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Abstract: We show that when the infimum of the exponent function, Hardy integral operator is a bounded operator from the Morrey
space with variable exponent to the weak Morrey space with variable exponent.
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1 Introduction

We show that when inf,c gpn p(z) = 1 Hardy integral operator is a bounded linear operator from the Morrey space with variable exponent to
the weak Morrey space with variable exponent. In this work, we obtain the weak type estimates for Hardy integral operators on Morrey spaces

with variable exponents. We introduce the weak(w) Morrey spaces with variable exponent Mﬁw) (see Definition 2.2) and show that H is a

bounded linear operator that maps MZ ) o Mﬁ)(uz The weak Morrey spaces has applications on the study of Navier-Stokes equations, see
[7,10]. The duality of weak Morrey space is investigated in [11]. Furthermore, we also have the atomic decompositions of weak-Hardy Morrey
spaces in [4].

2 Definitions and Auxillary Statements
For any p(.) : R™ — [1, oc], we define p* = sup,¢c gn p(z) and p~ = inf,c gn p(z) and also

RS = {2 € R" : p(z) = o0}

And also any € R" and r > 0, write B(z,7) = {z : |z — z| < r}.
Define ¥ = {B(z,r) : « € R",r > 0}.Furthermore we define

Tiog = {p(.) : R" — [1,00] : L is globally log — Holder continuous}.

p(.)
)

Definition 2.1.The weak Lebesgue space with variable exponent L, consists of all Lebesgue measurable functions f satisfying

Il ey = ili%AHX{m:|f(m)|>)\}HLP(-)

We call p(.) the exponent function of qu(').

Lemma 1. (See [5]) If p(.) : R" — [1, o0, then -l p¢) is @ quasi-norm. We now recall some basic results for LPY) . For some details on
the study of LP) . the reader is referred to [2, 8]. For any exponent function p(.) : R" — [1, 00|, define p/ (.) by
1

p()

4 =1

1
p(.)
with the convention that % =0.

Lemma 2. (See [5]) Let p(.) : R™ — [1, 00|. For any Lebesgue measurable set E with |E| < oo, we have

IxellLee) = IXEl 20 -
w
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Theorem 1. (See [8, Theorem4.3.8]) Let p(.) : R™ — [1,00]. If p(.) € T'jo4 with p~ > 1, then the Hardy-Littlewood maximal operator
M is bounded on LP).

Lemma 3. (See [5]) Let p(.) : R™ — [1, 00| be a globally log-Holder continuous with 1 < p~ < pT < co. Then, there exists a constant
C > 0 such that for any B € 1) we have

|Bl < lIxBllrorlIxBll, ) < CIBI.
Lemma 4. (See [8, Corollary4.5.9]) Let p(.) € I'1oq. There exist constants K,C > 0 such that for any B € 1, we have
a 1
K|B|"5 < |IxBllLe) < C|B|7E .

Theorem 2. (See [1, Theorem1.8(for « =1)]).Lerp(.): R™ — [1, 00]. Suppose that p(.) is globally log-Holder continuous and satisfies
1 <p~ <p' < n. Define q(.) by

1 1 1
- = (L
p() a() n
We have a constant C' > 0 such that for any f € Lp('),
IH fllLacr < ClIfllLee)
We see that whenever p(.) and q(.) satisfy (1), we have
1 1 1
— ——=>, VBevy @)

pPB 4B n

Theorem 3. (See [1, Theorem1.8(for « =1)]).Letp(.): R™ — [1, 00]. Suppose that p(.) is globally log-Holder continuous and satisfies
1 <p~ <p' < n. Letq(.) be defined by (1). We have a constant C' > 0 such that for any f € r0),

Hf o) < Cllfllpoc -

)

Definition 2.2. Let p(.) : R —» [1,00) and v : R™ x (0,00) —» (0, 00). The Morrey space with variable exponent M ,f ) consists of all

Lebesgue measurable functions f satisfying

1
Iy = sup = XB () Lre) <00
My B(z,ryep K(@,7) (z,m)lILP
The weak Morrey space with variable exponent M ,fﬁ‘u) consists of all Lebesgue measurable functions f satisfying
171 s X o <
) = up T AIIXB ) 00.
M B(z,r)ey k(z,r) (@)l

3  Main Result
Theorem 4. Let p(.) : R™ — [1,00) and k : R™ x (0,00) — (0, 00). Suppose that p(.) is globally log-Holder continuous and satisfies
1 <p~ <p' < n. Letq(.) be defined by (1).If there exists a constant C > 0 such that for any = € R™ and v > 0, k satisfies

> HXB(J:,T)”LQ(-)

- : k(z, 27Ty < Ck(x,7) A3)
¢ X2+ Lo

J
then we have a constant C > 0 such that for any f € M ,f ('),

[ H fllpgacr < Cllfllppreo-

Proof: Let f € le('). For any z € R™ and 7 > 0, write fo = Xp(z,2r)f and fj = XB(z,2i+17)/B(z,2ir) f> 7 € N/{0}. We have f =
Z?io fj- In view of Theorem 2.7, we find that

IXB(z,ryHfoll o) < Clifollpec) = Cllf xB(z2m I Leo “)
Notice that there exists a constant C' > 0 such that for any z € R™ and r > 0,
XB(z,2r) < CMXB(I,T)

Moreover, whenever p(.) is globally log-Holder continuous with 1 < p~ < pT < oo, then q(.) is globally log-Holder continuous with 1 <
p < p+ < 00. Therefore, Theorem 2.3 asserts that

IXB(z2mlLat) < CliMxgeml < ClixzmllLao

for some C' > 0. Consequently, (3) gives k(z, 2r) < Ck(z,r) for some C' > 0 independent of z and r. As a result of the above inequality, (4)
yields
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1 1
WHXB(Z,r)HfoHLgU«) < CW'|XB(z,2r)fHLP(-)

1
< Oran sean o < Clfllypo )
Next, for any j > 1, we have that for any = € B(z, )
|H fj(z)] < C2ij(n71)rin+1j |£(y)|dy.
B(z,29+1r)

The Holder inequality for LP O gives
XB(z,r) (@) |H fj ()]

—j(n—1) —n+1
< @27in=1=n+ XB(z,r) () X [IXB(z,2i+1m) Fl Lo IXB (220410 ) (©6)

Since p(.) is globally log-Holder continuous with 1 < p~ < p™ < co. Lemma 2.4 ensures that

+1),, w IXB(2i+1m) fll Lre) C2jr”XB(ZA,QjJrlT)f”LP(-)

Dj < c27i = mntlgn(s
IXB (22041 lLr) — IXB (2,201 I e

Lemma 2.5 and (2) show that

|B(z, 27 )| 1 _ o BG 2 )
IXB(z20+1m)lLee) — IXBz20v1m lLaey = IXB(z25+1) | 2O

for some C, K > 0 independent of z and .
1
Since |B(z, 2/ T1r)|% = C27r, where C > 0 is a constant independent of z and 7 > 0, we obtain

IXB(z,20+17) fll Lo

D; <C .
! ||XB(z,2a+1r)||Lq<->

Consequently,
oo

X zZ,r x Hf <CX ZT N
Bz );| i@l B IXB(-, 2J+1r)\|Lq<>

Z IXB (220417 fllLoe)

By applying the quasi-norm ||. || a() on both sides of the above inequality, we get

oo

Bz (@) D_IH @) o) < Clixpzn ac) Z

Jj=1

IXB(z,2i+17) Fll e

HXB(z,QJ‘Hr)HLQU

o0

<2

“ IxB(z,2+1r) | Lo

IXB(z) fll Lo

i+1
K 27l

Lemma 2.2 gives

1 > N k(z, 27+1 )y Ixsemfllpao
X x Hfj(x @ _
k(y, ) I B(zw)( )J2:21| 5 |||L(J( ) z:: (z,7) ||XB(z,21'+1r)||LQ(~) I ”M,f( )

< i k(z,2j+17") ||XB(z,r)fHL<1(~) Hf”

= p()-

o k) IxseeitinllLeo M
Therefore, (3) and (5) yield
1
WHXB(Z,T)(x)HfHLZS-)
1 1
C(ik(z T)mezr Y@ H foll ac) + e )HXB ) Z\Hf]|||Lq()) < Cllfll e

) i=1

for some C' > 0 independent of B(z,r) € 1. By taking the supremum over z € R™and r > 0, we obtain

[H fllpgacr < Cllfllppreo-

Thus the proof of Theorem 3.1 is completed.

O

The reader is referred to ([6], pp.366 — 367) for some examples of k that satisfies (3) and the relation between (3) with the conditions
imposed on k for the results obtained in [3, 9].
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