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Abstract

In this paper, we study the properties of generalized @ — cofinitely o —
supplemented modules or briefly @ — gcof; —supplemented modules. We show that any
direct sum of @ — gcof; —supplemented modules is a @ — gcof; — supplemented module.
If M isa @ — gcof; — supplemented module with SSP, then every direct summand of M

is @ — gcof; — supplemented.
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@® — Dual Sonlu & — Tiimlenmis Modiillerin Bazi Ozellikleri
Oz
Bu ¢alismada, genellestirilmis @ — dual sonlu & —tiimlenmis modiillerin 6zellikleri
calisildi. Bu modiiller kisaca @ — gcof; ile gosterildi. Genellestirilmis @ — dual sonlu & —
tiimlenmis modiillerin keyfi toplaminin da genellestirilmis @ — dual sonlu & —tliimlenmis
modiil oldugu gosterildi. M modiiliiniin direkt toplam terimlerinin toplama 6zelligine
sahip (DDT) genellestirilmis @ — dual sonlu ¢ —tiimlenmis bir modiil olmasi1 durumunda

M modiiliiniin her bir direkt toplam teriminin de genellestirilmis @ — dual sonlu & —

tiimlenmis modiil oldugu ispatlandi.
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Anahtar Kelimeler: & —kugiik alt modiil, & —tiimlenmis modiil, Dual sonlu alt

modiil, @ — dual sonlu tiimlenmis modiil
1. Introduction

In this study D is used to show a ring which is associative and has an identity. All
mentioned modules will be unital left D —module. The notation 4 < B means 4 is a
submodule of B. Any submodule 4 of an D—module B is called small in B and
showed by 4= B whenever 4+ C # B for all proper submodule C of B. Dually, a
submodule 4 of a D—module B is called to be essential in B which is showed by

A( B where AnK #0 for each nonzero submodule K of B. A module B is called

singular when B ;% for any module 4 and a submodule K of 4 with K( 4.

Zhou firstly mentioned the definiton of " & —small submodule" as a generalization
of small submodules in [1]. Remember that a submodule 4 of a module B is called as

0 —smallin B and which is showed by 4= ; B if B# A+ X for any submodule X of
B where % singular. The symbol O (B) will be used for the sum of all ¢ —small

submodules, that represents a preradical on the category of D —modules.

Let 4 and K be submodules of B. Then 4 is called a supplement of K in B
when 4 is minimal with the property B=4+K; in other words B=A4+K and
ANK = A. Definiton of supplemented module B is every submodule of B has a

supplement in B . There are a lot of papers related with supplemented modules. One can

examine the manuscripts [2,3].

Let 4 be a submodule of B . The submodule K is called a 6 —supplement of 4 in

B if B=A+K and B# A+ X for any proper submodule X of K where % singular,

in other words B=A4+K and AnK = ; K. Therefore B is called §—supplemented if

all submodules of B have §—supplement in B [4,5]. Nevertheless, B is said to be
® — 5 — supplemented whether all submodules of B have ®— & —supplement that is a

direct summand of B [6].
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A submodule 4 is named with cofinite in B as quotient module % is finitely

generated. Also the module B is named with “cofinitely supplemented if every cofinite

submodule has a supplement in B [7].

Following [8], if all submodules of B have a supplement which is a direct summand
of B, then B is named with ® — supplemented. In [9], @ — cofinitely supplemented
modules was examined and founded as a proper generalization of @ — supplemented
modules,. Any module B is named @ — cofinitely supplemented if each cofinite
submodule of B get a supplement which is a direct summand of B . As a result of this
definition, finitely generated @ — cofinitely supplemented modules are already @ —
supplemented. Basic properties of these modules we refer to [10,11]. Another

generalization of these modules was studied in [12].

According to [13], a D—module B is named as @ —cof; —supplemented if all

cofinite submodules of B have 6 —supplement which is a direct sum term of B. Some

properties of these modules we refer to [14, 15].

Talebi defined generalized 6 —supplemented modules. He called a submodule 4

of B is a generalized 6 —supplement submodule of B if one can find a submodule K of
B where B=A+K and ANK < §(A) . A module B is called a generalized & —
supplemented or shortly 6 —GS if each submodule of B possessed of a generalized 6 —

supplement in B [16].

B is called generalized @ — cofinitely 6 —supplemented module provided that each
cofinite submodule of B possessed of a generalized ¢ —supplement with direct summand

of B.Inplace of writing generalized ® — cofinitely ¢ —supplemented module, we choose

to use @ — gcof; —supplemented. In the next section, some fundamental properties of

@ — gcof ; —supplemented modules will be examined.

2. Main Results

Theorem 1. Any direct sum of @ — gcof; —supplemented modules is a @ — gcof; —

supplemented module for any ring D.
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Proof. Let {B,} _ be a collection of generalized @ — cofinitely & —supplemented

modules over an arbitrary ring D and let B=@® B, . Suppose that 4 is a cofinite
iel

Ui

submodule of B.Then B= A+ (é B, j can be written and it is easy to find that {0} isa
=

J

trivial generalized o6 —supplement of B= Bl.1 J{( (-nB Bi‘j+ Aj. If we remember the
j=2

following isomorphisms

then we have B m[A+((—nBB‘D is a cofinite submodule of B . Onwards B, is
J

=2

~
[

@ — gcof ; —supplemented, Bi1 N [A + ( (—nB B, D has a generalized 6 —supplement U, i in
J=2

B’i where Ui1 is a direct summand term of B’i’ With Lemma 2.4 in [17], Ui1 is a

i.

j in B. Ui1 is also a direct summand of B,
J

generalized & —supplement of 4+ ( Cl-lla2 B
J=

forwhy B’i is direct summand of B . If one continues in this way, it will be obtained that

A will have generalized 6 —supplement U i +U 3 +---+U, in B suchthatevery U, is
J J

a direct summand of B, for 1< j< 4. Since every B, is a direct summand of B, one
J J

can get éUl. is a direct summand of B. Therefore, the module B is @ — gcof; —
=1
supplemented.

Proposition 1. If B is a ®— gcof; —supplemented module, then each cofinite

B

5(B)

is a direct summand.

submodule of
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Proof. Assume that B is a @ — gcof; —supplemented module. We know that every
. B U ) .
cofinite submodule of —— has the form ——, such as U is a cofinite submodule of
5(B) 5(B)
B and 5(B)SU. By using hypothesis, we get B=A+U, ANU< 5(A) and

B=A®K suchthat 4,K < B. Since 5(A)S§(B),We have AmUSé'(B) and so
B _A+U (A+5(B) U
= = @ i
5(B) o(B) ( 4(B) J(B)
u . .
Consequently, —— is a direct summand of

B
5(B) 5(B)

A submodule 4 of a D—module B is named “fully invariant if one have

f(A)g A forall feS where where S'=End (B)”[3].1f B=U®V and 4 isafully

invariant submodule of B, then we obtain AZ(AF\U )@(AmV). o (B) is a fully
invariant submodule of B. A left D—module B is called a “duo module if any

submodule of B is fully invariant” [18].

Proposition 2. Suppose that B is a ® — gcof; —supplemented module. If U is a

fully invariant submodule of B . Then g is a ® — gcof ; — supplemented module.

Proof. Assume that g is a cofinite submodule of g Therefore K is a cofinite

submodule of B. As B is a @ — gcof; —supplemented module, one can find C, 4
submodules of B where B=K+C, KNC<o (C ) and B=C® 4. Using Proposition

B

2.9 in [16], we can see that v is one of the generalized ¢ —supplement of g in I

. If we remember that U = (U NC )G—)(U mA) can be written because of being fully

18

invariant submodule of B, then we have g = (C;UJ ® ( 4 ;UJ . Therefore C+U

a generalized o —supplement of g such that c+v is a direct summand of g .
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Corollary 1. Let B be a © — gcof ; — supplemented and a duo module. Then every

factor module of B is a ® — gcof s — supplemented module.

Proposition 3. Assume that B is @ — gcof; —supplemented, A is a fully invariant

submodule of B and a cofinite direct summand of B. Then it’s ©—gcof;—
supplemented.
Proof. Assume that A is a cofinite direct summand of B. Then, there exists a

submodule 4" of B with B=A® 4. If U is cofinite submodule of 4, then g, A are

finitely generated and U is cofinite. As B is @ — gcof; —supplemented, we have
B=U+K,UNK<5(K)and B=K®K suchthat K,K <B.ByLemma2.1in[18],
we have 4=(4NK)®(A4NK'). Since B=U+K, we have A=U+A4NK . Also

ANK is a direct summand of B. Hence, AN K is a d —supplement submodule in B.

By using Lemma 2.2 in [16], we can obtain Um(AmK) < 5(AF\K). Thus ANK isa

generalized & —supplement of U in 4. This means 4 is @ — gcof; —supplemented.

Theorem 2. Assume that B is direct sum of submodules B, and B,. B, is

@ — gcof ; —supplemented < there is a submodule K of B, with K is one of the direct

summand of Band B=U+K, UNK < §(K) for each cofinite submodule v ofﬁ.
1 1
B/B
Proof. Let v be any cofinite submodule of E If we remember ( 1) = B and
B B (U/B) U
B B, . . .
—=_——=——, then it follows that UNB, is a cofinite submodule of B,. By the
U (UnB,)

assumption, there are K,K submodules of B, with B,=(UNB,)+K,
(UNB,)NK<5(K) and B,=K®K . Therefore the equalities
B=B +B,=B+(UNB,)+K=U+K can be obtained. Also we get

(UmBz)mKZUmKSé'(K) and so K is direct summand of B.
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Conversely, let’s take A4 as any cofinite submodule of B, . Note that

(lzj . B :(A+B1+B2); B, _B,
[(A;Bl)j (4+B))  (4+B) ~(B,n(4+B)) 4

. B . .. (4+B)
Since the last module 72 is finitely generated ,

) ) B
is a cofinite submodule of —.
1 1

By the assumption , we have a submodule K in B, where K is a direct summand of B
with B=K+A+B, and (4+B)NK <5(K). Then it follows that B, = A+K and

ANK <5(K) and so B, is ©— gcof; —supplemented.

Proposition 4. Let B be ® — gcof s — supplemented with 5(3) = sB.Then B isa

@ — cof ; —supplemented module.

Proof. Let A be any cofinite submodule of B. As B is @ — gcof; —supplemented,
there are submodules K and K of B where B=A4+K and ANK<5(K),
B=K®K . Remember that ANK <5(K)<5(B)= ; B. Therefore ANK= ;K by

Lemma 1.1 in [14]. As aresult, B is @ —cof; —supplemented.

U+
Theorem 3. Let B be @ — gcof; —supplemented and U < B. If (T is a

direct summand ofg for all direct summand of W of B, then g is ©—gcof; —

supplemented.

Proof. Assume that g 1s a cofinite submodule in g where A cofinite submodule

of B and U £ 4. Since B is a ® — gcof; —supplemented module, one can find a direct

summand V' of B suchthat B=A+W , ANW <5(W) and B=W @V where V' is any

submodule of B. Now, we have g = é +(U i 1S a

U J Also, by hypothesis, vew
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direct summand of g .Let /:B— g be canonical epimorphism. Since ANW <6 (W)

and

(Ajm(U+W]:AFWU+W):U+L%ﬁW)

U U U U

U+Wj

:fpnmeJ@ﬂW»sa( -

by Lemma 1.5 in [1], it follows that vew

is generalized & —supplement of A in B
U U

which is a direct summand.

A D-module B has SSP “(Summand Sum Property) if the sum of two direct

summand of B is again a direct summand of B ” [3].

Theorem 4. If B is ®— gcof; —supplemented with SS property, then each direct

summand of B is @ — gcof; —supplemented.

Proof. Assume that U, is a direct summand of B. Therefore we get B=U, @U
for U < B. Let A be a direct summand of B . Having SS property of B, we can write
U+4) (K+U
v +4) (K+0)

U U

' B
that B = (U +A)€r)K such that K < B. Thus, the equality U =

implies that ﬁ is a @ — gcof; — supplemented module by Theorem 3.
U

We already know from [19] that, a D —module B is named weakly distributive if

each submodule of B is a weak distributive submodule of B, H 1is called a weak

distributive submodule of B if H=(H M )+(H N N) for all submodules of B where

B=M+N.

Theorem 5. If B is @ — gcof; —supplemented and weakly distributive, then % is

@ — gcof ; —supplemented for each submodule E of B.
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Proof. Suppose that M is a direct summand of B. Then B=M @ N for some

E+M
E

. B E+N Y
submodule N of B and we can write z :( ]+( 2 ] . By distributive property

of B, we have E=E+(MmN)=(E+M)m(E+N). This equality says that

B | E+M E .

A s S N and therefore B is a @ — gcof; —supplemented module by
E E E E

Theorem 3.

A D—-module B is said to have property (D, ) “if B, and B, are direct summands

of B with B= B, +B,, then B, N B, is also a direct summand of B [2].

Theorem 6. If' B is a ®— gcof ; —module with the property (D3), then all cofinite

direct summand terms of B is a ® — gcof; —module.

Proof. Assume that U is any cofinite direct summand of B . Then we can find a

submodule U of B where B=U @U and U is finitely generated. If 4 is any cofinite

submodule of U, then A is also cofinite submodule of B by the fact that % = %@ U'is

finitely generated. Since B is @ — gcof;, we have a direct summand W of B whereas
B=A+W, AﬁWSé'(W). Note that B=U+W and U = A+(UmW). Having (D3)
property of B implies that UnW is a direct summand of B. Thus
AN(W AU)=AnW <5(W NU) by using Lemma 2.2 of [16]. Furthermore U "W is
a direct summand of U forwhy so does WU of B. Hence U is @ — gcof; —

supplemented.

Lastly, there is a module example which is @ — gcof; —supplemented but not

@ — 0 — supplemented.

Example 1. [13, Example 1]. Let D=7 and B = @Bi ,witheach B, =7 _ , where
P

iel
p is a prime number. Then B, are 6 —supplemented. By Theorem 1, B is @ — gcof; —

supplemented. However B is not @ — ¢ —supplemented.
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