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ABSTRACT 

 

Sintunavarat and Kumam [Common fixed point theorems for a pair of weakly compatible mappings in fuzzy 
metric spaces, J. Appl. Math. vol. 2011, Article ID 637958, 14 pages, 2011] defined the notion of (CLRg) 
property which is more general than (E.A) property. The aim of this paper is to prove a common fixed point 
theorem for a pair of weakly compatible mappings in intuitionistic fuzzy metric spaces employing (CLRg) 
property. Our results improve and generalize several previously known fixed point theorems of the existing 
literature. 
Keywords: Intuitionistic fuzzy metric space, property (E.A), common limit range property, weakly compatible 
mappings, fixed point. 
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1. INTRODUCTION 

The concept of fuzzy sets was initially investigated by 
Zadeh [36]. As a generalization of fuzzy sets, 
Atanassov [7] introduced the idea of intuitionistic fuzzy 
set. Further, Çoker [9] introduced the idea of the 
topology of intuitionistic fuzzy sets. Mondal and 
Samanta [21] introduced the definition of the 

intuitionistic gradation of openness. In 2004, Park [23] 
introduced and discussed a notion of intuitionistic fuzzy 
metric spaces (briefly, IFM-spaces) which is based both 
on the idea of intuitionistic fuzzy sets and the concept 
of a fuzzy metric space given by George and Veeramani 
[11]. 
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Inspired by the idea of intuitionistic fuzzy sets, Alaca et 
al. [6] defined the notion of IFM-spaces with the help of 
continuous t-norms and continuous t-conorms as a 
generalization of fuzzy metric space due to Kramosil 
and Michálek [14]. Further, they [5] proved 
intuitionistic fuzzy Banach and intuitionistic fuzzy 
Edelstein contraction theorems, with the different 
definition of Cauchy sequences and completeness than 
the ones given in [23]. In 2006, Turkoglu et al. [35] 
extended the notion of compatible mappings to IFM-
spaces. Alaca [3] weakened the notion of compatibility 
by using the notion of weakly compatible maps in IFM-
spaces and showed that every pair of compatible 
mappings is weakly compatible but reverse is not true. 
Many authors have proved a number of fixed point 
theorems for different contractions in IFM-spaces (see 
[2, 4, 8, 10, 12, 22, 24, 16, 18, 26, 28, 29, 30, 34]). 

In 2002, Aamri and El-Moutawakil [1] defined the 
notion of property (E.A) for self mappings which 
contained the class of non-compatible mappings in 
metric spaces. It is observed that the property (E.A) 
requires the completeness (or closedness) of the 
underlying subspaces for the existence of common fixed 
point. In an interesting paper, Sintunavarat and Kumam 
[31] introduced the notion of ‘common limit range 
property’ (briefly, (CLRg) property with respect to 
mapping ) in fuzzy metric spaces. They showed that 
the notion of (CLRg) property never requires the 
condition of the closedness of the subspace (also see 
[32]). 

In 2008, Alaca et al. [6] proved a common fixed point 
theorem for continuous compatible mappings on 
complete IFM-space. Further, Kumar [15] and Manro 
[19] improved and generalized the results of Alaca et al. 
[6] and Kumar and Vats [17] under strict contractive 
conditions. Most recently Tanveer et al. [33] proved 
common fixed point theorems for weakly compatible 
mappings in modified IFM-spaces using common 
property (E.A). 

The object of this paper is prove a common fixed point 
theorem for a pair of weakly compatible mappings in 
IFM-space by using the notion of (CLRg) property. We 
also present a result for two finite families of self 
mappings by using pairwise commuting due to Imdad et 
al. [13]. 

2. PRELIMINARIES 

Definition 2.1 [27] A binary operation 
 is a continuous t-norm if  

satisfies the following conditions: 

(1)  is commutative and associative, 
(2)  is continuous, 
(3) , 
(4) whenever  and , 

. 

Examples of t-norms are  and 
.  

Definition 2.2 [27] A binary operation 
 is a continuous t-norm if  

satisfies the following conditions: 

(1)  is commutative and associative, 
(2)  is continuous, 
(3) , 
(4)  whenever  and , 

. 

Examples of t-norms are and 
.  

Remark 2.1 The concepts of t-norms and t-conorms are 
known as the axiomatic skeletons that we use for 
characterizing fuzzy intersections and unions, 
respectively. These concepts were originally introduced 
by Menger [20] in his study of statistical metric spaces. 

Atanassov [7], Kramosil and Michálek [14] and Alaca 
et al. [5] defined the following definition in framework 
of IFM-spaces:  

Definition 2.3 A 5-tuple  is said to be an 
IFM-space if  is an arbitrary set,  is a continuous -
norm,  is a continuous t-conorm and are fuzzy 
sets on satisfying the following 

conditions: ,  

(1) , 
(2) , 
(3)  iff , 
(4) , 
(5) , 
(6)  is left continuous, 
(7) , 

(8) , 
(9)  iff , 
(10) , 
(11) , 
(12)  is right continuous, 
(13) , 

Then  is called an intuitionistic fuzzy metric on 
. The functions  and  denote the 

degree of nearness and the degree of non-nearness 
between  and  with respect to , respectively.  

Remark 2.2 Every fuzzy metric space  is an 
IFM-space of the form  such that t-
norm  and t-conorms  are associated, that is, 

, . 

Example 2.1 [23] (Induced intuitionistic fuzzy metric) 
Let  be a metric space. Denote and 

,  and let  and  
be fuzzy sets on  defined as follows: 

 

. Then is an IFM-space. 

Remark 2.3 [23] Note the above example holds even 
with the t-norm  and the t-conorm
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 and hence  is an intuitionistic 
fuzzy metric with respect to any continuous t-norm and 
continuous t-conorm. In the above example by taking 

, we get 

 

Then  is an IFM-space induced by the 
metric . It is obvious that . 

Remark 2.4 In IFM-space ,  is 
non-decreasing and  is non-increasing 

. 

The following definition is on the lines of Aamri and 
Moutawakil [1]. 

Definition 2.4 A pair  of self mappings defined 
on an IFM-space  is said to satisfy the 
property (E.A), if there exists a sequence  in  such 
that 

 

for some .  

Definition 2.5 [3] A pair  of self mappings 
defined on a non-empty set  is said to be weakly 
compatible if they commute at their coincidence points, 
that is, if  for some  then .  

Remark 2.5 The notions of weak compatibility and 
property (E.A) are independent to each other (see [25, 
Example 2.2]). 

Inspired by the work of Sintunavarat and Kumam [31], 
we defined the notion of (CLRg) property in framework 
of IFM-space. 

Definition 2.6 A pair  of self mappings defined 
on an IFM-space  is said to satisfy the 
(CLRg) property, if there exists a sequence  in  
such that 

 

for some .  

Example 2.2 Let  with metric  defined by 
 and define 

 

 

. Clearly  be an IFM-space 
where  and  are continuous t-norm and continuous t-
conorm defined by  and 

, . Define the self 
mappings  and  on  by and 

, . 

Consider a sequence in , we have 

 

which shows that the pair  enjoys the (CLRg) 
property.  

Example 2.3 The conclusion of Example 2.2 remains 
true if we replace the self mappings  and  by 

and , . Consider a sequence 

in , we have 

 

therefore, the mappings  and  satisfy the (CLRg) 
property.  

Lemma 2.1 [29] Let  be an IFM-space and 
,  and if for a constant  

 and , 

then .  

Definition 2.7 [13] Two families of self mappings
 and  are said to be pairwise commuting 

if 

(1) , , 
(2) , , 
(3) ,  and 

. 

3. RESULTS 

Theorem 3.1 Let  be an IFM-space with 
 and , . 

Further, let the pair  of self mappings is weakly 
compatible satisfying 

      (3.1) 

and 

      (3.2) 

, and . If  and  enjoy the 
(CLRg) property then  and  have a unique common 
fixed point in . 

Proof. Since the pairs  satisfies the (CLRg) 
property, there exists a sequence  in  such that 

 

for some . Now we assert that . On using 
inequalities (3.1) and (3.2) with , we get 

 

and 
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Taking limit as , we have 

 

and 

 

It implies 

 

and 

 

In view of Lemma 2.1, we have . Now we let 
. Since the pair  is weakly 

compatible, we get . Now we 
show that  is a common fixed point of the mappings 
and . To prove this, using inequalities (3.1) and (3.2) 
with , , we have 

 

and 

 

It implies 

 

and 

 

On employing Lemma 2.1, we get  which 
shows that  is a common fixed point of the mappings 

and . 

Uniqueness: Let  be another common fixed point of 
the mappings and . On using inequalities (3.1) and 
(3.2) with , , we have 

 

and 

 

or, equivalently, 

 

and 

 

Appealing to Lemma 2.1, we have . Therefore the 
mappings  and  have a unique common fixed point 
in . 

Remark 3.1 From the proof of Theorem 3.1, it is 
asserted that (CLRg) property never requires the 
completeness (or closedness) of the underlying 
subspace and containment of ranges amongst involved 
mappings. 

Example 3.1 Let  with metric  defined by 
 and define 

 

 

. Then  is an IFM-space where  
and  are continuous t-norm and continuous t-conorm 
defined by  and , 

. Now we define the self mappings  and  
on  by 

 

 

Consider a sequence or . 

Then we have 

 

Hence the pair  enjoys the (CLRg) property. It is 
noticed that . Here 

 is not a closed subspace of . Thus all the 
conditions of Theorem 3.1 are satisfied for some 

 and 1 is a unique common fixed point of the 
mappings and . Also all the involved mappings are 
discontinuous at their unique common fixed point. 

Our next theorem is proved for a pair of weakly 
compatible mappings by using the notion of property 
(E.A) under additional assumption of closedness of the 
underlying subspace. 

Theorem 3.2 Let  be an IFM-space with 
and , . 

Further, let the pair  of self mappings is weakly 
compatible satisfying inequalities (3.1) and (3.2) of 
Theorem 3.1. If  and  enjoy the property (E.A) and 

 is a closed subspace of  then  and  have a 
unique common fixed point in . 

Proof. If the pairs  satisfies the property (E.A), 
then there exists a sequence  in  such that 
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for some . Since  is a closed subspace of , 
there exists a point  such that  which 
shows that the pair  satisfies the (CLRg) property. 
The rest of the proof can be completed on the lines of 
the proof of Theorem 3.1. Therefore the mappings  
and  have a unique common fixed point in . 

Example 3.2 In the setting of Example 3.1, replace the 
mapping  by the following: besides retaining the rest 

 

Choose a sequence or . 

Then we have 

 

It implies the pair  satisfies the property (E.A). 
Also . Here  is a 
closed subspace of . Thus all the conditions of 
Theorem 3.2 are satisfied for some  and 1 is a 
unique common fixed point of the mappings and . 

Since the pair of non-compatible mappings implies to 
the pair satisfying the property (E.A), we get the 
following results: 

Corollary 3.1 Let  be an IFM-space with 
and , . 

Further, let the pair  of self mappings is weakly 
compatible satisfying inequalities (3.1) and (3.2) of 
Theorem 3.1. If  and  are non-compatible and 
is a closed subspace of  then  and  have a unique 
common fixed point in . 

Now we untilize Definition 2.7 (which is a natural 
extension of commutativity condition to two finite 
families) to define a new result in IFM-space. 

Theorem 3.3 Let  and  be two finite 

families of self mappings in IFM-space  
with and , 

 such that  and  
which satisfy the inequalities (3.1) and (3.2). Suppose 
that the pair  enjoys the (CLRg) property. 

Moreover  and  have a unique common 

fixed point provided the pair of families  
commutes pairwise where and 

.  

Proof. The proof of this theorem is similar to Theorem 
4.1 contained in [12], hence we did not include the 
details. 

Putting  and 
 in Theorem 4.1, we get the 

following natural result: 

Corollary 3.2 Let  and  be two self mappings in 
IFM-space  with and 

, . Further, let the 

pair  of self mappings enjoys the (CLRgn) 
property. If there exists a constant  such that 

      (3.3) 

and 

      (3.4) 

,  and  are fixed positive integers, 
then  and  have a unique common fixed point in  
provided the pair  commutes pairwise. 

Remark 3.2 The results similar to Theorem 3.3 and 
Corollary 3.2 can be outlined in view of Theorem 3.2 
and Corollary 3.1. The details of possible corollaries are 
not included here. 

CONCLUSION 

Theorem 3.1 is proved for a pair of weakly compatible 
mappings using the (CLRg) property in IFM-space 
without any requirement on containment of ranges 
amongst the involved mappings and completeness of 
the whole space (or closedness of any subspace). 
Theorem 3.1 improves the results of Kumar [15, 
Theorem 3.3] and Tanveer et al. [33, Corollary 3.2]. 
Theorem 3.3 and Corollary 3.2 also generalize the main 
results of Alaca et al. [6, Theorem 18] and Huang et al. 
[12] as the conditions of completeness (or closedness) 
of the underlying subspace, continuity of one or more 
mappings and containment of ranges amongst involved 
mappings are completely relaxed. 
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