
Corresponding author: cananekiz28@gmail.com

Süleyman Demirel Üniversitesi Süleyman Demirel University
Fen Bilimleri Enstitüsü Dergisi Journal of Natural and Applied Sciences
Cilt 23, Sayı 2, 284-291, 2019 Volume 23, Issue 2, 284-291, 2019

DOI: 10.19113/sdufenbed.441444

Some Algebraic Properties of Generalized Fuzzy Rough Approximations Derived by Fuzzy
Set-Valued Homomorphism of LA-Γ-Semigroups

Canan AKIN∗1, Kübra EYÜBOĞLU2
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Abstract: In this paper we define the concept of fuzzy set valued homomorphism of LA-
Γ-semigroups and mention some features of them. We also investigate the approximations
of a generalized fuzzy approximation space constructed on LA-Γ-semigroups and derived
by fuzzy set valued homomorphisms of LA-Γ-semigroups. Especially, we focus on some
algebraic properties of fuzzy subsets in terms of protection of some properties under these
approximations.

Bulanık Küme Değerli LA-Γ-Yarıgrup Homomorfileri ile Türetilmiş Genelleştirilmiş Bulanık
Kaba Yaklaşımların Bazı Cebirsel Özellikleri

Anahtar Kelimeler
Bulanık Küme değerli
homomorfi,
Bulanık LA-Γ-semigoup,
Genelleştirilmiş bulanık
yaklaşım uzayı

Özet: Bu çalışmada bulanık küme değerli LA-Γ-yarıgrup homomorfisi kavramını tanım-
layacağız ve onların bazı özelliklerine değineceğiz. Ayrıca LA-Γ-yarıgruplar üzerine inşa
edilmiş ve bulanık küme değerli LA-Γ-yarıgrup homomorfisi ile üretilmiş genelleştirilmiş
bulanık yaklaşım uzayının yaklaşımlarını araştıracağız. Özellikle, bu yaklaşımlar altında
bazı özelliklerin korunması açısından bulanık alt kümelerin bazı cebirsel özelliklerine
odaklanacağız.

1. Introduction

Rough set theory is asserted by Pawlak [22] initially. It
has been applied to algebra by Biswas and Nanda [4]
proposing the rough subgroups. Some properties of rough
approximations are investigated on semigroups via the
congruence relations by Kuroki [19]. Using arbitrary
relations, Yao [37] generalized the rough sets. Davvaz
propose the concept of set-valued homomorphisms to
construct a generalized approximation space on groups
[5]. Also see [1, 2, 11, 33–36].
Fuzzy and rough sets (see [38]) are two distinct but
complementary theories. Considering fuzzy relations
instead of crisp binary relations, Dubois and Prade [6]
introduce fuzzy rough sets. Using fuzzy similarity relation
Radzikowska and Kerre [23] define (I ,T )-fuzzy rough
set. Li et al. [21] study fuzzy rough approximations
constructed with t-norms and implications on a ring.
Moreover in [20], Li and Yin discuss some properties of
these approximations constructed on a semigroup through
a T -congruence L-fuzzy relation.
Wu et al. [29] generalize fuzzy rough sets. Through
T L-fuzzy relational morphism [12], generalized (I ,T )-
L-fuzzy rough sets are applied by Ekiz et al. to the rings
and semigroups [8, 9]. Since they are fuzzy expansion

of the set valued homomorphisms it is sensible to use
T L-fuzzy set valued homomorphism even though a
T L-fuzzy set valued homomorphism can be defined by a
T L-fuzzy relational morphism and vice versa. Recently,
Ekiz et al. [7] have introduced the T L-fuzzy set valued
homomorphisms of groups.
Jun and Lee [13] introduce the fuzzy ideals in Γ-ring. The
notion of an LA-semigroup (also known as AG-groupoids)
is defined by Kazim and Naseeruddin [14]. Sen [24, 27]
introduce the notion of Γ-semigroup. Recently, Shah
and Rehman [25] have proposed the concept of LA-Γ-
semigroup (Γ-AG-groupoid) and investigated on Γ-ideals
and Γ-bi-ideals. In [26], they have defined fuzzy Γ-ideals
of a Γ-AG-groupoid and studied its properties.
In this paper, we define the notions of relational morphism,
set-valued homomorphism, fuzzy relational morphism and
fuzzy set-valued homomorphism of LA-Γ-semigroups and
denote some relations between them. This is important
for a better interpretation of the place of some studies
in the literature. To study on the algebraic features of
generalized fuzzy rough sets is very pupular subject. In
addition, the notion of LA-Γ-semigroup is a new and quite
interesting algebraic structure. Hence our motivation in
this paper is to combine this two topics. Thus this paper
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focuses on some algebraic features of approximations of
generalized fuzzy rough sets constructed via fuzzy set
valued homomorphisms of LA-Γ-semigroups. Especially
we investigate preserving of algebraic properties of a
fuzzy subset of an LA-Γ-semigroup under the fuzzy rough
approximations. More specifically, we deal with fuzzy
lower approximations in some their particular cases. The
following informations are required in our study.
1.1. Fuzzy Subsets
Let J and Q be universes of discourse. From J into the unit
interval [0,1], a function is referred as a fuzzy subset of J
(see [38]). P(J)(F (J)) will denote the set of all (fuzzy)
subsets of J. A fuzzy binary relation from J to Q is a
fuzzy subset of J×Q. Let ν ,µ ∈F (J). ν �µ is a binary
relation on F (J) defined by (ν �µ)( j) = ν( j)�µ( j) for
all j ∈ J, where ” � ” is a binary relation on [0,1]. Let
ρ ∈ [0,1]. Then the set νρ = { j ∈ J | ν( j)≥ ρ} is called
ρ- cut (or level) subset of ν . ν ⊆ µ if ν(x)≤ µ(x) for all
x ∈ J, and νρ ⊆ µρ if ν ⊆ µ .
Let J,Q,D be non-empty sets. Then the com-
positions of A : J → F (Q) and B : Q → F (D)
is the function B ∗ A : J → F (D) defined by
(B ∗ A)( j)(d) =

∨
q∈Q A( j)(q) ∧ B(q)(d) for all

j ∈ J,d ∈ D (see [7, 17, 28]). 1.2. Fuzzy Logical
Operators
A mapping T : [0,1]× [0,1]→ [0,1] which is increasing,
associative, commutative and providing the boundary
condition T ( j,1) = j for all j ∈ [0,1] is called a t-norm
on [0,1]. On [0,1], the largest t-norm is the standard
minimum operator TM( j,q) = min{ j,q} = j ∧ q. A
mapping S : [0,1]× [0,1]→ [0,1] which is increasing,
associative, commutative and providing the boundary
condition: S (α,0) = α for all j ∈ [0,1] is called a
t-conorm on [0,1]. On [0,1], the maximum operator
SM(β ,α) = max{β ,α}= β ∨α is the smallest t-conorm.
In this paper we use β ∧ α instead of TM(β ,α) and
we use β ∨α instead of SM(β ,α), and especially, we
consider TM as t-norm and SM as t-conorm. A mapping
N : [0,1]→ [0,1] which is decreasing and providing the
conditions N (1) = 0,N (0) = 1 is referred as a negator
N on [0,1]. The negator Ns(α) = 1−α for all α ∈ [0,1]
is called standard negator. An implication on [0,1] is a
mapping I : [0,1]× [0,1]→ [0,1] providing the condi-
tions I (1,1) = I (0,1) = I (0,0) = 1,I (1,0) = 0.
An S -implication based on S and N is an implication
defined by I ( j,q) = S (N ( j),q) for all j,q ∈ [0,1], and
R-implication (residual implication) based on a t-norm T
is an implication defined by I ( j,q) =

∨
T ( j,α)≤q α for all

j,q ∈ [0,1] (See [3, 10, 18, 20]. 1.3. Generalized Rough
Approximations
Let J and Q be non-empty sets. A generalized
approximation space is the triple (J,Q,T ) with a
mapping T : J → P(Q). T defines a binary relation
ϕT = {( j,q) | q ∈ T ( j)} and T can defined by a binary
relation ϕ ⊆ J × Q as Tϕ( j) = {q ∈ Q | ( j,q) ∈ ϕ}
for all j ∈ J. Let D ⊆ Q. A generalized rough set
is the pair (T (D),T (D)) where the lower and upper
approximations of D, respectively, are T (D) and
T (D) defined by T (D) = { j ∈ J | T ( j) ⊆ D} and
T (D) = { j ∈ J | T ( j)∩D 6= /0} (see [1, 37]).

A generalized fuzzy approximation space is the triple
(J,Q,T ) with a mapping T : J → F (Q). T defines a
fuzzy relation RT : J×Q→ [0,1] by RT ( j,q) = T ( j)(q)
for all ( j,q) ∈ J×Q and T can defined by a fuzzy relation
R : J×Q→ [0,1] as TR( j)(q) = R( j,q) for all j ∈ J and
q∈Q. Let ν be a fuzzy subset of Q, T be a t-norm and I
be an implication on [0,1]. A pair of the lower and upper
fuzzy rough approximations of ν is (T (ν),T (ν)) and it is
referred as fuzzy rough set of ν with respect to (J,Q,T )
where the approximations are fuzzy sets of J defined by
T (ν)(l) =

∧
i∈Q(T (l)(i)I ν(i)),

T (ν)(l) =
∨

i∈Q(T (l)(i)T ν(i))
for all l ∈ J (see [7, 20, 29–32]).

1.4. LA-Γ-Semigroups
Let Γ and S be nonempty sets. A mapping S×Γ×S→ S
which satisfies the identity ( jγq)αd = (dγq)α j for all
j,q,d ∈ S and γ,α ∈ Γ is called an LA-Γ-semigroup,
where jγq is image of ( j,γ,q). Let S be an LA-Γ-
semigroup and J,Q ⊆ S. Then JΓQ := { jγq | j ∈ J,q ∈
Qandγ ∈ Γ}. By an LA-Γ-semigroups homomorphism,
we mean a function f : J → Q which satisfies f (sγi) =
f (s)β f (i) for all s, i ∈ J and γ,β ∈ Γ. If eγ j = j( jγe = j)
for all j ∈ S and γ ∈ Γ, then an element e of S is called
right (left) identity. The right (left) identity in an LA-Γ-
semigroup is unique if it exists. An LA-Γ-semigroup is a
commutative Γ-semigroup if it has a right identity. Let J be
a nonempty subset of S. If jγq∈ J for all j,q∈ J and γ ∈Γ,
then J is called an LA-Γ-subsemigroup of S. If SΓJ ⊆ J
(JΓS⊆ J), J is called a right (left) Γ-ideal of S. If J is left
and right Γ-ideal of S, then it is referred as Γ-ideal of S. If
e ∈ S, then a right Γ-ideal of S become a left Γ-ideal of S.
If (JΓS)ΓJ ⊆ J, then J is called a generalized Γ-bi-ideal of
S. If J is an LA-Γ-subsemigroup and (JΓS)ΓJ ⊆ J, then
it is referred as Γ-bi-ideal of S. If (SΓJ)ΓS ⊆ J, then J is
referred as Γ-interior ideal of S (See [14, 16, 24–27]).
1.5. Fuzzy LA-Γ-Subsemigroups
Let Ω⊆ Γ, ν ,µ be fuzzy subsets of the LA-Γ-semigroup
S and d ∈ S. The fuzzy subset ν ·Ω µ is defined by

(ν ·Ω µ)(d) =
∨

d=kβ t
k,t∈S,β∈Ω

ν(k)∧µ(t)

and it is referred as Ω-product of ν and µ . If ν( jγq) ≥
ν( j)∧ν(q), then ν is called a fuzzy LA-Γ-subsemigroup
of S. If ν( jγq) ≥ ν(q) (ν( jγq) ≥ ν( j)), then ν is called
a fuzzy right (left) Γ-ideal of S. It is referred as fuzzy
Γ-two-sided ideal of S if ν is a fuzzy left and right ideal of
S. If ν(( jγq)αd) ≥ ν( j)∧ν(d), then ν is called a fuzzy
generalized Γ-bi-ideal of S. If ν(( jγq)αd)≥ ν( j)∧ν(d),
then a fuzzy LA-Γ-subsemigroup ν is referred a fuzzy Γ-
bi-ideal of S. If ν(( jγd)αq)≥ ν(d), ν is referred as fuzzy
Γ-interior ideal of S (See [13, 25, 26]).

2. Results

In this section we present the concepts of (fuzzy) set val-
ued homomorphism and (fuzzy) relational morphism of
LA-Γ-Semigroups and give a theorem which demonstrate
the relation between of them. In terms of compliance
with the literature, we construct the fuzzy rough approxi-
mations with fuzzy set valued homomorphism instead of
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fuzzy relational morphism since the set valued homomor-
phisms are more accepted in crisp literature on this topic.
For this reason, it is not mentioned (fuzzy) relational mor-
phism except the connection between (fuzzy) set valued
homomorphisms. Throughout this section J,Q and D are
LA-Γ-semigroups.

2.1. (Fuzzy) Relational Morphisms

The definitions of the fuzzy relational and the relational
morphisms of LA-Γ-semigroups are given in the following
[8, 9, 12].

Definition 1. A relation ϕ ⊆ J × Q is referred as a
relational morphism of LA-Γ-semigroups if it satisfies
( j1,q1),( j2,q2) ∈ ϕ imply ( j1γ j2,q1αq2) ∈ ϕ for all
j1, j2 ∈ J,q1,q2 ∈ Q and γ,α ∈ Γ.

Definition 2. A fuzzy relation R : J ×Q → [0,1] is re-
ferred as a fuzzy relational morphism of LA-Γ-semigroups
if it satisfies R( j1,q1)∧R( j2,q2) ≤ R( j1γ j2,q1αq2) for
all j1, j2 ∈ J,q1,q2 ∈ Q and γ,α ∈ Γ.

2.2. (Fuzzy) Set Valued Homomorphisms

The definitions of the fuzzy set valued and the set val-
ued homomorphism of LA-Γ-semigroups are given in the
following [7].

Definition 3. Let J,Q be LA-Γ-semigroups. A function
T : J→P(Q) is referred as a set valued homomorphism
of LA-Γ-semigroups if it satisfies T ( j)γT (q)⊆ T ( jαq) for
all j,q ∈ J and α,γ ∈ Γ (see [2, 5, 11, 34–36]).

Definition 4. A mapping T : J→F (Q) satisfying T ( j) ·Γ
T (q) ≤ T ( jγq) for all j,q ∈ J and γ ∈ Γ, is called
fuzzy set valued homomorphism of LA-Γ-semigroups.
Hom(J,F (Q)) is denote the set of all the fuzzy set val-
ued homomorphisms from J to Q. A fuzzy set valued ho-
momorphism T : J → F (Q) is called strong if ∃i ∈ Q
such that T ( j)(i) = 1 for all j ∈ J. A fuzzy set val-
ued homomorphism T : J→F (Q) is called complete if
T ( j)(x)T T (q)(y) = T ( jγq)(xαy) for all j,q∈ J,x,y∈Q
and γ,α ∈ Γ.

Theorem 5. There is a connection between (fuzzy) set
valued homomorphisms and (fuzzy) relational morphisms;

(i) The function T : J→P(Q) is a set valued homomor-
phism if and only if the related relation ϕ ⊆ J×Q is
a relational morphism of LA-Γ-semigroups.

(ii) The function T : J→F (Q) is a fuzzy set valued ho-
momorphism if and only if the related fuzzy relation
R : J×Q→ [0,1] is a fuzzy relational morphism of
LA-Γ-semigroups.

Proof.

(i) Suppose that T : J → P(Q) be a set valued ho-
momorphism. Let ( j1,q1),( j2,q2) ∈ ϕT for any
j1, j2 ∈ J and q1,q2 ∈ Q. Hence q1 ∈ T ( j1) and q2 ∈
T ( j2). Therefore q1γq2 ∈ T ( j1)γT ( j2)⊆ T ( j1β j2),
and thus ( j1β j2,q1γq2) ∈ ϕT for all β ,γ ∈ Γ. So

ϕT is a relational morphism. Conversely, suppose
that ϕ ⊆ J×Q is a relational morphism. Let z ∈
Tϕ( j1)γTϕ( j2) for any j1, j2 ∈ J. Hence there ex-
ists q1 ∈ Tϕ( j1) and q2 ∈ Tϕ( j2) such that z = q1γq2.
Thus ( j1,q1),( j2,q2) ∈ ϕ , and ( j1β j2,z) ∈ ϕ . There-
fore Tϕ( j1)γTϕ( j2)⊆ Tϕ( j1β j2) since z∈ Tϕ( j1β j2)
for all j1, j2 ∈ J.

(ii) Suppose that T : J → F (Q) is a fuzzy set valued
homomorphism. Let ( j1,q1),( j2,q2) ∈ J×Q. Then
RT ( j1,q1) ∧ RT ( j2,q2) = T ( j1)(q1) ∧ T ( j2)(q2) ≤
(T ( j1) ·Γ T ( j2))(q1γq2) ≤ T ( j1β j2)(q1γq2) =
RT ( j1β j2,q1γq2). Therefore RT : J × Q → [0,1]
is a fuzzy relational morphism. Conversely,
suppose that R : J × Q → [0,1] is a fuzzy
relational morphism. Let j1, j2 ∈ J. Then
(TR( j1) ·Γ TR( j2))(z) =

∨
z=q1γq2

(TR( j1)(q1) ∧
TR( j2)(q2)) =

∨
z=q1γq2

(R( j1,q1) ∧ R( j2,q2)) ≤∨
z=q1γq2

R( j1β j2,q1γq2) = R( j1β j2,z) =
TR( j1β j2)(z). Therefore the function TR : J→F (Q)
is a fuzzy set valued homomorphism.

Example 6. Let f : J → Q be LA-Γ-semigroups homo-
morphism. For an j ∈ J, let T ( j) : Q→ [0,1] be defined
by

T ( j)(l) =

{
s, if f ( j) 6= l;
i, if f ( j) = l.

for all s ≤ i,s, i ∈ [0,1] and l ∈ Q. Then T ∈
Hom(J,F (Q)).

Lemma 7. Let T ∈ Hom(J,F (Q)) and ϕ ∈ [0,1]. Then
T (l)ϕ ΓT (q)ϕ ⊆ (T (l) ·Γ T (q))ϕ for all l,q ∈ J.

Proof. Let l,q ∈ J and j ∈ T (l)ϕ ΓT (q)ϕ . Thus there
exist s1 ∈ T (l)ϕ ,s2 ∈ T (q)ϕ ,γ ∈ Γ such that x = s1γs2.
Hence T (l)(s1) ≥ ϕ,T (q)(s2) ≥ ϕ . Since T (l)(s1) ∧
T (q)(s2)≥ ϕ ∧ϕ , then

∨
j=s1γs2

T (l)(s1)∧T (q)(s2)≥ ϕ .
So
(
T (l) ·Γ T (q)

)
( j)≥ ϕ . Thus j ∈

(
T (l) ·Γ T (q)

)
ϕ

. We
have T (l)ϕ ΓT (q)ϕ ⊆ (T (l) ·Γ T (q))ϕ .

Theorem 8. T ∈ Hom(J,F (Q)) if and only if K : J →
P(Q) defined by K(x) = T (x)ϕ for all x∈ J is a set valued
homomorphism for all ϕ ∈ [0,1].

Proof. Let T ∈ Hom(J,F (Q)) and ϕ ∈ [0,1].
K( j)ΓK(q) = T ( j)ϕ ΓT (q)ϕ ⊆ (T ( j) ·Γ T (q))ϕ ⊆
T ( jγq)ϕ = K( jγq) for all j,q ∈ J and γ ∈ Γ by Lemma
7. Conversely, let K be a set valued homomorphism for
all ϕ ∈ [0,1]. Let ϕ = T ( j)(c)∧T (q)(d) for any j,q ∈ J
and c,d ∈ Q. Then ϕ ≤ T ( j)(c) and ϕ ≤ T (q)(d). Hence
c ∈ T ( j)ϕ and d ∈ T (q)ϕ . Thus cβd ∈ T ( j)ϕ βT (q)ϕ =
K( j)βK(q) ⊆ K( j)ΓK(q) ⊆ K( jγq) = T ( jγq)ϕ for all
β ,γ ∈ Γ.
We obtain that T ( j)(c)∧T (q)(d) ≤ T ( jγq)(cβd) for all
j,q ∈ J,c,d ∈ Q and β ,γ ∈ Γ. If (T ( j) ·Γ T (q))(l) 6= 0,
then (T ( j) ·Γ T (q))(l) =

∨
l=cβd(T ( j)(c) ∧ T (q)(d)) ≤∨

l=cβd T ( jγq)(cβd) = T ( jγq)(l). Hence
(T ( j) ·Γ T (q))≤ T ( jγq) for all j,q ∈ J and γ ∈ Γ.

Theorem 9. Let T1 : J→F (Q) and T2 : Q→F (D). If
T1 ∈ Hom(J,F (Q)) and T2 ∈ Hom(Q,F (D)), then T1 ∗
T2 ∈ Hom(J,F (D)).
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Proof. Let j,q ∈ J and take any element d ∈ D. Thus

((T1 ∗T2)( j) ·Γ (T1 ∗T2)(q))(d) =
∨

d=kδ t

(
(T1 ∗T2)( j)(k)∧ (T1 ∗T2)(q)(t)

)
=

∨
d=kδ t

( ∨
y1∈Q

(
T1( j)(y1)∧T2(y1)(q)

)
∧

∨
y2∈Q

(
T1(q)(y2)∧T2(y2)(t)

))

=
∨

d=kδ t
y1 ,y2∈Q

(
T1( j)(y1)∧T2(y1)(k)∧T1(q)(y2)∧T2(y2)(t)

)

≤
∨

y1 ,y2∈Q

((
T1( j) ·Γ T1(q)

)
(y1δy2)∧

(
T2(y1) ·Γ T2(y2)

)
(d)
)

≤
∨

y1 ,y2∈Q

(
T1( jγq)(y1δy2)∧T2(y1δy2)(d)

)
=

(
T1 ∗T2

)
( jγq)(d)

for all γ ∈ Γ. Then T1 ∗T2 ∈ Hom(J,F (D)).

2.3. Generalized Fuzzy Rough Approximations De-
rived by Fuzzy Set Valued Homomorphisms

In this part of the paper, we focus on some properties of the
generalized fuzzy lower and upper rough approximations
derived by set valued homomorphisms. We investigate
maintaining of some certain algebraic features of fuzzy
subsets under the fuzzy lower and upper rough approxima-
tions.

Proposition 10. Let a mapping F (Q)× Γ×F (Q)→
F (Q) be defined by µ.γ.ν = µ ·{γ} ν . Then F (Q) is an
LA-Γ-semigroup.

Proof. Let µ,ν ,η ∈F (Q) and l ∈ Q,γ,β ∈ Γ.
(
(νβη)γµ

)
(l) =

∨
l= jγd

(νβη)( j)∧µ(d)

=
∨

l= jγd

(( ∨
j=kβ t

(ν(k)∧η(t))
)
∧µ(d)

)

=
∨

l=(kβ t)γd

(
ν(k)∧η(t)∧µ(d)

)

=
∨

l=(dβ t)γk

(
µ(d)∧η(t)∧ν(k)

)

=
∨

l= jγk

(( ∨
j=dβ t

(µ(d)∧η(t))
)
∧ν(k)

)

=
∨

l= jγk

((
(µβη)( j)

)
∧ν(k)

)

=
(
(µβη)γν

)
(l).

Thus F (Q) is an LA-Γ-semigroup. (See the proof of
Proposition 1 in [15] for LA-semigroups (AG-groupoids).)

Theorem 11. Let T ∈ Hom(J,F (Q)) and F (Q) be the
LA-Γ-semigroup which is given in Proposition 10. Then
T ∈ Hom(F (Q),F (J)).

Proof. Let ν ,µ ∈F (Q) and β ∈ Γ. Take l ∈ J, then
(

T (ν) ·Γ T (µ)
)
(l) =

∨
l= jγd

T (ν)( j)∧T (µ)(d)

=
∨

l= jγd

( ∨
k∈Q

(
T ( j)(k)∧ν(k)

)
∧
∨

t∈Q

(
T (d)(t)∧µ(t)

))

=
∨

l= jγd

∨
k,t∈Q

(
(T ( j)(k)∧T (d)(t))∧ (ν(k)∧µ(t))

)

=
∨

l= jγd

( ∨
k,t∈Q

(
T ( j)(k)∧T (d)(t)

)
∧

∨
k,t∈Q

(
ν(k)∧µ(t)

))

≤
∨

l= jγd

∨
k,t∈Q

(
(T ( j)βT (d))(kβ t)∧ (νβ µ)(kβ t)

)

≤
∨

l= jγd

∨
k,t∈Q

(
(T ( j) ·Γ T (d))(kβ t)∧ (νβ µ)(kβ t)

)

≤
∨

l= jγd

∨
i∈Q

(
(T ( j) ·Γ T (d))(i)∧ (νβ µ)(i)

)

≤
∨

l= jγd

∨
i∈Q

(
T ( jγd)(i)∧ (νβ µ)(i)

)

=
∨

i∈Q

(
T (l)(i)∧ (νβ µ)(i)

)
= T (νβ µ)(l).

Thus we have
(

T (ν) ·Γ T (µ)
)
(l) ≤ T (νβ µ)(l). There-

fore T ∈ Hom(F (Q),F (J)).

Corollary 12. Let µ,ν ∈F (Q). If T ∈ Hom(J,F (Q)),
then T (µ) ·Γ T (ν)≤ T (µ ·Γ ν) .

Proof. Let γ ∈ Γ. Since µγν ≤ µ ·Γ ν , then T (µγν) ≤
T (µ ·Γ ν) (See Theorem 4.1 (FH7) in [29]). Thus we have
T (µ) ·Γ T (ν)≤ T (µ ·Γ ν) by Theorem 11.

Definition 13. [7] Let T ∈ Hom(J,F (Q)). Then the im-
age of T is a mapping defined by ImT (q) =

∨
i∈J T (i)(q)

for all q ∈ Q and denoted by ImT .

Proposition 14. Let T ∈ Hom(J,F (Q)). Then ImT is a
fuzzy LA-Γ-subsemigroup of Q.

Proof. Let q,d ∈ Q and γ ∈ Γ.

ImT (qγd) =
∨
j∈J

T ( j)(qγd)

≥
∨

j=tβ l
(T (t) ·Γ T (l))(qγd)

≥
∨

t,l∈J

(
T ( j)(q)∧T (l)(d)

)
=

∨
t∈J

T (t)(q)∧
∨
l∈J

T (l)(d)

= ImT (q)∧ ImT (d).

Thus ImT is a fuzzy LA-Γ-subsemigroup of Q.

Theorem 15. Let T ∈ Hom(J,F (Q)). If ν is a fuzzy
LA-Γ-subsemigroup of Q, then T (ν) is a fuzzy LA-Γ-
subsemigroup of Q.

Proof. Let j,q ∈ J and β ∈ Γ.

T (ν)( j)∧T (ν)(q) =
∨

i∈Q
(T ( j)(i)∧ν(i))∧

∨
i∈Q

(T (q)(l)∧ν(l))

=
∨

i,l∈Q

(
T ( j)(i)∧T (q)(l)

)
∧

∨
i,l∈Q

(
ν(i)∧ν(l)

)
≤

∨
i,l∈Q

((
T ( j) ·Γ T (q)

)
(iγl)∧ν(iγl)

)
≤

∨
u∈Q

((
T ( j) ·Γ T (q)

)
(u)∧ν(u)

)
≤

∨
u∈Q

((
T ( jβq)

)
(u)∧ν(u)

)
= T (ν)( jβq).

Thus T (ν) is a fuzzy LA-Γ-subsemigroup of Q.

Theorem 16. Let T ∈ Hom(J,F (Q)) be strong. If ν is a
fuzzy LA-Γ-right (resp. left or two-sided) ideal of Q, then
T (ν) is a fuzzy LA-Γ-right (resp. left or two-sided) ideal
of J.

Proof. Let j,q ∈ J and β ∈ Γ.

T (ν)( j) = T (ν)( j)∧1

= T (ν)( j)∧T (q)(i), ∃i ∈ Q

=
( ∨

l∈Q
T ( j)(l)∧ν(l)

)
∧T (q)(i)

≤
( ∨

l∈Q
T ( j)(l)∧ν(lγi)

)
∧T (q)(i)

=
∨

l,i∈Q

(
T ( j)(l)∧T (q)(i)∧ν(lγi)

)
≤

∨
l,i∈Q

((
T ( j) ·Γ T (q)

)
(lγi)∧ν(lγi)

)
≤

∨
d∈Q

(
T ( jγq)(d)∧ν(d)

)
= T (ν)( jβq).

Similarly, if ν is a fuzzy LA-Γ-left ideal of Q, then T (ν)
is a fuzzy LA-Γ-left ideal of J.
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Theorem 17. Let T ∈ Hom(J,F (Q)) be strong. If ν is a
fuzzy generalized LA-Γ-bi-ideal of Q, then T (ν) is a fuzzy
generalized LA-Γ-bi-ideal of J.

Proof. Let j,q, l ∈ J and α,γ ∈ Γ.

T (ν)( j)∧T (ν)(l) = T (ν)( j)∧T (ν)(l)∧1

= T (ν)( j)∧T (ν)(l)∧T (q)(i), ∃i ∈ Q

=
( ∨

k∈Q
(T ( j)(k)∧ν(k))

)
∧
( ∨

r∈Q
(T (l)(r)∧ν(r))

)
∧T (q)(i)

=
∨

k,r∈Q

(
T ( j)(k)∧T (q)(i)∧T (l)(r)∧ν(k)∧ν(r)

)

=
∨

k,r,i∈Q

(
T ( j)(k)∧T (q)(i)∧T (l)(r)∧ν(k)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T ( j) ·Γ T (q)(kγi)∧T (l)(r)∧ν(k)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T ( jγq)(kγi)∧T (l)(r)∧ν(k)∧ν(r)

)

≤
∨

k,r,i∈Q

(
(T ( jγq) ·Γ T (l))((kγi)αr)∧ν(k)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T (( jγq)γl)((kγi)αr)∧ν(k)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T (( jγq)γl)((kγi)αr)∧ν((kγi)αr)

)

≤
∨

s∈Q

(
T (( jγq)γl)(s)∧ν(s)

)
= T (ν)(( jγq)γl).

Let T ∈ Hom(J,F (Q)) be strong. If ν is a fuzzy LA-Γ-
bi-ideal of Q, then T (ν) is a fuzzy LA-Γ-bi-ideal of J by
Theorem 15.

Theorem 18. Let T ∈ Hom(J,F (Q)) be strong. If ν is a
fuzzy LA-Γ-interior ideal of Q, then T (ν) is a fuzzy LA-Γ-
interior ideal of J.

Proof. Let j,q, l ∈ J and α,γ ∈ Γ.

T (ν)(l) = 1∧T (ν)(l)∧1

= T ( j)(k)∧T (ν)(l)∧T (q)(i), ∃k, i ∈ Q

= T ( j)(k)∧ (
∨

r∈Q
(T (l)(r)∧ν(r))∧T (q)(i)

=
∨

r∈Q
T ( j)(k)∧T (l)(r)∧T (q)(i)∧ν(r)

)
=

∨
k,r,i∈Q

(
T ( j)(k)∧T (l)(r)∧T (q)(i)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T ( j) ·Γ T (l)(kγr)∧T (q)(i)∧ν(r)

)

≤
∨

k,r,i∈Q

(
(T ( jγl) ·Γ T (q))((kγr)αi)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T ( jγl)(kγr)∧T (q)(i)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T (( jγl)γq)((kγr)αi)∧ν(r)

)

≤
∨

k,r,i∈Q

(
T (( jγl)γq)((kγr)αi)∧ν((kγr)αi)

)

≤
∨

s∈Q

(
T (( jγl)γq)(s)∧ν(s)

)
= T (ν)(( jγq)γl).

Thus T (ν) is a fuzzy LA-Γ-interior ideal of J.

Theorem 19. Let T ∈ Hom(J,F (Q)) be complete and
let I be R-implication based on TM . If ν is a fuzzy
LA-Γ-subsemigroup of Q, then T (ν) is a fuzzy LA-Γ-
subsemigroup of J.

Proof. Let j,q ∈ J.

T (ν)( j)∧T (ν)(q) =
∧

l∈Q
(T ( j)(l)I ν(l))∧

∧
s∈Q

(T (q)(s)I ν(s))

=
∧

l∈Q
(

∨
T ( j)(l)∧x1≤ν(l)

x1)∧
∧

s∈Q
(

∨
T (q)(s)∧x2≤ν(s)

x2)

≤
∧

l,k∈Q
(

∨
T ( j)(l)∧x1≤ν(l)

x1 ∧
∨

T (q)(s)∧x2≤ν(s)
x2)

=
∧

l,k∈Q
(

∨
T ( j)(l)∧x1≤ν(l)
T (q)(s)∧x2≤ν(s)

x1 ∧ x2)

≤
∧

lαs∈Q
(

∨
T ( jγq)(lαs)∧x1∧x2≤ν(iαs)

x1 ∧ x2)

≤
∧

u∈Q
(

∨
T ( jγq)(u)∧x≤ν(u)

x)

=
∧

u∈Q
(T ( jγq)(u)I ν(u))

= T (ν)( jγq).

Thus T (ν) is a fuzzy LA-Γ-subsemigroup of J.

Theorem 20. Let T ∈ Hom(J,F (Q)) be complete and
strong, and let I be R-implication based on TM . If ν is a
fuzzy LA-Γ-right (resp. left or two-sided) ideal of Q, then
T (ν) is a fuzzy LA-Γ-right (resp. left or two-sided) ideal
of J.

Proof. Let j,q ∈ J.

T (ν)( j) =
∧

i∈Q
T ( j)(i)I ν(i)

=
∧

i∈Q
(

∨
T ( j)(i)∧x≤ν(i)

x)

=
∧

i∈Q
(

∨
T ( j)(i)∧1∧x≤ν(i)

x)

=
∧

i∈Q
(

∨
T ( j)(i)∧T (q)(s)∧x≤ν(i)

x), ∃s ∈ Q

=
∧

i∈Q
(

∨
T ( jγq)(iαs)∧x≤ν(i)

x)

≤
∧

i∈Q
(

∨
T ( jγq)(iαs)∧x≤ν(iαs)

x)

=
∧

l∈Q
(

∨
T ( jγq)(l)∧x≤ν(l)

x)

=
∧

l∈Q
T ( jγq)(l)I ν(l)

= T (ν)( jγq).

Similarly, T (ν) is a fuzzy LA-Γ-left ideal of J if ν is a
fuzzy LA-Γ-left ideal of Q.

Theorem 21. Let T ∈ Hom(J,F (Q)) be complete and
strong, and let I be R-implication based on TM . If ν is a
fuzzy generalized LA-Γ-bi-ideal of Q, then T (ν) is a fuzzy
generalized LA-Γ-bi-ideal of J.

Proof. Let j,q, l ∈ J.

T (ν)( j)∧T (ν)(l) =
∧

i∈Q
(T ( j)(i)I ν(i))∧

∧
f∈Q

(T (l)( f )I ν( f ))

=
∧

i∈Q
(

∨
T ( j)(i)∧x1≤ν(i)

x1)∧
∧

f∈Q
(

∨
T (l)( f )∧x2≤ν( f )

x2)

=
∧

i∈Q
(

∨
T ( j)(i)∧1∧x1≤ν(i)

x1)∧
∧

f∈Q
(

∨
T (l)( f )∧x2≤ν( f )

x2)

=
∧

i∈Q
(

∨
T ( j)(i)∧T (q)(s)∧x1≤ν(i)

x1)∧
∧

f∈Q
(

∨
T (l)( f )∧x2≤ν( f )

x2), ∃s ∈ Q

=
∧

i∈Q
(

∨
T ( jγq)(iβ s)∧x1≤ν(i)

x1)∧
∧

f∈Q
(

∨
T (l)( f )∧x2≤ν( f )

x2)

=
∧

i, f∈Q
(

∨
T ( jγq)(iβ s)∧x1≤ν(i)

x1 ∧
∨

T (l)( f )∧x2≤ν( f )
x2)

=
∧

i, f∈Q

∨
T ( jγq)(iβ s)∧x1≤ν(i)

T (l)( f )∧x2≤ν( f )

(x1 ∧ x2)

≤
∧

i, f∈Q

∨
T (( jγq)αl)((iβ s)δ f )∧(x1∧x2)≤ν(i)∧ν( f )

(x1 ∧ x2)

≤
∧

i, f∈Q

∨
T (( jγq)αl)((iβ s)δ f )∧(x1∧x2)≤ν((iβ s)δ f )

(x1 ∧ x2)

=
∧

u∈Q

∨
T (( jγq)αl)(u)∧(x1∧x2)≤ν(u)

(x1 ∧ x2)

=
∧

u∈Q
(T (( jγq)αl)(u)I ν(u))

= T (ν)(( jγq)αl).
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Let T ∈ Hom(J,F (Q)) be complete and strong. If ν is a
fuzzy LA-Γ-bi-ideal of Q, then T (ν) is a fuzzy LA-Γ-bi-
ideal of J by Theorem 19.

Theorem 22. Let T ∈ Hom(J,F (Q)) be complete and
strong, and let I be R-implication based on TM . If ν

is a fuzzy LA-Γ-interior ideal of Q, then T (ν) is a fuzzy
LA-Γ-interior ideal of J.

Proof. Let j,q, l ∈ J.

T (ν)(q) =
∧

p∈Q
(T (q)(p)I ν(p))

=
∧

p∈Q
(

∨
T (q)(p)∧x1≤ν(p)

x1)

=
∧

p∈Q
(

∨
1∧T (q)(p)∧1∧x1≤ν(p)

x1)

=
∧

p∈Q
(

∨
(T ( j)(s)∧T (q)(p))∧T (l)(k)∧x1≤ν(p)

x1), ∃s,k ∈ Q

=
∧

p∈Q
(

∨
T ( jγq)(sβ p)∧T (l)(k)∧x1≤ν(p)

x1)

=
∧

p∈Q
(

∨
(T ( jγq)αl)((sβ p)δk)∧x1≤ν(p)

x1)

≤
∧

p∈Q
(

∨
(T ( jγq)αl)((sβ p)δk)∧x1≤ν((sβ p)δk)

x1)

=
∧

u∈Q
(

∨
T (( jγq)αl)(u)∧x1≤ν(u)

x1)

=
∧

u∈Q
(T (( jγq)αl)(u)I ν(u))

= T (ν)(( jγq)αl).

Thus T (ν) is a fuzzy LA-Γ-interior ideal of J.

Theorem 23. Let T ∈Hom(J,F (Q)) be complete and let
I be S-implication based on SM and standard negator
Ns. If ν is a fuzzy LA-Γ-two-sided ideal of Q, then T (ν)
is a fuzzy LA-Γ-subsemigroup of J.

Proof. Let j,q ∈ J.

T (ν)( j)∧T (ν)(q) =
∧

d∈Q
(T ( j)(d)I ν(d))∧

∧
k∈Q

(T (q)(k)I ν(k))

=
∧

d∈Q
((1−T ( j)(d))∨ν(d))∧

∧
k∈Q

((1−T (q)(k))∨ν(k))

=
∧

d,k∈Q

(
((1−T ( j)(d))∨ν(d))∧ ((1−T (q)(k))∨ν(k))

)

=
∧

d,k∈Q

((
(1−T ( j)(d))∧ (1−T (q)(k))

)
∨ (ν(k)∨ν(d))

)

≤
∧

d,k∈Q

((
1− (T ( j)(d)∧T (q)(k))

)
∨ (ν(k)∨ν(d))

)

=
∧

d,k∈Q

((
1− (T ( jγq)(dαk))

)
∨ (ν(k)∨ν(d))

)
≤

∧
d,k∈Q

(
(
1− (T ( jγq)(dαk))

)
∨ν(dαk))

=
∧

p∈Q

(
(1− (T ( jγq)(p)))∨ν(p)

)
= (

∧
p∈Q

T ( jγq)(p)I ν(p))

= T (ν)( jγq).

Thus T (ν) is a fuzzy LA-Γ-subsemigroup of J.

Theorem 24. Let T ∈ Hom(J,F (Q)) be complete and
strong, and let I be S-implication based on SM and stan-
dard negator Ns. If ν is a fuzzy LA-Γ-right (resp. left
or two-sided) ideal of Q, then T (ν) is a fuzzy LA-Γ-right
(resp. left or two-sided) ideal of J.

Proof. Let j,q ∈ J.
T (ν)( j) =

∧
d∈Q

T ( j)(d)I ν(d)

=
∧

d∈Q
((1−T ( j)(d))∨ν(d))

=
∧

d∈Q
((1− (T ( j)(d)∧1))∨ν(d))

=
∧

d∈Q
((1− (T ( j)(d)∧T (q)(k)))∨ν(d)), ∃k ∈ Q

=
∧

d∈Q
((1−T ( jγq)(dαk))∨ν(d))

≤
∧

d∈Q
((1−T ( jγq)(dαk))∨ν(dαk))

=
∧

p∈Q
((1− (T ( jγq)(p)))∨ν(p))

= (
∧

p∈Q
T ( jγq)(p)I ν(p))

= T (ν)( jγq).

Similarly, if ν is a fuzzy LA-Γ-left (resp. two-sided) ideal
of Q, then T (ν) is a fuzzy LA-Γ-left (resp. two-sided)
ideal of J.

Theorem 25. Let T ∈ Hom(J,F (Q)) be complete and
strong, and let I be S-implication based on SM and stan-
dard negator Ns. If ν is a fuzzy LA-Γ-two-sided ideal of
Q, then T (ν) is a fuzzy generalized LA-Γ-bi-ideal of J.
Proof. Let j,q, l ∈ J.

T (ν)( j)∧T (ν)(l) =
∧

d∈Q
(T ( j)(d)I ν(d))∧ (

∧
k∈Q

T (l)(k)I ν(k))

=
∧

d∈Q
((1−T ( j)(d))∨ν(d))∧

∧
k∈Q

((1−T (l)(k))∨ν(k))

=
∧

d,k∈Q

(
((1−T ( j)(d))∨ν(d))∧ ((1−T (l)(k))∨ν(k))

)

≤
∧

d,k∈Q

(
((1−T ( j)(d))∧ (1−T (l)(k)))∨ (ν(k)∨ν(d))

)
≤

∧
d,k∈Q

((1− (T ( j)(d)∧T (l)(k)))∨ (ν(k)∨ν(d)))

=
∧

d,k∈Q
((1− (T ( j)(d)∧1∧T (l)(k)))∨ (ν(k)∨ν(d)))

=
∧

d,k∈Q
((1− (T ( j)(d)∧T (q)(s)∧T (l)(k)))∨ (ν(k)∨ν(d))), ∃s ∈ Q

=
∧

d,k∈Q
((1−T (( jγq)αl)((dβ s)δk))∨ (ν(k)∨ν(d)))

≤
∧

d,k∈Q
((1−T (( jγq)αl)((dβ s)δk))∨ (ν(k)∨ν(s)∨ν(d)))

≤
∧

d,k∈Q
((1−T (( jγq)αl)((dβ s)δk)∨ν((dβ s)δk)))

=
∧

i∈Q
((1−T (( jγq)αl)(i))∨ν(i))

=
∧

i∈Q
(T (( jγq)αl)(i)I ν(i))

= T (ν)(( jγq)αl).

If ν is a fuzzy LA-Γ-two-sided ideal of Q, then T (ν) is a
fuzzy LA-Γ-bi-ideal of J by Theorem 23.

Theorem 26. Let T ∈ Hom(J,F (Q)) be complete and
strong, and let I be S-implication based on SM and stan-
dart negator Ns. If ν is a fuzzy LA-Γ-interior ideal of Q,
then T (ν) is a fuzzy LA-Γ-interior ideal of J.
Proof. Let j,q, l ∈ J.

T (ν)(q) =
∧

d∈Q
T (q)(d)I ν(d)

=
∧

d∈Q
((1−T (q)(d))∨ν(d))

=
∧

d∈Q
((1− (1∧T (q)(d)∧1))∨ν(d))

=
∧

d∈Q
((1− (T ( j)(k)∧T (q)(d)∧T (l)(s)))∨ν(d)), ∃k ∈ Q

=
∧

d∈Q
((1− (T (( jγq)αl)((kβd)δ s)∧ν(d))

≤
∧

d∈Q
((1− (T (( jγq)αl)((kβd)δ s)∧ν((kβd)δ s))

=
∧

u∈Q
((1− (T (( jγq)αl)(u)∧ν(u))

=
∧

u∈Q
(T (( jγq)αl)(u)I ν(u))

= T (ν)( jγq)αl).
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Thus T (ν) is a fuzzy LA-Γ-interior ideal of J.

3. Discussion and Conclusion

Beside to being an applicable theory, the generalized rough
set theory is also studied with some algebraic structures us-
ing the notion of set valued homomorphism [5, 33, 35, 36].
Set valued homomorphisms are very useful tools to study
on rough set theory with the algebraic structures. However,
to study on the generalized fuzzy rough set theory one can
be need some other tools such as "fuzzy set valued homo-
morphism" which was introduced by Ekiz et al. [7]. Very
closer notion "fuzzy relational morphisms" was introduced
by Ignjatović [12] (See [8]). The notion fuzzy set valued
homomorphism is more preferable than the notion fuzzy
relational morphisms in the sense of the fuzzification of the
notion "set valued homomorphism". Recently, studies on
the notion of fuzzy LA-Γ-semigroups is increased among
the researchers who are working on fuzzy algebraic struc-
tures. Thus it is sensible to consider the LA-Γ-semigroups
as the algebraic structure in the generalized fuzzy rough
set theory.
Our further work will be on fuzzy rough approximation
space which is constructed with hypersemigroups and
fuzzy set valued homomorphism.
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