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POLYNOMIAL POLY-VECTOR FIELDS
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ABSTRACT. In this text we give a decomposition result on polynomial poly-
vector fields generalizing a result on the decomposition of homogeneous Poisson
structures. We discuss consequences of this decomposition result in particular
for low dimension and low polynomial degree. We provide the tools to calcu-
late simple cubic Poisson structures in dimension three and quadratic Poisson
structures in dimension four. Our decomposition result has a nice effect on
the relation between Poisson structures and Jacobi structures.

1. INTRODUCTION

We motivate our discussion on poly-vector fields by Poisson structures. For this we
recall: A Poisson structure on the n-dimensional manifold M is a skew symmetric
bi-linear map {-,-} : C°(M) x C*°(M) — C>°(M) which obeys

P1: The map {f,-}: C®°(M) — C*>°(M) is a derivation for all f € C*(M).
P2: The Jacobi identity {f,{g,h}} + {h,{f,9}} + {9, {h, f}} = 0 holds for all
fr9.h € C*(M).

Due to P1 a Poisson structure is equivalent to a skew symmetric tensor field IT €
TA2TM. The Poisson bracket and the field are related by {f,g} = H(df, dg)
This may be generalized to brackets of degree higher than two, i.e. {,.

x2C® (M) — C°°(M). If we impose conditions similar to P1 and P2 we arrive at
the so called generalized Poisson structures due to [1] and [2].

To translate condition P2 to the tensor II, we have to introduce poly-vector fields.
We denote the vector fields on M by X'(M) = X(M) = I'TM and the k-vector fields
by X*(M) := A*X(M). A natural grading is given by X*_ (M) := X*(M)[—k]. The
Lie bracket of vector fields extends to the Schouten bracket [-, ] : X*(M)x X!/(M) —
XFH=1(M) with [X,U] = LxU for X € X(M). This turns the shifted algebra
Tpoly (M) = (D)o X"(M)[—K])[1] into a Gerstenhaber algebra. This means, the
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bracket obeys the graded Jacobi identity
()Y O, [V, W]+ () VW, [U, V] + (~D)TV [V, W, U] = 0 (1)

such that Tpq1, (M) has a graded Lie algebra structure. Furthermore, the bracket
is compatible with the wedge product X*(M) x X'(M) — XFH(M) on T,o, (M)
in the sense that

U VAW] = [UV]AW + (~1)7V+Dy A [U, W], (2)

The symmetry of the wedge product is given by U AV = (—1)WHDV+DY AU, To
distinguish the shifted grading of T},01y (M) from the natural grading we add a tilde
in the first case. If we express the Poisson structures by the associated bi-vector
II, condition P2 is connected to the Schouten bracket. More precisely, a bi-vector
field yields a Poisson structure if and only if

P2’: [IL,11] = 0.

In local coordinates, IT = II9; A 9, the latter is written as 1l (9,11%¢) = 0. Here
we use the convention that we sum over corresponding upper and lower indices.
Moreover, the bracket indicates the skew symmetrization of the enclosed indices.

In the following we deal with polynomial poly-vector fields, i.e. poly-vector fields
which coefficients are polynomials. For a bi-vectors this means we have a decom-
position II = Y II1¥9; A §; with polynomial coefficients II*/. For two poly-vectors
o1 and oy which are homogeneous of degree k and ¢ the bracket [o7, 09] is homo-
geneous of degree k + ¢ — 1. This yields that for a polynomial bi-vector field to
obey [P2], it is necessary that its highest homogeneous part is a Poisson structure
itself. For this reason, the restriction to homogeneous polynomial poly-vector fields
is natural.

In the case of Poisson structures, the following holds. For degree zero all constant
bi-vectors provide Poisson structures. For degree one we write II¥ = f;72* and
condition [P2] is given by fl[” frlf]l =0, ie. f,zj are the structure constants of a
Lie algebra. For a discussion of the connection between Lie algebras and Poisson
structures see [4] and for the classification of linear Poisson structures in four di-
mensions see [17]. For the discussion of quadratic Poisson structures we consider
the injective map 19 : gl,, — X(R") with 29(A) = A*;279; € X(R") which gives the
linear vector fields on IR™. The Lie bracket on g := gl,, naturally extends to a Ger-
stenhaber bracket on § = (@~ A*g[—k])[1] and 1 to a morphism 7 : § — Tpely
of Gerstenhaber algebras. A classical R-matrix is an element r» € A2gl, which
obey the Yang-Baxter equation [r,7] = 0. A classical R-matrices yields a Poisson
structure by r = rijklEij A Eg — (r) = Tijkla:ixk(?j A 9. In [3] this connec-
tion between quadratic Poisson structures and classical R-matrices is recognized
and a 1-1 correspondence is shown to be true at least in dimension n = 2. In
higher dimensions this correspondence is not true, because the graded components
1, have nontrivial kernels, in particular for & = 2,3. For n = 3 the authors in
[14] give an explicit example r € g) = A2gl, such that [r,7] # 0 and 2;(r) # 0
but 23[r,r] = [21(7),21(r)] = 0. Up to now the nonlinear Poisson structures resist
descriptions as nice as in the linear case. Therefore, the only chance to describe
them is to find an explicit way of construction. This has been done for quadratic
Poisson structures in [5] and [12] and used in [14].
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In this text we give a decomposition formula for polynomial poly-vector fields into
irreducible components, see Theorem 3.4. For any poly-vector fields the Schouten
bracket can be decomposed with respect to this decomposition, see Theorem 3.5 and
Corollary 3.6, and for even poly-vector fields the generalized Poisson condition P2’
translates into compatibility conditions on the irreducible components, see Theorem
3.8 and Proposition 4.2. The decomposition result yields a connection between
polynomial Poisson structures and polynomial Jacobi structures which is collected
in Theorem 4.5. The case where the polynomial degree and the vector field degree
coincide turns out to be an exceptional combination. In the last part of this text we
provide some tools to calculate polynomial Poisson structures for low dimensions
and low orders and give a lot of examples.

2. THE TRACE OPERATOR

We consider the volume form ¥ on the oriented manifold M. ¥ induces an iso-
morphism of poly-vector fields and differential forms. A k-vector field U € X*(M)
is mapped to an (n — k)-form U(U) € Q" *(M) by W(U)(W) = ¥(U A W).
In local coordinates with ¥ = da! A -+ A da" = %ql...ind:ﬂ“ A -+ Adxin and
U= U39, A--- A\ D, this reads
1 L . .

V() = e hUP A A e Q
We use this isomorphism to define a derivation D : o1y (M) — Tpoly (M) of degree
—1 by

D:xX*M)— xFY (M), D=U"lodoW. (4)
This is in fact a differential, i.e. D?> = 0. We note that if we restrict D to vector

fields we recover the divergence with respect to the volume form W. We will recall
this soon. In local coordinates the action of D is given by

1 i1~~'ik_1m

91..00Q1 Qg o . X — N _ 1 §%1---%0
where we used € "€ ear.an_ = LN E)"sjl...jz'

With respect to the non-shifted grading of poly-vector fields, D is compatible with
the wedge product and the Schouten bracket in the following sense.

Proposition 2.1. For all poly-vector fields U and V we have

DUAV)=(-1)VDUAV +UADV + (-1)V[U,V], (6)
[DU,U] = —[U,DU], DUAU=UADU, (7)

and
D[U,V] = [U,DV] - (-1)V[DU,V]. (8)

In particular, for U even D[U,U| = —2[DU, U], and so [DU,U] =0 if [U,U] = 0.

Proof. Because both sides of (6) are R-linear we only have to check the identity for
homogeneous U and V. Le. if we consider local coordinates with ¥ = dz! A...Adx™
we may assume U = f0;, A---AN0;, and V = g0;; A--- A 0;,,. Then (6) follows
from a careful calculation.
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To prove (7) we recall the commutation properties of the wedge product and the
Schouten bracket and get [DU,U] = —(—1)U=YV[U, DU] = —[U, DU] as well as
DUAU = (-1)W-DUU A DU =U A DU.

D*(UAV)=D((-1)"DU AV +U ADV + (-1)V[U,V])
= (-1)VDU ADV + (-1)V(-1)V[DU, V] + (-1)V"'DU A DV
+ (=) U, DV] + (-1)V D[U, V]
= (-1)V(D[U,V] - [U,DV] + (-1)V[DU, V]) .

D? =0 yields
DU, V] = [U,DV] = (-1)"[DU,V] = [U, DV] — (-1)"" V= V[v, DU
which proves (8). With U = V even this is D[U,U] = —2[DU, U]. O

Remark 2.2. The relations from Proposition 2.1 can for example be found in [10],
but we emphasize on the slightly different sign convention used in our paper. In [7]
relation (6) is the starting point for a discussion of Poisson structures in particular
for the investigation of Poisson structures in dimension three and four.

We mentioned before that if we restrict D to vector fields we recover the divergence
with respect to the volume form W. In this case (6) reads as D(XAY) = (divY) X —
(divX)Y —[X,Y]. A connection to the notion of divergence induced by a connection
V on the manifold M is given by the next Proposition.

Proposition 2.3. [9] Let ¥ be a volume form on the manifold M. Consider a
connection V on M with vanishing torsion T = 0 which s compatible with the
volume form, i.e. V¥ = 0. Then the two notions of divergence of vector fields
given by

divgX .=V todoW(X) and divyX := tr(VX) (9)

coincide.

The existence of a differential D does not depend on whether the manifold is ori-
entable or not, although in our case it will be. This is due to

Proposition 2.4. [10] Let M be a manifold with torsion free connection V. Then
there ezists a differential Dy : X¥(M) — X*=1(M) with (6) and which coincides
for vector fields X with the divergence associated to V.

We will next concentrate on polynomial poly-vector fields 5 C Tpo1,. These are
poly-vector fields whose coeflicients in a local coordinate system are polynomials in
the coordinates. The space P is bi-graded, because every subspace P*) ‘Igzl_yl)
admits a further Z-grading due to the degree of its coefficient polynomial. We
denote these spaces by B = @, P*H. An element A € P*H can be written as
A= ﬁAilmikﬁ'“j%il . -xi’fajl A+ A\ 0Oj, with A,*® totally symmetric in its lower
indices and totally skew symmetric in its upper indices.

Definition 2.5. A polynomial ¢-vector field A is called k-homogeneous if A €
PO,



POLYNOMIAL POLY-VECTOR FIELDS 59

A,* transforms like a tensor with the given index picture, if we restrict to linear
coordinate transformations. In this case we identify

PEO = SHV) @ AV

where V is an n-dimensional real vector space. The restriction of the differential
on Tpoly to the polynomial poly-vector fields is part of the next Proposition.

Proposition 2.6. The differential D on T oy, see (4), restricted to the polynomial
poly-vector fields B is the trace operator. In particular, with respect to the bi-grading
of B the differential D is of degree (—1,—1). Le.

D pkh) . plk—1.0-1)

(DA) . J1---Je—1 = A, X J1---Je—1m (]‘O)
910k —1 110k 1M .

Corollary 2.7. For linear vector fields A, i.e. for elements in V*®V = End(V), the
differential D is the usual trace for endomorphisms, i.e. DA = trA.

Proof. We write the poly-vector field in the form
1
Tkl

We recall (5) which yields

o Tiede gt L gtk A .
Aiy i x x%0j, N+ N0, .

DA = by (Aiy a9 )0 N N D

X . . .
- (é—l)!k!Ailmik]l M O (mh o 'xlk)ajl N NOj,,

k
L A e S Gt g g A D),
= (@_1)!k1A11...zk oo x T x 8J1 A /\83271
a=1

1 o Jrede—1m it ptk—1. .
= (efl)!(kfl)!A21~~-Zk—1m x 105 N N,

3. THE DECOMPOSITION OF POLY-VECTOR FIELDS

As before we consider V' = R"™. We decompose the space of polynomial poly-vector
fields, PF0 = S¥(V*)@ AV, into its irreducible representation spaces with respect
to sl,IR and formulate the decomposition in terms of the differential D. For some
basic facts on representations and weights of the special linear algebra we cordially
refer the reader to [0, §§15.1-15.3].

Definition 3.1. We denote the representation space of sl, R with weight A by V.
Furthermore, we denote by A, the weight (0,...,0,1) and for the representation
———

m
space with weight A = kA,_; + Ay we use the short notation V ,.

We recall the isomorphism of representations

Vi AV =1,
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The space S¥(V*) ~ S¥(A"~1V) is itself irreducible and its weight is given by
A=kM_1=(0,...,0,k). To get the decomposition of P**) we calculate
prO = Sk @ AV

~ Vi, ., ®Vy,

= Vixn_14+2 © Va4 (k=D An_1 4001

>~ Viru_14+xe © Vie—1)an_14001

= Vi ® Vi—1,6-1. (11)
The dimension of the representation space Vj, ¢ is

(n+k)!

(n+k—0kW0(n—0-1)"

dimVy o =

in particular, dimVj ;, = ﬁ Hf:l(n2 —5%).

We note that Vi ; = sl,R, BEO = SFV*) = Vin,_, = Vio, BOH = AV =
VA@ = VO,Z and gplc,n ~ S’“(V*) = kalvnfl.

The trace operator D : PF0 — PE—1.-1) gives rise to an exact sequence. For
m > 0 it is
STIVT) o STV @ Virkmogmz o o+
REEEN m+2,2 @ Vin1,1 2, Vint1,1 & S™(V™) 2, sV, (12)
forO<m<n

STV s ST V) @ Vs g

. L V2,m+2 @ Vl,?n-i—l L Vl,7n+1 S¥ Amv i) Amva (13)
and for m =0
Sn(v*) i, Sn(v*) o) anz,nfz L c.

Vi@ Vay = Vas @8l R s, RER -5 R. (14)
The kernel and the image of the sl,, R-invariant trace are representation spaces, too.

Due to the irreducibility of the decomposition (11) this yields
ker(D|q3(k,z)) = kag, im(D|q3(k,£)) = Vk71,271 . (15)

We recall the wedge product

A m(k,é) ® m(k/,é/) _ ;B(k-‘rk’,ﬁ-‘ré/)
to describe the inclusion

SV @AW O Vg1 Vi1 CSFVH) @AY (16)
Consider the element e**) ¢ P11 defined by

1
(k,0) _ _ i =™
e oy A eg, with eg =20, . (17)

This vector field has certain properties collected in the next lemma.
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Lemma 3.2. For A € PEE) we have

n
Dekt) = ey k (18)
kK =V
I:e(k,f)’A:I = mA (19)
If furthermore DA = 0, we have
n+k' — ¢

Proof. The trace of ey is n, so the first part is obvious. The second part follows
from [eg, fY] = [eo, f]Y + fleo, Y] and

[eo,xil .. .Z'ik/] — xmam(x“ . '.’Eik/)

k/
= 2™y o L e g
=z opex Tl -
a=1

/0 Tyt
=k
as well as

[EQ,ajl AREE /\8jg,] =0y N [l‘m,aj‘l /\-~-/\8je,}

ZI
O A S ()0 A AT A A Dy,
a=1
=—l'0;, N---NDj, .
We plug A and e into (6) and with DA = 0 as well as (19) we get
D(AA 6(]“’[)) = A A De0 — [A, e(k’e)]

=— 2 A+ [e®D 4]

n+k—1¢
_ on+kK =0
T on4 k-0

O

Corollary 3.3. The preimage of an element A € Vj,_1 1 C S 1(V*) @ A1V in
Vi1.0-1 C SF(V*) ® AV with respect to D is given by

ANeRh)
The vector e(*¥) does only depend on the difference (k — ¢) and so is fixed for the
sequences (12)-(14).
This discussion proves the following theorem.

Theorem 3.4. Each polynomial poly-vector field A € PFE admits a unique de-
composition A = Ag + Ay with Ay € Ve C BED and A; € Vi_q 4 € REO.
Ezxplicitly the fields are connected by DA = DAy, DAy =0, A1 = DAAe®0  je.

A= Ag+ DANe®D (21)

In the next step we write the bracket of two polynomial poly-vector field in terms
of the poly-vector fields we get by applying the decomposition with respect to (21).
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Theorem 3.5. Let A € PF) and B € 2]3(’“/’[/) polynomial poly-vector fields with
decompositions A = Ag + DA N e®Y) and B = By+ DB A el¥-*) see (21). Then

[4,B],
B A/ o A
A/ " 1 / A 1 17
- m[AO,DB] A e (1)t — [DA, Bo| A e
and
D[A, B]

= [Ay, DB] — (-1)* [DA, By
(n+A") (A = A)

(A (n+A) (PAADB +(-1)" [DA,DB] A "),

with A=k—0 K =k+E, /=040, N =k -0 and A" =A+AN =Fk"-1".

(23)

Proof. Let A and B as above as stated. We write e = 0 ¢ = e(’“/’@/), and
¢ = ek, From the symmetry properties of the wedge product and the bracket
and from the compatibility (6) we get

[ANV,BAY]
= (1) ADVHBID Y BIA AAY + (—1)VVHBOHDHA YAV A B
+ (—1)3(‘7+1)[A,B] AVAY + (_1)A(fur\7)+f}(17+1)+\"/+A[V7 Y]AAAB.
(24)
For V =e and Y = ¢’ this is
[ANe,BAe|=AN[e,B]ANe —[e¢/,A]ABAe. (25)

We make use of the decompositions of A and B and formulas (25) as well as (19)
and get

[A,B] = [Ag+ DAANe,By+ DB A€
= [Ao, Bo] + [A0, DB A€'] + [DANe, By + [DANe, DB A
= [Ao, Bo] + [A0, DB] A e’ + (—1)DEDDB A 4, €]
+DAN [e,By] + (~1)" "' [DA, Bo] Ae
+DAA[e,DB]Ne' — ¢/, DA]ADB Ne

/!

A
_ 1\
= [Ao, Bo] + (-1) v /Ao/\DB+n+A
1

o1
Y] [Ag, DB] Aeg — (—1)" ——[DA, By] Aeg
A — A

n+ A
(n+A)(n+ A)

DA A By
+

+ DA/\DB/\BO
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To get the trace of this expression we use Proposition 2.1.
D[A, B] = [A,DB] — (-1)* [DA, B]

= [A0, DB] — (-1)* [DA, Bo] + [DANe,DB] — (~1)" [DA, DB A €]
= [A0, DB] — (1) [DA, Bo] + DA [e, DB] + (-1)" [DA, DB] Ae
—(-1)"[DA,DB] Ae' — (1) =VDB A [DA, ']
p A’ A
= [40,DB] — (=1)" [DA, Bo] + (25 — =5, ) PAADB

g1 1

M ey

Using A(n + A) — A'(n+ A') = (n+ A”)(A — A’) proves the second part of
Theorem 3.5. The first part is obtained by rearranging the summands in [A, Blp =
[A,B] — D[A,B] A€". O

)[DA,DB] Aco.

If we restrict to the case A = B we get the following consequences.

Corollary 3.6. Let A € P*Y with ¢ even. The bracket of A with itself in terms of
its decomposition with respect to (21) is given by

k—t
[Aﬂfﬂ%ﬂﬂ+%ﬁi%

D[A,A] = —2[DA, Ay]. (27)
In [DA, Ag] and DA A Ay we may replace Ay by A.

(DANAg — [DA, Ag] A e®20) - (26)

Corollary 3.7. All polynomial poly-vector fields of type A A e have vanishing
bracket [A A e®O AN e(k,[)}.

(From Corollary 3.6 we immediately conclude the following result on even homo-
geneous polynomial poly-vector fields, e.g. (generalized) Poisson structures.

Theorem 3.8. Let A € PFD and ¢ even with A = Ag+DANe%D) as in Theorem

3.4,
(1) Suppose k # L. Then [A, A] =0 if and only if
20 —k)
(2) For k ={ we have [A, A] =0 if and only if
[Ao, Ag] = [DA, Ag] =0. (29)

Remark 3.9. We emphasize on the fact that in the first point, the vanishing of
[DA, Ao] is hidden in the stated equation (28). This is seen by taking the trace on
both sides of (28) and then using (8) as well as (6).

The further specialization to k = ¢ = 2 or £ = 2 gives the decomposition result on
quadratic Poisson structures as stated in [12] or [13].

For kK = 1 and ¢ = 2, i.e. for linear Poisson structures, the above result has
been used in [11] for the classification of deformations of Lie-Poisson structures in
dimension three.
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At the end of this section we will give a remark on diffeomorphisms and their effect
on the decomposition given in Theorem 3.4. A diffeomorphism which respects the
polynomial structure as well as the degree has to be linear. For a linear diffeo-
morphism L(x)? = L2 and a polynomial poly-vector field we write L, A for the
induced action. E.g. for a linear vector field A € gl, we have L,A = L~YAL, in
particular L,e(*:¥) = ¢(*:&)  The isomorphism (3) is compatible with this diffeomor-
phism in the sense that for poly-vector fields A and B we have

L*oWolL,A(B)=Y(L.A,L.B)=det LY(A,B)=det LY(A)(B), (30)
or L* oWo L, =det L V. Furthermore, d commutes with L* so that we get

DL, A=V"1'qVL,A=det LL, U 'dVA =det L L.DA. (31)
This yields

Proposition 3.10. Let A, A € PBEOD be polynomial poly-vector fields with trace
decomposition A = Ag + B A e and A=Ay + BA e, respectively. Then A and
A are diffeomorphic if and only if there exist a linear diffeomorphism L such that
Ay = L,Ao and B = L.B.

4. APPLICATIONS TO POISSON AND JACOBI STRUCTURES

4.1. Poisson structures. Theorem 3.8 has a nice consequence in the case k > 3.
Let A € P*2) be a Poisson structure with non vanishing trace. Furthermore
suppose that its trace free part Ay is a Poisson structure, too. Due to the vanishing
of the expression DA A Ay, the trace free part has the form Ay = DA A C for a
vector field C'. This motivates the next definition.

Definition 4.1. A (generalized) Poisson structure is called simple if its trace-free
part is itself a (generalized) Poisson structure.

In the case of Poisson structures we may summarize

Proposition 4.2. A simple homogeneous polynomial Poisson structure of degree
> 3 has rank two.

Bi-vector fields in dimension two. For V =IR? we have V* ~ V as represen-
tation spaces and V,,_1 1 =~ S™ (V). In particular, [A, A] = 0 for all A € ™2 (V).
Sequence (12) is written as

S™V) L 5™V @ STAV) — S™(V)
and we have kerD = {0}.
Let us consider m = 2. We have sl;R ~ S?(V) via

(a b > <—b a)

(g
c —a a c

which is the (8; A 92)-component of 3 (Ccl b A etV This yields the result

mentioned in the introduction, namely that every quadratic Poisson structure is
obtained by an element in A2gl,. This, of course, may be generalized to arbitrary
m > 2.



POLYNOMIAL POLY-VECTOR FIELDS

Proposition 4.3. Every homogeneous polynomial Poisson structure of degree
in dimension two is obtained by

STV @V D S(V)3 A Ane™? e SV @ A2(V).

Linear bi-vector fields. Consider linear bi-vectors and the splitting J3(1:?)

Vi @AW,

(i) The bi-vector with trace v € A'V ~ V is A = Lo A1, ie. AYy

65

m

%U“&il. These coefficients give rise to a Lie algebra (= Poisson structure

in the linear case) due to Corollary 3.7.

(ii) In dimension n = 3 this may be expressed by the help of the cross product.
Let E = (E1, F2, E3) be a basis of the Lie algebra. The bracket can be

expressed as follows
[E, E;] = o6 By, = L (v6] By, — v/ 5, Ey)
= 1(V'E; — v E;) = 1" (v x E);.
E.g. v =2e gives
[Ei, o] = By, [E\, B3] = Es, [Es, E3] =0,

which is the Lie algebra g(;1) := R x R? of rank 2. Furthermore, consider

the Lie algebra g(,,5) given by
[Ev,Es] = aFEs, [E1, B3] =BEs, [Fa FE3] =0.

This algebra has structure constants A'?5 = a, A®3 = 3 and trace DA =
(a+)e1. The decomposition (21) together with the discussion above yields

(Ag)'%2 =252, (Ag)33 = ﬁ%ay
(A1)"% = (A1)1B3 = <42

In particular [Ag, Ag] = DAAAg = 0, i.e. we have a decomposition of g4, s

into a pair of Lie algebras (g(ﬂ ooy, B(ots M)).
2 2 2 2

(ili) Consider a semisimple Lie algebra and its decomposition g = h & @, ga-
The roots a € h* obey [H, X] = «(H)X for all H in the Cartan algebra b
and X in the one dimensional subspace g,. The «(H) are the only non-
vanishing diagonal elements of the structure constants and with «a(H) the
element —a(H) is present, too. So the sum over these elements vanish and

so does the trace of g which is given by
Dg=Y (D o(H))H;

for a basis {H;} of b.

(iv) Let g = go ® g1 be the vector space decomposition of the Lie algebra g into
its semisimple and solvable parts with basis {E;} and {F}}, respectively.

We have [go, g1] C g1 so that the trace of g decomposes like

Dg = Dgl + Ztr(adEi|gl)Ei . (32)
@
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A similar but not so strong decomposition of the trace may be obtained by
the decomposition g = g™ @ g/g") with gV = [g,g] and [g/g™),gV]
g Tt is not so strong in the sense that g, C g/g(l) and go D g(M.

4.2. Jacobi structures. A (generalized) Jacobi structure on the manifold M is
by definition a pair (A, E) € X2(M) x X2¢=1(M) which obeys

[A,E] =0 and [AA] =2EAA. (33)
This is due to [15] but with the field E rescaled.

Definition 4.4. A Jacobi structure (A, F) is called k-homogeneous if A € P*:20
and E € PE-126-1 are homogeneous of degree k and k — 1, respectively.

A k-homogeneous (generalized) Poisson structure II and a k-homogeneous (gener-
alized) Jacobi structure (A, E) are called associated, if

k—2¢
HO = A() and E() = m(DA — DH) . (34)
Theorem 4.5. (1) For every homogeneous Jacobi structure (A, E) of degree

k # 20 a k-homogeneous Poisson structure is defined via its decomposition
with respect to Theorem 3.4

-2
My =A, and DI=DA+ " TF=2p
20—k
(2) Let II =11y + DII A eF:20) pe g k—hf)mogeneous Poisson structure, k # 2¢,
which admits a splitting DI = Fy+FEq such that there exists & € Pk—226-2)
with
ENTTy = [Ho,Fo] +F0AE0.
This defines a Jacobi structure given by
20—k (
n+k—2¢0
(3) In the case k = 20 a pair of associated Jacobi- and Poisson structure obeys
Ey =0 and DA = DII + 7 for some n with [n,Ag) = —DE A Ay.

A=To+Fyne® 20 gnd E= Eo+ €N e(k,ze)) .

Remark 4.6. The second item of the preceding theorem includes two special cases,
namely two structures coming from & = 0. The first is the obvious one with E = 0,
i.e. Fy = DA, which yields the Jacobi structure
A =TI, E=0.
The second special case is Fy = 0 with Jacobi structure given by
20—k
0 n+k—20

For ¢ = 1 the latter is the structure also given in [10].

Proof. Let A= Ao+ DAANeand E = Ey+ DE A e form a k-homogeneous Jacobi
structure with decompositions with respect to Theorem 3.4. We use the notations
e =20 e = k40 and A = k — 20. We reformulate the Jacobi conditions
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(33) in terms of the fields Ay, Foy, DA and DE by using Theorem 3.5. We plug in
A=E,B=A, ¢ =2¢, and A = A’ = k — 2¢. This yields
[B,A]y = [Eo, Ad]
A
+ m(Eo A DA+ DE A Ay + ([Eo, DA] — [DE, Ag)) A e")

and D[E,A] = [Ey, DA]— [DE,Ao] = —D(Eg ADA+ DE A Ag). So the first Jacobi
condition is written as

[E,A] =0
[BoAo] = ——2 (B ADA+DEAA)) i A0,

= n+ A

[Eo,Ao] =0 and [Eg, DA] — [DE,Ag] =0  if A=0.

We use (3.6) for A = A as wellas EAA = FEg A A + (DE/\A0+E0/\DA) Ae

and D(EANA) = DE A Ao+ Eg A DA + [E,A]. This yields for the second Jacobi

condition

[AA] = 2B A A
2A 2A
[AO,AO} =+ mDA A\ AO — m [DA,AO] A e//
2A
— :2E0AA0+<H—A(DE/\AO+EO/\DA)—2[E,A])/\e”
and
[DA, Ao] = —DE A Ao — Eg A DA — [E, A]
A n+ 2A

— and

[DA,AO] =—-DEANAg— Eg ANDA — [E, A] .
So the two Jacobi conditions together translate as follows

[E,A} =0 and [A,A] =2ENA

[.DA7 A()] = —-DEA A() - EO AN DA (*)
— and
[AO AO] = 2(E0 — A DA) AN . (**)
’ n+ A
Suppose A # 0, i.e. k # 2¢. Then for Iy := Ag and DIl = DA — %EO we have

2A
[HO; HO] = —mDH N,

i.e. (28). This proves the first item. The second item is almost the same up to
the fact that we have to make sure the compatibility (%) of A and Ey with the
trace DE = . In the third item the vanishing of Ey follows from the definition.
Therefore, DII and DA are not related via E. Then the Jacobi structure (A =
Ao+ DA ANe, E =& Ae) and the Poisson structure IT = Ag + DII A e are associated
only if the difference n = DA — DII obeys [n, Ag] = —£ A Ay, i.e. DII must coincide
with some part of DA which leaves Ag invariant. O
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5. TOOLS FOR EXPLICIT CALCULATIONS

In this section we provide the tools to give the lists of simple cubic Poisson structures
in dimension three and quadratic Poisson structures in dimension four. The latter
supplements the list of quadratic Poisson structures in dimension three which may
be found e.g. in [12] or [7].

5.1. Cubic Poisson structures in dimension three. Let II be a cubic Poisson
structure. Theorem 3.4 provides a decomposition of the bi-vector field II into a pair
(I1p, Ao). Here IIy denotes the trace free part of I and depends on a bi-quadratic
polynomial f, via the isomorphism (3). The vector field Ag = A — DA A e(3?) is
the trace free part of a quadratic vector field A and encodes the trace of II.

The Poisson condition [II,II] = 0 may be translated to the function f and the
vector field Ag. We do this for the equivalent conditions [IIg, IIg] = Ao A Il and
[Ag,IIg] = 0, compare Theorem 3.8. We recall the calculations in (37) and that
[Ty, 1] = D(IIy A Ilp) vanish in dimension three, i.e. II is simple. So we are left
with the conditions

Ag(f) =0 and Ao ATl =0. (35)

For Iy being a two-form, the last equality forces it to be of the form Iy = Ag A C
for a vector field C' (compare Proposition 4.2) and the Poisson structure is of course
of rank < 2. If we translate the Poisson condition with respect to these data, we
get

LoAy =0, (36)

where we used [4g, Ag] = 0. For a trace free vector field C' the operators D and
Le commute so that the condition may be read LA = 0.

To gain a list of all simple Poisson structures with trace free vector field C' € 1)
we restrict to its Jordan form due to Proposition 3.10. We write the components of
the vector field A = A*Q), with respect to the basis of quadratic polynomials, i.e.
AF = Ak 2% + Aby? + AR 22 + Akyry + ARsxz + ABgyz or

AF = (Al Aby, Ay, Ay, Aly, AK)"
The bracket of A with the vector field C = Cg z'0; is given by

. DAF )
k _ .. _ kAT
[C,A]" =Cx 57 CiAT.
Because of the restriction to the Jordan form of C'; we will only need the following
vectors for the calculations

(x@wAk , yayAk , 20, AF, asayAk ,y0, AF, y@,JAk) =

24% 0 0 A% 0 0
0 245 0 0 Ak Ak,
0 0 24k 0 0 0
Ay AR, 0 245 Afy 247
Ak,0 Ay Ak 0 0
0 A]2€3 A§3 0 2A§3 AIfB
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The next list gives all pairs of trace less (C, Ag) € Vi1 x Vo, C P x pEb)
which yield a simple Poisson structure

II= Ay A (C +eB?)

in the described way. This list is complete up to a permuting the variables.

a
[A] C = as with a1 + as + a3 = 0.
as
[Al] ajaz0as3 75 0.
[A.1.1] a; # 2a; for all 1 < 4,7 < 3. In this case A = 0 is the only
solution of [C, A] = 0.
[A.1.2] ag = 2ay, i.e. C = a - diag(1,2,—3). We have one non-zero
solution of [C, A] = 0 and this solution is trace free. It is given
by

Ay = ax?0, .
[A.2] a3 = 0,a2 # 0. The space of solutions A is six-dimensional and we
find a trace free basis
Ag € span{ Y20y, 220y, Y20y, 220, — xyd, — 220,
220, — 3xydy, + 220,, 120, + ryd, — 3220, } )

[A.3] a3 = az = 0. In this the case the Poisson structure is of the form
II = Ag A e®?) with an arbitrary trace free quadratic vector field Ay.
a 1
B] C = a
—2a
[B.1] a # 0. There is no non-zero solution of [C, A] = 0.
[B.2] a = 0. The space of solutions is eight dimensional and the projection
onto the trace free part is six dimensional:

Ap € span{ 220, — (x20, + y20y), 3220, — (220, + zyd,),

2 2 2
20y, 2°0y, 20y, ¥ 82}.

0 1
[C] C = 0 1. The dimension of the space of solutions of [C, A] =0 is
0
four. The projection on the trace free part is three dimensional and given
by
Ag € span{ 220, xy0, — xzay, xy0y + 220, + 2420, — 3220, }
a b
D] C=[-b a with b #£ 0.

—2a
[D.1] a # 0. As before we have no solution in this generic case.
[D.2] a =0. The solutions of [C, A] = 0 span a three dimensional subspace
of P21 which has a trace free basis. So the Poisson structures are
built up by

Ay € span{ (y* + 220, 2(y0, — x0y), z(x0y + yoy) } .
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5.2. Quadratic Poisson structures in dimension four. In this particular di-
mension we handle with quadratic bi-vectors and their trace given by linear vector
fields. A Poisson structure II is described by a pair (IIy, A) where Il is a trace free
Poisson structure and A is linear vector field which is compatible with Iy in the way
that LIly = [A,IIy] = 0 holds, see Theorem 3.8. The linear vector field encodes
the trace of II and so is trace free, i.e. A € s[4IR. Furthermore, because Iy is trace
free, there exists a cubic tri-vector field L such that Iy = DL. If we consider the
isomorphism (3) we may write L = ¥~16 with a cubic one-form 6. The trace free
bi-vector is then given by Iy = W~1df, see (4). This explains the notation for the
trace free part of II. The compatibility condition may be reformulated by

[A,Tlg) = D(AATY) =¥ L odoW(AAT) =V todory o,V
=0 lodoigdd =V (=14 0d?0 + Ladh) = V' o L,db (37)
=0 todLaf =1,

and so reads as
(i) La0=0.

The Poisson condition on Iy translates to 8 in the following way. The commutator
of ITy with itself is a tri-vector field and via ¥ a one-form. We look at its components

(\II o [Hg, HG])m = (\IJ o D(Ha A HG))m = &n‘l’(ﬂa A HG) .

The function W (IIy A Ilp) which is the only coefficient in df A df is a homogeneous
bi-quadratic polynomial. Its derivative vanishes if and only of it vanishes itself. So
the Poisson condition on IIy can be written as

(i) df A do = 0.

To characterize all quadratic Poisson structures in the four-dimensional case we
have to look for pairs of one-forms 6 with cubic coefficients and trace free matrices
A such that (i) and (ii) are satisfied. We write Iy 4 for the resulting Poisson
structure. We call a one-form and a matrix which fulfills condition (i) compatible.
This is a linear condition on the coefficients of the 1-form. Because of remark 5.1
below, which is an easy consequence of Proposition 3.10 and (30) as well as (i) and
(ii), we may restrict ourself to matrices A which are in Jordan form. Condition (ii)
is non-linear and yields algebraic relations of degree two for the coefficients.

Remark 5.1. 1lg 4 and II,, p are Poisson isomorphic if and only if there is a linear
isomorphism L such that

n=detLL*9, and B= LAL'.

For the explicit calculations in (i) we expand the cubic one-form in the form 6 =
0, dz* and
0 = z Ok:mnor™x" 2 (38)
0<m<n<o0<3
with (20, 2!, 22, 23) := (t,2,y,2). For A € s[;R we have
00y,

LAQk = Azkﬁz + Aijxj% (39)
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and Laf = 0 is a system on the 80 coefficients 0.;mno. We write the coefficients
of the respective 1-forms as vectors in the basis of the cubic polynomials as given
in (38). In view of (39) and the restriction to the Jordan form of the matrix A we
only need the following vectors:

(ek, tatekra xaﬂveka yayeka Zazeka tawekv xayeka yazGIw $6t9k, Zayek) =

Or;012 Ok012 k012 G012 0 20k112 20k220 Ok013 20k,002 O

0r;013 Ok013 k013 0 0013 20k113 Oko2s 0 20003 G012
Ok:023 Ok023 0 Oro2s Okso23 Oriies 00 20k330 0 204220
Orii23 0 Opios Okios Oki2z 0 204923 205331 Oki023 208221

Or:001 20k;001 Ori001 O 0 20k110 Okoo2 0 30000 O
Or002 205,002 0 Orooz 0 Ok 0 Oz O 0
0003 205,003 O 0 Oroos Oroiz O 0 0 Bko02
0110 Ok110 208110 O 0  30k111 ko012 0 20k001 O
Orii12 0 20k012 Ok O 0 20k201 k113 ko2 O
Opi13 0 20k113 0 Opaias 0 O3 0 Oro13 Ok
Or;220 Or;220 0 20420 0 O 0 Oko2s 0 0
Opi221 0 Opi221 205201 O 0 30k222 Ori23 Or220 O
Ori223 0O 0 20223 Op0s O 0 20k332 0 304222
Or:330 Ok:zz0 O 0 20330 Okzz1 O 0 0 Oko23

Opizzi 0 Oriasi 0 20k331 0 Orsza 0 Orizzo Okios
Or;332 0 0 Okzzz 20k332 O 0 30k333 0 20k293
O1;000 30k;000 O 0 0 Oroor O 0 0 0
011 0 30k111 O 0 0 Oriiz 0 bOriwo O
Ori2220 0 0 30k22 O 0 0 Ora23 O 0
Or;333 0 0 0 30k333 O 0 0 0 Okasz2

A careful examination yields 8 cases with 43 subcases in total. We will restrict here
to three examples. The whole list may be found in [3].

o A =diag(ai,as,as,as), |a;| distinct, and no relation of the form a; = —3a;
holds for any ¢, j. The only 1-form 6 for which (i) holds is
0 = agryz dt + artyz dx + astrz dy + astxy dz .
In particular, (ii) is also satisfied. The associated Poisson structure Il is
IIy = apitxd A Oy + co2ty0y A Oy + 3tz0y N O,
+ a122y0y A Oy + 13220, A O, + ra3yz0y A 0, .

a 1

a

e A= , a # 0. The compatible 1-form is

—a 1
—a
0 = ty(ary dt + astdy) + (tz — zy) (01 (2 dt — ydz) + d2(t dz — x dy))
+ty(br(zdt —ydr) + Pa(tdz — wdy)) + (tz — 2y)(n1y di + Y2t dy)
and condition (ii) yields

01 — 02 =0, (Br = B2)((B1 — B2) + (1 +72) =0.

The first equation makes the second summand of 6 a total derivative, such
that it does not enter into the Poisson structure. A sample structure is
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given by the further choice 81 = (s, 1 = 7o, i.e.
Iy = atyd, A O, + B¥(d(ty) Ad(tz — zy)) .

a d

o A— —d a . | de # 0, d? # €2. The compatible 1-form is

0= (y* + 2% (ai(xdt — tdz) + as(tdt 4+ x dx))
+ (82 +2?)(Bi(zdy — ydz) + Ba(y dy + 2 dz))

which also satisfies (ii). A sample structure is given by the choice ay = o
which combines the respective summands to a total derivative. The further
choice oy = (1 yields

My = (t* +2%)0y A Oy + (y* + 22)0y A O,
+ (ty+22)(0: ANOy —0: NO,) + (tz — xy)(Or NOy + 0z N D7) .
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