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Abstract

In this paper, two applications of concircular mappings on the Weyl manifolds are given: Firstly, a necessary
and sufficient condition for an Einstein-Weyl manifold to be concircularly Ricci-flat is obtained. Secondly, after
defining a special type of semi-symmetric non-metric connection which is called S -concircular, some properties
of the Weyl manifold with a vanishing curvature tensor with respect to such a connection are examined.
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Weyl Manifoldlar1 Uzerindeki Concircular Tasvirlerin Bazi Uygulamalar
0Oz
Bu calismada, Weyl manifoldlar1 iizerindeki concircular tasvirlerin iki uygulamas1 verilmistir: {lk olarak,
Einstein-Weyl manifoldunun concircular Ricci diiz olabilmesi i¢in bir gerek-yeter sart elde edilmistir. Daha
sonra da, S -concircular olarak adlandirilan 6zel tipteki bir yar1 simetrik non-metrik konneksiyon tanimlanarak,

boyle bir konneksiyona gore sifirlanan egrilik tensoriine sahip Weyl manifoldunun bazi &zellikleri incelenmistir.
Anahtar Kelimeler: Weyl manifoldu, yar1 simetrik non-metrik S -concircular konneksiyon, sifirlanan egrilik

tensorii.

1. Introduction

Scholz widely reviewed the physical concepts
in Weyl geometry, (Scholz, 2008). Herman
Weyl first introduced a gauge invariant theory
to unify gravity and electromagnetic theories
in 1918. This theory is not acceptible as a
unified theory since the electromagnetic
potential does not couple to spinor being
essential for the electromagnetic theory. This
does not mean that Weyl geometry has a
physical meaning as well in different theories
and in the second part of the 20th century, the
Weyl geometry has been studied in some
research fields of physics such as quantum
mechanics, particle physics, gravity and
cosmology. Despite the unified theory of

* Corresponding Author: funal@marmara.edu.tr

Weyl not being acceptable as physical theory,
it introduced a useful theory in differential
geometry. The mathematics of the theory is a
generalization of the Riemannian geometry
and the connection is an instructive example
of non-metric connections.

A Weylian metric on a differentiable manifold
M can be given by pairs (g,p) of a non-
degenerate symmetric differential 2-form g
and a differential 1-form ¢. The Weylian
metric consists of the equivalance class of
such pairs, with (g',¢ )~(g,9) if and only if

i g=»2g ,
(i) ¢ =¢—d(ogh 1)
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for a strictly positive real function A > 0 on
M. Choosing a representative means to gauge
the Weylian metric; g is then the Riemannian
component and ¢ the scale connection of the
gauge. A change of representative (1) is called
a Weyl(scale) transformation; it consists of a
rescaling (i) and a scale gauge transformation
(i). A manifold with a Weylian metric
(M,g,0) will be called a Weyl manifold.

In the recent mathematical literature, a Weyl
structure on a differentiable manifold M is
spesified by a pair (g,p) consisting of a
conformal metric g and an affine, which is
torsion-free, connection I' , respectively its
covariant derivative V. For any conformal
metric g, there is a differential 1-form ¢g4 such
that

Vg+204®9=0 2)

which is called weak compatibility of the
affine connection with the metric. (2) can be
expressed in local coordinates by

which is called weak compatibility of the
affine connection with the metric. (2) can be
expressed in local coordinates by

Vigij —29i;Tx=0 (3)
or equivalently,
Vig? +2gYT,=0 (4)

where Tk is a complementary covariant vector
field, (Norden, 1976). Such a Weyl manifold
will be denoted by Wh (gij, Tk). If Tk = 0 or Tk
is gradient, a Riemannian manifold is
obtained.

One could also formulate above compatibility
condition by

T—T=1Q¢,+9,®1-g®¢; (5

where 1 denotes identity in Hom (V;V) for
every V.= T,M, @ " is the dual of @q with
respect to g and g' is the Levi-Civita
connection of g. In local coordinates, (5) is
given by

. i . ; .

where le} 's are the coefficients of the Levi-

Civita connection, (Norden, 1976).

The curvature tensor Ri"jk, the Ricci tensor R;;

and the scalar curvature R of the symmetric
connection T' on the Weyl manifold are
defined by

thjk = 0T}, — O I3 + Frhj e — F[lkriz'
Rij = R, (7)

R = R;jg"

The coefficients j"k and the curvature tensor
thjk of the symmetric connection I' change by

D =Tic+ 6P+ 8P —guf’ (@)
and
Rl = RE 280V Pi+SRP — 8Py, +
9i9™" Prk — Gi g™ Pr; 9)
respectively, where
T,— T = P,

and

1
bij = Vib = Pb +5 9ij 9" PP

*

Under  conformal gii" =

gij» (Norden, 1976).

mapping
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The conformal curvature tensor C,,;jx and the
concircular curvature tensor Cmijk of the

symmetric connection I' on the Weyl

manifold are given by

1 1
~ gmiRiji + = (GmjRix —

gmkRij — GijRmi + gixRimj) —

Cmijk = Rmijk —

n(n 2) {gm] rki gmkRTjL -
gin;km + gler]m
R
(n—l)(n—z) (gm]glk -

Imiij) (10)

and
~ R
Cmijie = Rmijk = 705 (9mrgij — Gmjguc)(11)

where Ruk, R;j and R denote the curvature

tensor, Ricci tensor and scalar curvature
tensor of I' , respectively, (Miron, 1968 &
Ozdeger, 2002).

The projective curvature tensor Py,;;, of I' is
obtained as

Imi
Ppijk = Rmijk o ( — Ryj) +
n2 1 [gm]{ank + Rkl} -

Imi{nRij + R;i}] (12)

(Eisenhart, 1927).

By using (10), (11) and (12), the conformal
curvature tensor Cpj, and the projective
curvature tensor Pp,; . of the connection I are
expressed in terms of the concircular
curvature tensor Cpj, by the following
equations:

(gm] ik —
- gij mk) -

gmlC[kj
ImiCij + 9ixCnj

Crmijk = Cmiji —

2 ~ ~
m{gmjc[ik] — ImkClij) +
giké[mj] - gijé[mk]} (13)

Pml]k - ml}k+gml( _ij)+
nz 1 [gm]{nclk + Ckl} -

Imi{nCij + C;}] (14)

2. Preliminaries

V.Murgescu defined the coefficients f]l-k of a

generalized connection T on the Weyl
manifold by

= i hi
Tj = L+ ajrng
where
Akn =9 jrQentrin + rnQfx (15)

and jik 's are the coefficients of the symmetric
connection T, (Murgescu, 1968).

By choosing

i _ i i
.ij = 6} ay — 5kaj

in (15), the coefficients f]l-k’s
symmetric connection I’ on the Weyl manifold
are obtained by

of a semi

Tji = T +0LS; — 815 (16)

(Unal, 2005). In (11), S; = —2a; where a; is
an arbitrary covariant vector field.

The torsion tensor Tjik with respect to the semi
symmetric connection T is

— 85,

T = 64S; — 6, (17)

and the compatibility condition of the Weyl
manifold admitting T is in the form of
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V. gij =29 T

which means that semi symmetric connection
is also non-metric or recurrent metric.

In local coordinates, the curvature tensor of T
is defined by

—h —h —h —h —r —h —r
Rijr=0;Ty — 0 Tyj + T Ty — T Ly (18)
By means of (16) and (18), the relation

—h
between the curvature tensors R{ljk and Ry, of
[and T |, respectively, is obtained as

—h
Rije = Rihjk+5l}clsij - 5jh5ik +9i,9™ Sk —
Jikg"" Srj (19)

where

1
Sij=Si,j —SLS] +Egijgkr5k5r (20)
and S; ; denotes the covariant derivative of S;

with respect to the symmetric connection T,
(Unal, 2005).

Transvecting (19) by g,,» and contracting on
the indices h and k in the same equation give

Ryijk = Rmijk + 9miSij — 9m;jSik +

9ijSmk — JikSmj (21)

and

where S = g, S™F, respectively.

The scalar curvatures R and R of the
connections I' and T, respectively, are related
by

R=R+2(n-1)S (23)

—h
The concircular curvature tensor C;;, of the

semi symmetric non-metric connection T is
defined by

=h —h R
Cije=Rij = o5 (629:j — 6/ 9ux) (24)
(Nurcan, 2014).

First transvecting (24) by gmnn, and then
contracting on the indices h and k in (24), the
equations

Crmijk = Rmijic — ﬁ (9mrgij — Gm;gir)(25)
and
(26)

are obtained.

Lemma 2.1: The concircular curvature tensor
of the semi symmetric non-metric connection

T has the following properties:

(@) Crnijic +Comirj = 0 ;

(b) Conijk +Cimjrc = 49miVikTj
=r —r

() erk :Rrjk ;

(d) Crnijic +Cnjii + Conpeij=0.

. ~h =h
The concircular curvature tensors Cyj, and Cj,
of ['and T, respectively, are related by

Cijte = Cliye + 81Sij = 8/'Suc + 91 9™ S —
2
I g™ Smj — ~S(81 915 — 8/ gu ) (27)
by substituting (11), (19) and (23) in (24).

Transvecting (27) by g,,» and contracting on
h and k in the same equation give
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Cmijk = Cmijk + GmeSij — 9mjSik T+
2
9ijSmk — JikSmj — ;S(kagij -
ImjGir) (28)

and

(n-2)

3. Main Theorems

3.1. A Special condition for an Einstein-Weyl
manifold to be concircularly Ricci-flat

It is well known that a Riemannian manifold
is called Einstein manifold if

K
Kij = gij

where K;; and K denote the Ricci tensor and

the scalar curvature, respectively, (Besse,
1987). Similar to this definition, Einstein-
Weyl manifold is defined as follows:

Definition 3.1.1: If the symmetric part of the
Ricci tensor R;; of the connection I' satisfies

R
Rajy =7 9ij

on any Weyl manifold, then it is called
Einstein-Weyl manifold and denoted by
(EW),,.

The condition in the above definition implies

~ R ~ ~
Cij) = Rup —795=0= Cij = Cy - (30)
which means that the concircular Ricci tensor
C;; is skew-symmetric on (EW),,.

By using (30) in (13) and (14), the conformal
curvature tensor Cp,;j, and the projective
curvature tensor Py, of (EW),, are given as
in the following corollary:

Corollary 3.1.1: The conformal curvature
tensor Cp;j, and the projective curvature
tensor Pp,; . of I are defined by

~ 2 ~ 1 ~
Cmijk = Cmijk =~ 9miCij + ;(gmjcik -

ImCij + gixCmj — 9iCnic)  (31)
and
Prijk = Coniji — ﬁgmiékj +

ﬁ [9m;Circ — Gmi Cij] (32)

on an Einstein-Weyl manifold (EW),,.

Einstein manifolds are concircularly Ricci flat
in the Riemannian geometry, but this case is
different in Weyl geometry. So we will give a
condition for any (EW),, to be concircularly
Ricci flat after giving the following definition:

Definition 3.1.2: (EW), is called
concircularly Ricci flat, if the concircularly
Ricci tensor C;; satisfies

Suppose that the tensors Cp;jk, Pmiji and

Cmijk coincide on (EW),,. Firstly,by equaling
Crniji and G, it is obtained that

2 ~ 1 . ~ ~
—~ 9miCkj — ;(gmjcik — 9mkCij + 9ixCmj —
9ijCni) =0 (34)
Transvecting (34) by g™ vyields (33). Then,

by equaling Pp;j, and Cp;j, the resulted
equation

2 3 1 ~ ~.
—— miCj = =5 [9miCik = gmr Cij] = 0 (35)

implies (33) which states that (EW),, is
concircularly Ricci flat.
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Conversely, let (EW),, be concircularly Ricci
flat. Then, substituting (33) in (31) and (32)
implies

Cmijk = Pmijk = Coniji-
So, it can be given the following theorem:

Theorem 3.1.1: The necessary and sufficient
condition for an Einstein-Weyl manifold
(EW),, to be concircularly Ricci flat is that
conformal curvature tensor, concircular
curvature tensor and projective curvature
tensor coincide.

3.2. Vanishing curvature tensor on the Weyl
manifolds admitting a semi- symmetric non-
metric S-concircular connection

Liang defined a semi symmetric recurrent
metric connection which is S -concircular on
the Riemannian manifolds, (Liang, 1994). In
this paper, a semi symmetric non-metric S -
concircular connection on the Weyl manifold
is defined as follows:

Definition 3.2.1: If the semi symmetric non-

metric connection T satisfies the condition
given by

1
Sij = VjSi = 5i8; + 59197 SrSs = BYij

where S is a smooth function on the Weyl
manifold, then it is called S -concircular.

By relating to the above definition, the
following theorem is presented in the 12.
National Geometry Symposium in Bilecik
University:

Theorem 3.21 [8]: A necessary and
sufficient condition for the semi symmetric
non-metric connection T to be S -concircular
is that the concircular curvature tensors C,,; ik

and Emijk of the connections I' and T ,
respectively, coincide.

If the semi symmetric non-metric connection
is S -concircular, we know that

Cmijk = Cmijk

which means that

R
Ronijk = n(n-1) (gmkgij - gmjgik) =

nn

R
Ronijk — n(n-1) (gmkgij - gmjgik)-

Suppose that the Weyl manifold has a
vanishing curvature tensor with respect to the
semi symmetric non-metric S -concircular
connection, that is,

Rinijk =0.

Then, R;; = 0and R = 0. In this case,

Rpijk = ﬁ (9mr9ij — Gmjgix) (36)
By transvecting (36) by gmn,

R; :ﬁ (6k9ij — 6] gurc)
and by contracting on the indices h and i,

Ry =0

which  means that Ricci tensor R;;is
symmetric. By transvecting (36) by g™,
R;j = Sgij (37)
is obtained.

Hence we have the following:

Theorem 3.2.2: The Weyl manifold which
has a vanishing curvature tensor with respect
to the semi symmetric non-metric S -
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concircular connection is an Einstein-Weyl
manifold.

By substituting (37) in (10), (11) and (12),
respectively, the conformal curvature tensor,
concircularly curvature tensor and projective
curvature tensor are in the form of

Cmijk =0,  Cuijk =0, Ppyjx = 0.

Hence it can be given the following corollary:

Corollary 3.2.1: The Weyl manifold with a
vanishing curvature tensor with respect to the
semi symmetric non-metric S -concircular
connection is conformally flat, concircularly
flat and projectively flat.

So, considering conformally symmetry,
concircularly symmetry and projectively
symmetry for the Weyl manifolds mentioned
above are illogical. But what can we say about
locally symmetry for the Weyl manifold?

Firstly, suppose that the Weyl manifold which
has a vanishing curvature tensor with respect
to the semi symmetric non-metric S -
concircular connection is locally symmetric,
i.e. Ropijk; = 0. In this case, curvature
tensor Ry; jx is in the form of (36). By taking
covariant derivative of that equation and using
the definition of locally symmetry,

R
n(nfl) (gmkgij - gm,-gl-k) +

R
n(n-1) (gmk'lgif + 9mkGiji — Imji9ik —
gmjgik,l)=0 (38)

is obtained. (38) is rewritten as follows by
using (3) in (38):

(R +4T}R)
n(n-1)

(Imrgij — GmjGix) = 0 (39)

From (39), this means that R ; + 4T,R = 0. If
the covariant derivative of R = R;;g" given

by
R; = Rij9” + Rij(=2g"T))

with the aid of (4) is substituted in the last
equation,

(Rij; + 2TiR;j)gY = 0
meaning
Rij1 + 2TRi; =0 Ry, = —2TR;;
is obtained.

Conversely, assume that the mentioned Weyl
manifold is Ricci-recurrent with the
recurrency vector of —2T;. By taking the
covariant derivative of R = R;; g/ and using
Rij,l = _ZTlRl]’ |t |S Obtalned that

R, = (-2T\R;;)g" + R;;(—2T,g7)
which leads us

R,l = —4TlR . (40)

If (40) is substituted in (39), then
Rpijir = 0.

In the view of the above results, we can state
the following theorem:

Theorem 3.2.3: The necessary and sufficient
condition for the Weyl manifold with a
vanishing curvature tensor with respect to a
semi symmetric non-metric S -concircular
connection to be locally symmetric is that it is
Ricci-recurrent with the recurrency vector of
—2T,.
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