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Abstract: In this paper, we proposed a viscosity iterative algorithm to approximate a common solution of
split generalized equilibrium problem and fixed point problem for a nonexpansive semigroups in real Hilbert
spaces. Under certain conditions control on parameters, the iteration sequences generated by the proposed
algorithms are proved to be strongly convergent to a solution of split generalized equilibrium problem. Our
results can be viewed as a generalization and improvement of various existing results in the current literature.
Some numerical examples to guarantee the main result of this paper.
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1. Introduction

The class of nonexpansive mappings have powerful applications to solve various problems arising
in the field of applied mathematics, such as variational inequality problem, convex minimiza-
tion, zeros of a monotone operator, initial value problems of differential equations, game-theoretic
model. In 1967, Browder and Petryshyn [3] introduced the concept of strict pseudo contraction
as a generalization of nonexpansive mappings. Later on, Alber et al.[1] introduced the notion
of total asymptotically nonexpansive mappings which is more general in nature and unifies vari-
ous definitions of mappings associated with the class of asymptotically nonexpansive mappings.
The viscosity iterative algorithms for finding a common element of the set of fixed points for
nonlinear operators and the set of solutions of variational inequality problems have been inves-
tigated by many authors [22, 32, 35, 36, 37] and references therein. The viscosity technique for
nonexpansive mappings in Hilbert space was proposed by Moudafi[18, 21]. This technique al-
low us to apply this method to convex optimization, linear programming and monoton inclusions
[26, 28, 31, 33, 34, 38]. It is well known that the generalized equilibrium problems include vari-
ational inequality problems, optimization problems, problems of Nash equilibria, saddle point
problems, fixed point problems and complementarity problems as special cases[2, 21, 34, 33].
Moudafi [18] introduced the following split equilibrium problem (SEP):
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Let C be a nonempty subset of a real Hilbert space Hj, Q be a nonempty subset of a real Hilbert
space H> and let A : H] — H; be a bounded linear operator. Also Fi :CxC—Rand F>: O x Q0 —R

be two nonlinear bifunctions. The split equilibrium problem is to find x* € C such that
Fi(x",x)>0,VxeC (D

and such that
y* =Ax" € Q solves F,(y*,y) >0, ¥y € Q 2)

It is remarked that inequality (1) represents the classical equilibrium problem [12] and its solution
set is denoted EP(F). Moreover, inequalities (1) and (2) constitute a pair of equilibrium problems
which aim to find a solution x* of an equilibrium problem (1) such that its image y* = Ax* under a
given bounded linear operator A also solves another equilibrium problem (2). The solution set of
(SEP) is denoted by Q = {p € EP(F) : Ap € EP(F2)} [4, 5, 6, 7, 19, 20].
Recently, Kazmi and Rizvi [13] introduced a split generalized equilibrium problem (SGEP):
Find x* € C such that
Fi(x",x)+y(x",x) >0, VxeC

and

y" =Ax" € O solves F,(y*,y) + v (y*,y) >0, Vy € Q
where Fi,y; : CxC — R and F,,y; : C x C — R be nonlinear bifunctions and A : Hy — H> is
bounded linear operator. The solution set of (SGEP) is denote by I' = {p € GEP(F},y) : Ap €
GEP(F, y»)}.
In 2015, Ma and Wang [16] established strong convergence results for the split common fixed
point problem of total asymptotically strict pseudo contractions in Hilbert spaces. Quite recently,
some methods have been proposed and analyzed in [14, 15] for the split equilibrium problem.

In 2017 Zhang and Gui [39] introduced an iterative algorithm in a Hilbert space as follows:

U = T (2, + 8A*(T)2 —1)Ax,)

Xat = 0 f () + 52 YL T,

where 7; : C — C is a asymptotically nonexpansive mapping fori =0,1,...,n.

A family S:={T'(s) : 0 <5 < e} of mapping from C into itself is called a nonexpansive semigroup

on C if it satisfies the following conditions:

1. T(0)x=xforall x € C,
2. T(s+1t)=T(s)T(¢t) for all s,r > 0,
3. |IT(s)x—T(s)y|| < ||lx—yl| forall x,y € C and s > 0,

4. For all x € C,s — T (s)x is continuous.
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Plubtieng and Punpaeng Theorem introduced the following iterative method for nonexpansive

semigroup[24]:

Xn1 = O f (X)) + Buxy + (1 — ot — ﬁn)é 0" T (s)xnds.

In 2010 Kang et.al, introduced and inspired by results in [12], prove a strong convergence of the

iterative scheme in a real Hilbert space by

Xn+l = OCn’)/f(Xn) + ann + ((1 - ﬁn)l - OC,,A)& (fn T(s)xnd57

where A is a strong positive bounded linear operator on C.

Cianciaruso et al. [9] considered the following iterative method:

F(unay)+71rl<y_unaun_xn> Z 0,
Xn+1 = O ¥f (xn) + (1 — OC,,A)& o" T (s)upds.

Kazmi and Rizvi [13] considered the following iterative method:

g = T (e + 845 (T — DAX,):
Xnt1 = O ¥f (Xn) + Buxn + (1 — Bu)I — O‘nB)é (5?" T (s)unds.

Recently, Sahebi et al. [25, 26, 27, 28] considered a general viscosity iterative algorithm for find-
ing a common element of the set general equilibrium problem system and the set of fixed points of
a nonexpansive semigroup in a Hilbert space. They proved, under the certain appropriate condi-
tions, the iterative algorithm converges strongly to the unique solution of a variational inequality.

By intuition from the above mentioned results and the ongoing research in this direction, we
aim to employ a viscosity iterative algorithm to approximate a common solution of split general-
ized equilibrium problem and fixed point problem for a nonexpansive semigroup in real Hilbert
spaces.Under certain conditions on parameters, the iteration sequences generated by the proposed
algorithms are proved to be strongly convergent to a solution of split generalized equilibrium
problem. Some numerical examples and preliminary computational results are also provided. Our
results can be viewed as a generalization and improvement of various existing results in the current
literature . The rest of paper is organized as follows. The next section presents some preliminary
results. Section 3 is devoted to introduce viscosity iterative algorithm for SGEP. section 4 is de-
voted to prove strong convergence algorithm. The last section presents some numerical examples

to demonstrate the proposed algorithms.

2. Preliminaries

Let H be a Hilbert space and C be a nonempty closed and convex subset of H. For each point

x € H, there exists a unique nearest point of C, denote by Pcx, such that ||x — Pex|| < ||x —y]| for
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all y € C. Fc is called the metric projection of H onto C. It is well known that Fc is nonexpansive

mapping and is characterized by the following property:

(x—Pcx,y—Pcy) <0

3)

Further, it is well known that every nonexpansive operator T : H — H satisfies, for all (x,y) €

H x H, inequality

1

(x=T() = =T)),TG) = T()) < GIT () —x) = (T) =),

and therefore, we get, for all (x,y) € H x Fix(T),

(x=T),y=TH))) < (%)H(T(X) -0)%,

see, e.g. [11].

“4)

&)

It is also known that H satisfies Opial’s condition [23], i.e., for any sequence {x,} with x,, — x,

the inequality

liminf ||x, — x| < liminf|]x, — y||

n— Nn—soo0
holds for every y € H with y # x.
Definition 1. A mapping T : H — H is said to be firmly nonexpansive if
(Tx—Ty,x—y) > |Tx—Ty|? Vx,y € H.
Lemma 1. [8] The following inequality holds in real space H:
eyl < [1xl? + 2002+ ), Vx,y € H.

Definition 2. A mapping T : C — H is said to be monotone, if

(Tx—Ty,x—y) >0, Vx,yeC.
T is called a-inverse-strongly-monotone if there exist a positive real number & such that

(Tx—Ty,x—y>ZaHTx—TyH2, VXJ’GC-

(6)

Lemma 2. [17] Assume that B is a strong positive linear bounded self adjoint operator on a Hilbert

space H with coefficient ¥ >0 and 0 < p < ||B||~!. Then ||[I — pB|| < 1 —p7¥.

Lemma 3. [29] Let C be a nonempty bounded closed convex subset of a Hilbert space H and let

S:={T(s) : 0 < s < oo} be a nonexpansive semigroup on C, for each x € C and ¢ > 0. Then, for

any 0 < h < oo,
g 1
limsupr/ T(s)xds—T(h)(;/ T (s)xds)|| = 0.
0 0

t=eoyec
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Lemma 4. [30] Let {x,} and {y,} be bounded sequences in a Banach space X and {f3,} be a
sequence in [0, 1] with 0 < liminf,, . B, <limsup,_,., B, < 1. Suppose x,+1 = (1 — B,)yn + Buxn,

for all integers n > 0 and limsup,,_, .. (|[yn+1 — Yal| — [[Xn+1 —Xn||) < 0. Then lim,—sc0 ||y, — X4 || = 0.

Lemma 5. [38] Let {a, } be a sequence of nonnegative real numbers such that a,,+1 < (1 —,)a, +
Oy, n >0 where o, is a sequence in (0, 1) and 9, is a sequence in R such that (i) 7, @, = oo;

(i) limsup,,_,. 3—:’1 or (iii) X7 8, < oo. Then lim,, e a, = 0.
Assumption 1. Let F : C x C — R be a bifunction satisfying the following assumptions:

1. F(x,x) >0, VxeC,

2. F is monotone, i.e., F(x,y) + F(y,x) <0, Vx € C,

3. F is upper hemicontinuouse, i.e., for each x,y,z € C,
limsup, o F(tz+ (1 —t)x,y) < F(x,y),

4. For each x € C fixed, the function x — F(x,y) is convex and lower semicontinuous;
let y : C x C — R be such that

1. y(x,x) >0, Vxe€C,
2. for each y € C fixed, the function x — y(x,y) is upper semicontonuous,

3. for each x € C fixed, the function y — y/(x,y) is convex and lower semicontinuous;

Lemma 6. [13] Assume that F},y; : C x C — R satisfying Assumption 1. Let » > 0 and x € H;.
Then, there exists z € C such that Fy(z,y) + 1 (z,y) + 1 (y —z,z—x) > 0, Vy € C.

Lemma 7. [6] Assum that the bifunctions Fj, y; : C x C — R satisfying Assumption 1 and y; is

Tr(F17W1>

monotone. For r > 0 and for all x € H, define a mapping : H; — C as follows:

1
Ty = {zeCiRy)+wilzy)+—(r—z2-x) 20}, VyeC.

Then, the following hold:

(i) 7,V single — valued.
(i) 7, s firmly nonexpansive,i.e.,
1T () = 1 )P < (1Y () = T (), x ), vy € Hy
(iii) Fix(1"""") = GEP(F,, w1).
(iv) GEP(Fy,y)) is compact and convex.

Further, assume that F;, y» : O x O — R satisfying Assumption 1. For a > 0 and for all w € H»,

Ta(Fz V)

define a mapping : Hy — Q as follows:

D(Fzﬂl/z)wz {de Q2Fz(d,e)+1I/2(dae)+é<e_dad_w> >0}, Ve e Q.

Then, we easily observe that TE,(FZ’WZ) satisfy in Lemma 7 and GEP(F3, y») is compact and convex.
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Lemma 8. [10] Let F; : C x C — R be a bifunction satisfying Assumption 1 hold and let T/ be
defined as in Lemma 7, for r > 0. Let x,y € H; and r,r, > 0. Then,

20

ISy = T < b=yl + =TSy =yl

r

Lemma 9. [34] Let F; : C x C — R be a bifunction satisfying Assumption 1 hold and let T,/ be
defined as in Lemma 7, for » > 0. Let x € H; and ry,r, > 0. Then,

HT,?X—T,TIXHZ < ydr,

TR @) = T (), T () ),

3. Viscosity Iterative Algorithm for SGEP

Let H, and H, be two real Hilbert spaces and C C H;, Q C H, be nonempty, closed and convex
subsets. Let F1,y; : C xC — R and F>,y, : O X Q — R are nonlinear mappings satisfying As-
sumption 1 and F; is upper semicontinuous in first argument. Let S = {T'(s) : s € [0,4o0)} be a
nonexpansive semigroup on C such that ® = Fix(S)NI" # 0. Also f : Hl — H) be a contraction
mapping with constant @ € (0,1), A : H — H, be a bounded linear operator and B and D be
strongly positive bounded linear self adjoint operators on H; with constants %;,7% > 0, such that

0<y<Z<y+im<|B|<land|D| =%

Algorithm 1. For given xo € C arbitrary, let the sequence {x,} be generated by:

{ = T (o, + 845 (T — DAx,) -

Xn+1 = an?’f(xn) +ﬁann + ((1 - 8,1)1— ﬁnD_ O‘nB)i ()Yn T(S>”nd37

where 6 € (0, é), L is the spectral radius of the operator A*A and A* is the adjoint of A, {s, } is pos-
itive real sequence, {a, }, {B.}, {€,} are the sequence in (0, 1) such that &, < o, and {r,} C [r,o0)

with r > 0, {a,} C [a,e°) with a > 0 satisfying conditions:

(C1)1imy, o0 0y = limy_yo0 By = limy, oo &, = 0, £ @, = o0;

. Spi1—S .
(C2) lim,, e % =0, lim;, 08, = oo;

(C3)limy—ye0 [Fpy1 — 1| = 0, liminfy, oy > 0, limy e |@p+1 — an| = 0.

Lemma 10. For any 0 < y < % <Y+ é, there exist a unique fixed point for sequence {x,}.

Proof. Using similar argument used in the proof of Lemma 3.1 [28], we can find that the iteration
(7) is well defined. [ |

Remark 3.1. By 7 (ii) for 6 € (0, ﬁ),the mapping I + 5A*(Ta(nF2’W2) —I)A is a nonexpansive

mapping and A*(Ta(f 22 g JA is a ﬁ—inverse strongly monotone mapping.

Lemma 11. Let p € ® = Fix(S) NI'. Then the sequence {x,} generated by Algorithm 1 is
bounded.
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Proof. Theorem 3.1 [39] implies that
litn = I < xw = pIP> +8(8 — ) |A=(T4*Y) — 1) Ax, |2

Since d € (0, ﬁ) we have
[lun = pll < [0 = plI-

Therefore

[Xn+1 = pll
= [0 ¥f (%) + BuDxn + (1 — &)1 — BuD — 0, B) &[5 T (s)unds — p||
< || vf (xn) — Bp|| + Bal|Dx, — Dp|| + & |||
(1 = &)1 = BuD = uB)|I{ fo" T (s)un — T (s)plids
< au([lvf (xn) = v (PN + 17 (p) — Bpl|) + Bul|Dxn — Dpl| + €| p||
+(1 =Bt — o 71) ||un — p|
< o yol|lx, — pll + o4 |lvf (p) — Bpll + BuPallxn — pll + 0| ||
+(1 =B — o) |lun — p|
= (1= (h —ya)a)||x. — pll + (|| pl| +[|7f(p) — Bpl|)
< max{||x, — p||, [ )EeLtIrly

< max{||xo — p||, W}

Hence {x,} is bounded.

1

Now, set f, := - o" T (s)upds. Then the sequences {u,}, {t,} and {f(x,)} are bounded.

Lemma 12. The following properties are satisfying for the algorithm 1

Pl.  lim, e ||Xps1 —x4]| =0

P2, limy_ye||Xy — 1n]| = O.

P3. limpe (T2 — DA, |2 =
P4.  limy, e ||ty —uy|| =0

P5. limye || T(8)ty — 4] =0

Proof. P1: By Theorem 3.1 [39], we have

1
i1 =t ]| < [ns1 — x| + B[ AJ| (122l )2 o il

where

41

®)

(©))

(10)

E * F F7
Gut = 5Pt | Tn ¥ (it + A (TS5 — DAx11) — (oar + A (TIYY = DAx, )|

An+1

M = sup,eny (7, ( 2, V/z)Axn a(szz)Axm T(Fz’%)Axn — Ax,),

An+1 An+1
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42
s —tall = [l55 Jo T()ttnsrds — - [ T (s)undls|
=I5 Jor (T ()i — <>un>ds+<s,m—¢> o (T ()u — T(s)p)ds
+L [ (T ()uy — T(s)p)ds|
< ot 1 — g + 2280 gy, — | 4 L=y,
= [t 1 — un | + 2= g, — .

Sn+1

By (10) we estimate that

s —tall < [otnsr = x| + S| (“eti=tely, )3 4 Lesiminl s, g Bowstzmlyy, )

[ In+1
setting x,,+1 = &x, + (1 — &,)e,, then we have

_ Ot Yf(xnﬂ )+B;1+IDX;1+I +((1_£n+| )I—ﬁ,1+|D—OC,,+| B)tn+l —Ent1Xn+1

€ptl — € = T—€,11
0¥V (%) +BuDxn+-((1 =82 )= BuD— 04 B)ty —EnXn
1—¢,
= 106211 (vf(Xnt1) = Btuy1) + %(Bln —Yf(xa)) + B’?il D(Xp11 —tnt1)

Entl

ﬁn D(tn Xn) + (tthl —[n) + lf—"snxn — 178,,+1xn+1'

Using (11), we have

(%n) — Bty |

= Xl + (w1 = 2l

lent1 —enll < 2| Vf (X 1) — Bl || + 12
2| D[t — rnmm

Ent1

o 1V (nger) = Btaa ||+ 125 17/ () — Bta|

- 1 Entl
+1"';;;1||D||<Hxn+1u+||rn+1|\>+1 el + [15all) + st — 0]
+6\|A||<'“"+' ) ety By, |

o U P
which implies that
lenst = eall = a1
—1ar"g+1+1||7f(xn+l) Btn-&-l”""] (x,,) Btn”
1
B D+ i 1)+ 2 DIl + )+ SA (=l )
n 2 n 7 n-
sl | Rzl p||+f’ |+ 725 [ .

Hence, it follows by conditions (C1) — (C3) that

limsup([|en+1 — x| — [[Xn+1 —xal]) <O
n—oo

1D

12)
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From (12) and Lemma 4 we get lim,,_,c || €11 — X»|| = 0, and then

lim ||xp41 — x,|| = lim (1 —&,)||en+1 —xa]| = 0. (13)
n—soo n—soo

Also by (11) we have lim,, e ||t,41 — ]| = 0.

P2: We can write

e =tall < N1 = xall + |06 (n) + BaDx + (1 — €)1 = BoD — 0Bt — 1|
< X1 = Xal| + 0| 7S (x0) = Bta|| + Bul|Dxy — Dty || + & |2
< X1 = Xl + 0|7 (6n) = Bta| + Bu ol xn — tal| + &nl|a |-
Then
(1= BuPo)llxn = tull < [ttt — xul| + 06| Vf (xn) — B | 4 €[]

Therefore, we thus

[l —tall - < mnxnﬂ — Xl + 35 17 (n) = Bta| + = It
< b e =l 1= (17 o) = Bl + 1)

The condition (C1) together (P;) implies that
lim ||x, —,]| = 0. (14)
n—ro0

P3: From (8), we have

%1 — |1
= [lot ¥ (xn) + BuDxn + (1 — &)1 = BuD — 0,B)t, — p||?
= [lot: (vf (xn) = Bp) + Bu(Dx — Dp) + (1 — &)1 — B.D — 0,,B) (t, — p) — &:p||>
<I((1 — &)1 = BuD — 0uB) (tn — p) + Bu(Dxy, — Dp) — €,p||> 4+ 2(0u (VS (x1) — BP), Xu 11 — p)
< ((1=But2 = ) llun — Pl 4 Bull D 260 — tull + &al| pI1) + 206 (¥ (x2) = Bp,Xn1 — p)
= (1= Buta— 0 71)*ltw — plI> + (Ba) 21D 1130 — 11> + (&)l P12
+2(1 = BT — 0 Y1) Bul| DIl [|tn — P|[1%n — 2a]] +2(1 = BT — 0w T1 ) €| Pl || — P

+2Bu&nl DIl pll [0 = tall +206 (S (6n) = Bp, X1 = p)
15)
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< (1= BuPo— 00 (15 — pIP +8(8 — L) A" (T8> — 1)Ax,|12) + (B2 DI —
+(&)? P12 +2(1 = BT — T Ball DIl 1t — pll 10 — 1l +2(1 = BuTo — 06Tl Pl | — |
+2B,& | DI 1Pl 130 — tall + 206 (Y (x2) — BP,xws1 — p)

< Jotn = PP+ (BaTa + 0 Tt)? 5w =PI+ (1= BuTo — 0071)28(8 — 1) A" (T4 — 1) Ax, |
+(Ba)2IDIPlxn — a2 + (02 [pIP +2(1 = BT — 06 7)Ball Dl it — pll 0 — 1
+2(1— B — 0 1) 0l Pl 1w — pll + 2Bua DI 1115w — 1l + 206 (%7 () — Bp, st — p)-

Therefore

(1B — 0uT1)?8 (1 — 8) A" (T YY) — DAx, |2

< on = pIP — st =PI+ (BaTo + 0t) 2 — pI2 + (B)2 DI lxn — ] + ()2 I
+2(1 = By — 0 T) Bl DIl 1t — Pl 1% — tall +2(1 = BuTo — 0Tt ) 0l | Pt — p|
+2B,& | DI 1Pl 130 — tall + 206V (x2) — B, xws1 — p)

< (1t = P+ st — PIDIxn =Xt |4 (B + 1)l — P12+ (Ba)2 1D — 1]
(02l +2(1 = BuF — 0T Ball Dl et — Pl — tall +2(1 = BuTo — 0i)0tal| 16 — p
+2Bu&al | DI n — ] + 206 (Yf (xa) — Bp,xas1 — p).

This implies by (C}), (P;) and (14) that

lim || (7Y — ) Ax,||> = 0. (16)

n—seo

P4: we have
et — P < 0 =PI = lttn — 2l |> + 26|10, — x| [[|A* (¥ — DA, |,

The equations (15) and (16) imply that

a1 =pl* < (1= Bata — 0 ¥1)?lun — plI* + (B)* DI [0 — 1al|* + (€)1 P11

+2(1 = Buto — 0 T1) Bull D[ lttn — P xn — tall +2(1 — BuTe — aaT1 )&l Pl — Pl
+2Bueal D |pIl112%0 — tall + 206 (Y (X0) — BPyXnt1 — p)

< (1= B — 06712 (1 — PIP — It — x> + 28| (16— x2) || (T — DA, ]
(B IDIP 260 — tall* + (&) 11> +2(1 = BuFo — ta¥) Bull D |14 — Pl [0 — 1|
+2(1 = BT — o) €al Pl lun — Pl +2Bu&n| DI P10 — 2|
+204,(Yf (xn) = B, Xn1 — P)

< oo = plI> + (Bu 2+ 1) llin — plI> = (1 = BuFa — 0 ||t — 25|
+2(1 = BuTa — 06 70)>8 A (s — x0) ||| (T ¥ — DA | + (Bo) DI 50 — 2|
+(06)* || pl1* +2(1 = Buo — 0 71) Bal| DIl ||tn — Pl 10 — 2|
+2(1 =B — o) ol pll lltn — pll +2Bueal DI Pl 10 — 2|

+20,(Vf (%) — BP,Xnt1 — P)-
Therefore
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(1= BuPo— ) [ty — 50|

< |bn =PI = s = pII* + (Bu T+ @ 71)? n — >
+2(1 = B — 01128 Aty — ) || (Tl = DA || + (B2 D121 — 1> + ()2 2
+2(1 = Buto — o T1) Bal| DIl [[tn = p[lIxn — tull +2(1 = Buo — 1) Q| Pl || tn — P
+2Bu&nl DIl [0 — tull + 206 (Y (X0) — Bp,Xn41 = P)

< ([ben = Pl + xas1 = pID 1w = X1 | + (Bae + 06T1)?[xn — P
+2(1 = Buo — 07128 A 1ty — ) || (T = DA || + (B2 DI 160 — 1> + (00)?|
+2(1 = Ba¥o — 0 F1) BulID|[ |t — P 10 — tal| +2(1 — BT — € T1) [ Pl 110 — |
2B DIl PNl [10 = tall + 206 (Y (x0) — Bp, Xns1 = p)-

It follows by Condition (C1), (P2) and (P3) that

lim ||x, — ua|| = 0. (17)
n—soo

This implies by (14) and (17)that

tn — tn|| < ||tz — Xu|| + ||Xn — un|| — O. Therefore, lim, e ||t — un|| = 0.

P5: Let E:={weC: |lw—p| < |x0—pl, ﬁ“?’f(p) — Bp||+ ||p||}, Then E is a nonempty
bounded closed convex subset of C which is T (s)-invariant for each s € [0, +0) and contains {x;, }.
So, without loss of generality, we may assume that S := {T'(s) : s € [0,4o0)} is a nonexpansive

semigroup on E. From Theorem 1 [13] we have
1T ($)xn —xal] < 2”% 0" T (s)unds — x| + HT(S)YL,Z 0" T (s)unds — % o" T (s)unds]|.

By Lemma 3 and (14), we obtain lim,,_ || 7 (s)x, — x,|| = 0.

Therefore
1T ()tn —xull - < T ($)tn — T (8)xn | + (| T (5)x0 — Xn]]
<|tn = Xall + T ()20 — xn]| — O,

1T ()tn —tall - < (IT($)tn =T ()X + |7 (5)xn — Xul| + [0 — 1]
< tn = Xall + 1T ()20 — X + || X0 — ]| — 0.

Then we have lim,,_,o || T (s)t,, — 1,|| = 0. [
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4. Convergence Algorithm

Theorem 1. The Algorithm defined by (7) convergence strongly to z € Fix(S) NI, which is a

unique solution of the variational inequality

((yf—A)zy—z) <0, Vye®.
Proof. Let s = Py. We get

ls(I=B+yf)(x) =sU=B+y )W <I[U—=B+vf)(x)=U—-B+v)O)
< 1= Blllx =yl +7llf () = fFOI
< (I=7)llx =yl +velx—y
= (1= (n—ya))lx—yl.
Then s(I — B+ yf) is a contraction mapping from H into itself. Therefore by Banach contraction
principle, there exists z € H; such that z = s(I — B+ yf)z = Po(I — B+ 7f)z.
We show that limsup,,_,..((vf — B)z,x, —z) < 0 where z = Pe(I — B+ vf). To show this inequal-
ity, we choose a subsequence {z,, } of {r,} C E such that

limsup((yf — B)z,ta — z) = limsup((vf — B)z, 1, — 2). (18)

n—eo n—eo

Since {1,, } is bounded, there exists a subsequence {tn[.j} of {t,,} which converges weakly to some
w € C. Without loss of generality, we can assume that 7,, — w. Now, we prove that w € Fix(S) NI
Let us first show that w € Fix(S). Assume that w ¢ Fix(S). Since #,, — w and T (s)w # w, from
Opial’s conditions (6) and Lemma 12 (P5), we have

liminf, o ||t,, —w| < liminf, e ||ty — T (s)w||
< Hminfy e[|t = T ()t || + 1T (), = T (s)w]])

< liminf,, e ||t — ||,

which is a contradiction. Thus, we obtain w € Fix(S). We show thatw € T". Since u,, = TriF‘ i) (%0 +
SA*(T\Y) _ [)Ax,,), where d,, = x, + SA*(T\¥) — 1)Ax,,.

we have
1
Fl(unay)+W1(Mn,y)+7<)’_”mun—dn>207 \V/yEC
n
It follows from the monotonically of F; that
1
WI(unay)+7<y_unaun_dn>ZFl(una)))a VyeC

n
which implies that
(F2,v2)
Up, — X (T, —1)Ax,,
Wl(”naY)+<y_unfa = nl+5A ( al ) !

I'n I'n
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From ”un_xn” — O, we get Up; — w and M"tri;x”t —0.

(T2 _pax,,

Since limy e ||A* (T ¥ — 1)Ax, || = 0, then A* (<) — 0.

Therefore

Wi (4, ) > Fi(y,un,), vi(w,y) = Fi(y,w).
Lety, =ty+ (1 —1t)w for all t € (0,1]. Since y € C and w € C, we get y, € C. It follows from
Assumption 1 that

0=F () +wi0ny) <tFi(y,y)+(1—1)F(y,w)
11 (v, y) + (1 = 1)y (v, w)
=t(F1(y,y) +vi(y,y))
+(1=1)(Fi (yr,w) + v1 (yr, w))
<F(,y) +wi0n,y),

50 0 < Fi(y,y) + w1 (v, ).
Letting t — 0, we obtain 0 < Fj(w,y) + y;(w,y). This implies that w € GEP(Fy, ;). Now we

show that Aw € GEP(F, y»). Since ||u, —x,|| — 0, u, = w as n — oo and {x,} is bounded, there
exists a subsequence {x,,} of {x,} such that x,, — w and since A is bounded linear operator so
that Ax,,. ;= Aw.

From || (Ta(nF 2V) g JAx,|| — 0, we have Ta(F”%)Ax,,j — Aw. Therefore from Lemma 7, we have

n

1
FZ(T,I(an’WZ)Axnj V) +ho (T(FZ’WZ)Axnj W)+ —(v— Ta(n?’%)Axnj, Ta(,iz’WZ)Axnj —Aw) >0, YveQ.
a

ay .
! nj
Since F, is upper semicontinuous in first argument, from above inequality, we obtain
F>(Aw,v) + v (Aw,v) > 0, Yv e Q,

which means that Aw € GEP(F,, y,) and hence w € T.
We claim that limsup,_,..((Yf — B)z,x, —z) < 0, where z = Po(I — B+ yf). Now from (3), we

have

limsup,_,..((vf —B)z,x, —z) =limsup,_,.((vf—B)z,t, —z)
<limsup, ,.((Vf — B)z,ty, — 2)
=((vf—B)z,w—72)
<0.

(19)

Next, we show that x,, — z. It follows from (8) that
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%1 _ZH2 = 0y (Yf (Xn) — Bz, X1 — 2) + Bu{Dxp — D2, X1 — 2) — €42, X011 — 2)
+(((1 = &)1 = BuD — 0B) (tn — 2), Xn 11 —2)
< 0 (V(f () = S (2), %m0 = 2) + (VS () = Bz, Xur1 = 2)) + Bull DIl 1xn — 2|1 X011 — 2]
—&nllzlllloent1 =2l + [1(1 — &)1 = BaD — B[t = 2[[|011 = 2]
< 04,0 Y||xn =zl [P 1 — 2l + 0 (¥ () = Bz, Xns1 — 2) + Bual I — 2l X1 — 2

—&nl[2l[[lxn 1 =zl + (1 = BuTo — 0 T0) 60 — 2l 6011 — 2]

=(1- ( — ay))lxn — 2l a1 — zll — €allzll a1 — 2l + (¥ (2) — Bz, Xns1 —2)
<= (y' D (|10 — 2|2 + a1 — 212 = &all2ll[Pons1 — 2]l + 0¥ (2) = Bz, 2011 —2)
< 7(3‘ [0 = zl|* + 311501 — 2)1* — &allzll 1xart —zl| + (¥ (2) — Bz, Xn1 — 2)-

This implies that

2w =2l < (1= (P — o) lw =2l + [[xns1 — 2l
=20 |2][[[xn11 = 2l + 206, (¥ (2) — Bz, Xn 1 — ).

Then

s =207 < (1= 0 (7 — 09|t — 212 = 20620 [bens 1 — 20| + 200 (7 () — Bz, %1 — )

= (1 —ky)|lxn — z||> + 2001,
(20)

where k, = &, (71 — ay) and L, = (V£ (z) — Bz,Xn+1 — 2) — [[2[[[[%n1 — 2.

Since lim, s &, = 0 and X a, = oo, it is easy to see that lim, .k, = 0, X jk, = o and
limsup,_,.. 1, < 0. Hence, from (19) and (20) and Lemma 5, we deduce that x, — z, where
z=Po(I—B+7Yf)z. |

Remark 4.1. Putting r, = a,,{€,} =0,D =0 and § € (0,7) we obtain method introduced in
Theorem 1 [13]. Taking Hy = H, = H,y; = y» = 0,{B,} = {&,} =0 and A = D = 0, then
Theorem 4.1 of [9] is obtained. Taking Hy =H, =H,Fi =F, =y; =y, =0,{¢g,} =0,A =0 and
B =D =1, then Theorem 3.3 of [24] is obtained.

5. Numerical Examples

In this section, we give some examples and numerical results for supporting our main theorem.
All the numerical results have been produced in Matlab 2017 on a Linux workstation with a 3.8

GHZ Intel annex processor and 8 Gb of memory.

Example 5.1. Let H| = H, = R2, the set of all real numbers, with the inner product defined
by ((x,),(z,1)) = xz+t, V(x,y), (z,t) € R2, and induced usual norm || (x,y)|| = (x2+?)2. Let
C=[-1,2]x[0,3], 0=[—4,0] x [0, 3]. Define bifunctions Fi, y; : C xC — R by Fi ((x,y),(z,1)) =
(x,y=3)(z—x,r —y) and y;((x,y), (z,¢)) = (3x,2y+3)(z — x,t —y). Define Fo,y» : O x Q — R
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by F>((u,v),(k,1)) = (u—2,v)(k—u,l —v) and yo((u,v), (k,1)) = (=3u+2,%)(k —u,l —v). Fur-

thermore, define f(x,y) = (§x,7y), A(x,y) = (2x,2y), B(x,y) = (=2x,—2y), D(x,y) = (3x,3).
We define a nonexpansive semigroup mappings on C as follows:

1
T = —
($)xy) = 175, (@)
Choose o, = Zn’ B, = n2+n &, ﬁ, Sp=2n, r, = 1+% and a, = 33f1 . The sequences

{(%n,yn)} CR?, {u,} C C, and {z,} C Q generated by the iterative schemes

1
a A A () A = Al ) 1)

xnvyn)); Uy = 16

in =

11 1 1 1 1 1 1 1
= (s = n) l——)[-——D——B)— d
(61,341 n(8xn’ 7y,,)+ 2(n?+n) (e, ya) +(( 3n2) (n2+n)" 2n )sn /o 125 m®
(22)
It is easy to check that all the conditions in Theorem 1 satisfy with w = {(0,0)} € Fix(S)NT.

After simplification, schemes (21) and (22) reduce to

_ ((2-6n) 6n—
Z”_( ntl n o= ly”)

_ 42n*—8
Un = ((n+1)’(15n+1)x”’ (@8n ng)(z;fH)Yn)
1,1 1 1 1 1 1 1
= —(=xu, = I B —In(l1+4n)(1 ——5 —————<+-—
(xn+17yn+1) n(8xn7 7yn) + 2(n2+n) (men) + 4n Il( + n)( 352 2(n2+n) + I’l)un

Choose (x1,y1) = (2,1). Figure 1 indicates the behavior of x;, for algorithm (1), which converges

to the same solution, that is, w = {(0,0) } € Fix(S)NT as a solution of this example.

Sequence (xn. y“J

I I L I I
o 5 10 15 20 25 30 35
Iteration steps=30

FIGURE 1. The graph of {(x,,y,)} with initial value (2, 1).

Example 5.2. Let H; = H, = R with the inner product (x,y) = xy, Vx,y € R, and induced usual
norm | . |. Let C =[0,2], Q = [—4,—2]. Define Fi,y; : C xC — R by Fi(x,y) = (x —6)(y —x)
and yi(x,y) = 2x(y — x), Vx,y € C. Define F>,yn : O x Q — R by F(u,v) = (u+16)(v — u)
and yo(u,v) = 3u(v—u). Let f(x) = %x, A( ) = —2x, B( ) = ix, D(x) = x, and for each x €

C, T(s)x = x. Furthermore, we take @, = n, B, = n+1 sy, Ep = ,712, Sp=n, r, =1 —i—% and
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a, = ﬁ, in algorithm (1), we obtain
1 1 1 1 1 .1 [
—(— 1-—)—~————D—-B)— d
w1 = (3 + g (0= 2 = 5o 2B)— [ s

After simplification, schemes we have

1 1 1 1 1
Xn+1 :(§+m)xn+un(l_nﬁ_7_7)

Figure 2 indicates the behavior of x, with initial point x; = 0.1.

15F /

051

sequence x_

osf |/

-15

L . . . . L
o 5 10 15 20 2% 30 35
Iteration steps=30

FIGURE 2. The graph of {x,} with initial value x; = 0.1.

Example 5.3. Let H; = H, = R with the inner product defined by (x,y) = xy, and induced usual
norm | . |. Let C = [0,4],0 = [0,2].Define F} : C x C — R by Fi(x,y) = x(y —x). Define F; :
OxQ—Rby F(u,v) = —2u(u—v). Let f(x) = gx, A(x) = —x, B(x) =x, D(x) = 3x, and for

eachx € C, T (s)x = e~ *x. Furthermore, we take o, = ﬁ, Bi=-" g =55, 5, =2n, r,=1+ %

o T 7
and a, = 33%1 in algorithm (1), we obtain
1 3 1 1 1 1 s
il = (—=+ —— l——)———D——B)— 2 u,d
'x+1 (4\/ﬁ+n+1)x”l+<( 2n2> n+1 n )Sn/() e ul’ls
After simplification,we have
1 3 1 3 11—
S (1= 35 = = =) (i

Xyl = (m + m)

Figure 3 indicates the behavior of x,, with initial point x; = 1.

12
HEA
0.8

0.6

sequence x|

0.4

0.2

\
0

0 5 0 15 20 25 30 35
Iteration steps=30

FIGURE 3. The graph of {x,} with initial value x; = 1.
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6. Conclusions

We have proposed an iterative algorithm for finding a common solution of a system of generalized
equilibrium problems, a split equilibrium and a hierarchial fixed point prob- lems over the com-
mon fixed points set of nonexpansive semigroups in Hilbert spaces.We proved that the proposed

iterative has strong convergence under some mild conditions imposed on algorithm parameters.

References

[1] Ya. I. Alber, C. E. Chidume and H. Zegeye, Approximating fixed points of total asymptotically nonexpansive
mappings, Fixed Point Theory Appl., (2006), 2006:10673, 20 pp.
[2] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Stud.
63(1994)123-145.
[3] F. E. Browder and W. V. Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert space, J. Math.
Anal. Appl., 20 (1967), 197-228.
[4] C. Byrne, Y. Censor, A. Gibali, S. Reich, The split common null point problem, J. Nonlinear Convex Anal.
13(4)(2012)759-775.
[5] Y. Censor, T. Bortfeld, B. Martin, A. Trofimov, A unified approach for inversion problems in intensity modulated
radiation theory, Phys. Med. Biol. 51(2006)2353-2365.
[6] Y. Censor, T. Elfving, Amultiprojection algorithm using Bregman projections in product space, Numer. Algorithm.
8(1994)221-239.
[7] Y. Censor, A. Gibali, S. Reich, Algorithms for the split variational inequality problem, Numer. Algorithm.
59(2)(2012)301-323.
[8] S. S. Chang, J. Lee, H. W. Chan, An new method for solving equilibrium problem, fixed point problem and
variational inequality problem with application to optimization, Nonlinear Analysis. 70(2009)3307-3319.
[9] F. Cianciaruso, G. Marino, L. Muglia, Iterative methods for equilibrium and fixed point problems for nonexpansive
semigroups in Hilbert space, J. Optim. Theory Appl. 146(2010)491-509.
[10] F. Cianciaruso, G. Marino, L. Muglia, Y. Yao, A hybrid projection algorithm for finding solution of mixed equilib-
rium problem and variational inequality problem, Fixed Point Theory Appl. 2010(2010)383740.
[11] G. Crombez, A hicrarchical presentation of operators with fixed points on Hilbert spaces, Numer. Funct. Anal.
Optim. 27(2006)259-277.
[12] J. Kang, Y. Su and X. Zhang, Genaral iterative algorithm for nonexpansive semigroups and variational inequalitis
in Hilbert space, Journal of Inequalities and Applications ( 2010) Article ID.264052, 10 pages.
[13] K.R.Kazmi, S. H. Rizvi, Iterative approximation of a common solution of a split generalized equilibrium problem
and a fixed point problem for nonexpansive semigroup, Math. Sci. 7(2013). Art. 1.
[14] M. A. A. Khan, Convergence characteristics of a shrinking projection algorithm in the sense of Mosco for split
equilibrium problem and fixed point problem in Hilbert spaces, Linear Nonlinear Anal., 3(2017), 423-435.
[15] M. A. A. Khan, Y. Arafat and A. R. Butt, A shrinking projection approach to solve split equi- librium problems and
fixed point problems in Hilbert spaces, (Accepted for Publication) University Politehnica of Bucharest, Scientific

Bulletin, Series A, Applied Mathematics and Physics.



52 M. Cheraghi et al.

[16] Z. Ma and L. Wang, An algorithm with strong convergence for the split common fixed point problem of total
asymptotically strict pseudo contraction mappings, J. Inequal. Appl., (2015), 2015:40 DOI 10.1186/s13660-015-
0562-2.

[17] G. Marino, HK, Xu, A general iterative method for nonexpansive mappings in Hilbert spaces, Math. Appl.
318(2006)43-52.

[18] A.Moudafi, Viscosity approximation methods for fixed-points problems, J. Math. Anal. Appl. 241 (2000) 4655.

[19] A. Moudafi, The split common fixed poin problem for demicontractive mappings, Invers Probl. 26(2010)055007.

[20] A. Moudafi, Split monotone variational inclusions, J. Optim. Theory Appl. 150(2011)275-283.

[21] A. Moudafi, M. Thera, Proximal and Dynamical Approaches to Equilibrium Problems, in: Lecture Notes in
Economics and Mathematical Systems, vol. 477, Springer, 1999, pp. 187-201.

[22] N. Nadezhkina, W. Takahashi, Weak convergence theorem by an extragradient method for nonexpansive mapping
and monotone mapping, J. Optim. Theory Appl. 128 (2006) 191-201.

[23] Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive mappings, Bull. Am.
Math. Soc. 73(4)(1967)595-597.

[24] S. Plubtieng, R. Punpaeng, Fixed point solutions of variational inequalities for nonexpansive semigroups in
Hilbert spaces, Math. Comput. Model. 48(2008) 279-286.

[25] H. R. Sahebi, A. Razani, A solution of a general equilibrium problem, Acta Mathematica Scientia 33B(6)(2013),
1598-1614.

[26] H. R. Sahebi, A. Razani, An iterative algorithm for finding the solution of a general equilibrium problem system,
Faculty of Sciences and Mathematics, University of Nis, Serbia, 7 (2014), 1393-1415.

[27] H. R. Sahebi, S. Ebrahimi, An explicit viscosity iterative algorithm for finding the solutions of a general equilib-
rium problem systems, Tamkang Journal Of Mathematics 46(3)(2015) 193-216.

[28] H.R. Sahebi, S. Ebrahimi, A Viscosity iterative algorithm for the optimization problem system, Faculty of Sciences
and Mathematics, University of Nis, Serbia, 8 (2017), 2249-2266.

[29] T. Shimizu, W. Takahashi, Strong convergence to common fixed points of families of nonexpansive mappings, J.
Math. Anal. Appl. 211(1997)71-83.

[30] T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one parameter nonexpansive
semigroups without Bochner integrals, J. Math. Anal. Appl. 305(2005)227-239.

[31] M. Taherian, M. Azhini, Strong convergence theorems for fixed point problem of infinite family of non self map-
ping annd generalized equilibrium problems with perturbation in Hilbert spaces, Advances and Applications in
Mathematical Sciences 15(2)(2016)25-51.

[32] W. Takahashi, M. Toyoda, Weak convergence theorems for nonexpansive mappings and monotone mappings, 118
(2003) 417-428.

[33] S. Takahashi, W. Takahashi, Viscosity approximation method for equilibrium and fixed point problems in Hilbert
space, J. Math. Anall. Appl. 331 (2007) 506-515.

[34] S. Takahashi, W. Takahashi, Strong convergence theorem for a generalized equilibrium problem and a nonexpan-
sive mapping in a Hilbert space, Nonlinear Anal. 69(2008)1025-1033.

[35] H. H. Xu, T.H. Kim, Convergence of hybrid steepest-descent methods for variational inequalites, J. Optim. theory
Appl. 119 (2003), 185-201.

[36] Y. Yao, J. C. Yao, On modified iterative method for nonexpansive mappings and monotone mappings, Appl. Math.
Comput. 186 (2007) 1551-1558.

[37] L. C. Zeng, Y. Yao, Strong convergence theorem by an extragradient method for fixed point problems and varia-
tional inequality problems, Taiwanese J. Math. 10 (2006) 1293-1303.



CUJSE 16, No. 1 (2019) A Viscosity Nonlinear Algorithm for Split Generalized Equilibrium Problem 53

[38] H. K. Xu, Viscosity approximation method for nonexpansive semigroups, J. Math. Anal. Appl. 298(2004)279-291.
[39] Y. Zhang, Y. Gui, Strong convergence theorem for split equilibrium problem and fixed point problem in Hilbert
spaces, Int. Math. 12(2017)413-427. no.9.



