*, o~ and, o, are Bohr frequency each
spin and single qubit information unit has been taken equal for
simplicity, Pauli-z, raising and lowering operators for the qubits
and Pauli operator for output qubit, respectively. Also, J; is the
coupling coefficient between input units and the output node,
o; is the Pauli operator representing an individual node in
contact with the information reservoir and o, is the Pauli
operator of the individual unit representing the information
reservoir.
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Fig.1. In (a) a biological neuron. In (b) unitary dynamics of a QNN unit with
two input nodes

In this study, we use density matrix formalism to represent the
quantum states of the relevant system. The quantum neurons are
initially assumed to be in a product state as p(0) = pres ®
Psys (0), where pres = Pres1 @ Presz and ps(0) = p1(0) ®
02(0) @ pout(0) are Reservoir units and System units,
respectively. Individual qubit states were chosen as p(0) =
|T)(T| in order to initially provide a blank memory. Here, p,,,, =

™, pan = UL 1F) = %((IT) F |4))) are the cat states

where |T), (!| are orthogonal spin states known as
computational basis in quantum computing language.

Open system dynamics has been discussed by adopting a
repetitive interaction process, also known as a collision model
[40]. Fig. 1 (b) represents the open dynamics of the network to
illustrate the specific use of the collision model. The initially
and identically arranged qubit states that interact with the nodes
of the neural network are obtained by tracing out the reservoir
(environment) degrees of freedom as

ps(t +7) = Try, [UDp () @ p, O ()

where, Tr,,, stands for partial trace over environmental degrees

of freedom, U(7) = e~"% is the unitary operator representing
the system plus environment dynamics for time independent
Hamiltonians and 7 is the duration of each unit-node
interaction.  Calculations were made using exact
diagonalization. In our model, p, the state of the system of
interest (QNN) and pges = py,, represents the quantum state of
each single qubit environment unit.

The aim of our study is to examine the change in the
entanglement according to various initial states. That's why we
are investigating that there is no initial entangled between the
readout node and one of the input nodes in contact with the
environment. After the system interacts with the information
reservoir, the environment needs to send information to the
system so that the system can be balanced with the environment
carrying the quantum information content. Concurrence is a
scalar function. It is used to measure the entanglement of
density matrices that initially define the mixed states of a
system [41]. In this paper concurrence is accepted as a measure
of entanglement and calculated as € = max[0,4; — A, — A5 —
A4] where 4; are the square roots of non-Hermitian matrix pg,
p is the density matrix to be calculated and g is its spin flipped
from such as 5 = (0, @ g,,)p*(0, @ 0,) where p* is the
complex conjugated from of p, the descending order [42].

Ill. RESULTS

We analyze QNN, which we consider as a system that
interacts weakly with the information store in the Markov
approach. Due to this approach, the temporal evolution of the
system only depends on the current state of the system. That is,
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the quantum state of the system is lost irreversibly with
reservoir degrees of freedom. In our scenario, each of the
quantum information reservoirs interacts weakly with one of
the input nodes (local subsystems) of the QNN unit. Pure single
qubit states (|T)(T| and [{){!]) can represent information
environments. The initial quantum state of the environment plus
system is represented by p(0) = peny @ psys(0) where

Psys(0) = p1(0) ® p,(0) ® po(0). Here, p;, p, are the
quantum states of the input nodes (Node;, Node,) and
po stands for the output node (Node,). Also, quantum state of
the environmental qubit states are peny = Pres1 & Presz and
fixed. Then, the concurrence time evolution between the two
specific qubits of the three-qubit QNN system will be examined
according to various initial states.

Fig. 2 represents the evolution of concurrence for initial
separable states of the quantum neuron depending on the
number of collisions (nc). In Fig. 2, the initial system plus
environment states are a): p(0) = pgn @ pyup(0) ® p+y(0) ®
pup(o) ® pan:b): p(0) = pgn ® pup(o) ® pan(0) ®
Pup (0) ® pdn,C)IP (0) = Pan b2 pdn(o) ® Pup (O) ®
Pan(0) & pan and d): p(0) = Pup X pup(o) b2y p|+)(0) X
Pup(0) ® pgn. In Fig. 2 a), despite there is no initial entangled
between the nodes of the QNN, during the early evolution of
concurrence a rapid formation of entanglement between the
nodes is evident. The observed entanglement rapidly decays as
the system evolution continues (Fig. 2 a), b) (between Node,
and Node, (C31)) and d)). More interestingly in the later
evolution, a sudden birth of entanglement between Node; and
Node, (Cy1) was observed where the nodes do not directly
interact (Fig. 2 a) and b)). However, the revival scheme of Fig.
2 b) is slightly weaker than that observed in Fig. 2 a). In Fig 2
c), a rapid formation of entanglement in the very beginning of
the evolution is appear for both €, and C,despite there is no
initial entangled between the nodes of the QNN. As obvious
they initial entangled decays exponentially and oscillotary. This
applies to C,q in Fig. 2 b). Especially in Fig. 2 d) initial
entangled decays fast and end up in finite time [43].
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Fig.2. represents the evolution of concurrence for initial separable states of the
quantum neuron depending on the number of collisions (nc).. a) The quantum
state of the quantum neuron as Node} =Pup quez =pup and Nodey= py,y
states. The state of the units representing the environment were setas pq, for
both of them. b) The quantum state of the quantum neuron Node; =pyp,
Node, =p,,, and Node,= p4, States. The state of the units representing the
environment were set as py,, for both of them. ¢) The quantum state of the
quantum Node; =p4y,, Node, =pay, and Nodey= p,,, states. The state of the
units representing the environment were set as pg4,, for both of them. d) The
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quantum state of the quantum neuron as Node; =py;,, Node, =p,,;, and
Nodey= p|4 states. The state of the units representing the environment were
setas Res; = pyp, and Res, = pg,. The coupling between the environment
unit and the input node is equal to the coupling between the input and the
readout node J; = J, = J = 0.1. The duration of the each unit interaction 7
between the units and the input nodeis 7 = 5 x 1072/J

IV. CONCLUSION

We have connected the QNN unit, which we consider as open
system dynamics, to two reservoirs by the conventional flip-
flop Hamiltonian. We analyze QNN, which we consider as a
system that interacts weakly with the information store in the
Markov regimes. Each of the quantum information reservoirs
interacts weakly with one of the input nodes (local subsystems)
of the QNN unit. We adopt a collisional model to simulate open
system quantum dynamics. The study also examines the
generation of entanglement due to initially separable states.
Numerical results clearly show that different initial states have
a profound effect on the fate of the entanglement. We show that
both entanglement revival (ESB) and entanglement sudden
death (ESD) occur in the separable initial states. The results can
be used to evolve the QNNs to distribute or connect the
entanglement resource.
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