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Abstract

In this paper by establishing the Frenet frame {T, N, By, B,} for a timelike curve we
study the different position vectors of timelike curves in Semi-Euclidean space R3. We

gave the position vectors of timelike curves in terms of curvature functions which lie on

the three dimensional subspaces of R3.
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R} deki Timelike Egrilerin Karakterizasyonlar1 Uzerine
Ozet

Bu caligmada R# semi-Oklidyen uzayda bir timelike egrinin farkli yer vektorleri
{T,N, By, B,} Frenet ¢atis1 kullanilarak ¢alisilmistir. R uzayimin 3-boyutlu alt uzaylarinda

yatan timelike egrilerin yer vektorleri arastirilmis ve bu yer vektorleri egrinin egrilik

fonksiyonlart tiiriinden ifade edilmistir.

Anahtar Kelimeler: Timelike egri, Frenet gatisi, Semi-Oklidyen uzay

1. Introduction

The classical differential geometry of curves have been studied by several authors.

Fernandez, Gimenez and Lucas introduced a reference along a null curve in an n-
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dimensional Lorentzian space with the minimum number of curvatures [1]. Coken and
Ciftei reconstructed the Cartan frame of a null curve in Minkowski spacetime for an
arbitrary parameter, and they characterized pseudo-spherical null curves and Bertrand

null curves in R [2]

[larslan and Boyacioglu studied position vectors of a timelike and a null helice in

R} [3]. ilarslan and Nesovic gave the necessary and sufficient conditions for null curves

in Ef to be osculating curves in terms of their curvature functions [4].

[larslan studied spacelike curves with different normal vectors in Minkowski space

R} [5]. ilarslan, Nesovic and Petrovic-Torgasev characterized rectifying curves in the R
[6].

Ali and Onder characterized rectifying spacelike curves with curvature functions in

Minkowski spacetime [7].

Keles, Perktas and Kili¢ studied Biharmonic Curves in LP-Sasakian Manifolds [8].
Akgilin and Sivridag gave some theorems for null Cartan curves in 4-dimensional
Minkowski space [9]. Also, in [10], Akgiin and Sivridag studied the spacelike curves of
Minkowski 4-space.

In that work, some basic knowledge about curves in R3 is given in the second

section. The original part of this paper is the third section. In the third section we gave

the conditions for timelike curves to lie on subspaces of R5 and gave theorems for such

curves.
2. Preliminaries

Let RS denotes semi-Euclidean 4-space together with two index metric {,) of
signature (—, —,+, +). A vector X is called timelike if (X, X} << 0, spacelike if (X, X) = 0
and null (lightlike) if (X, X) = 0 and X # 0, respectively. The norm of a vector X € R;

is denoted by Il X |l and defined by || X |I= /|[{X, X}|.

A curve @ in R; is called a null curve if {a'(s),a'(s)) = 0 and a'(s) # 0, timelike
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curve if {(a'(s),a'(s)) < 0 and spacelike curve if {a'(s), a'(s)) = 0, for Vs € R.

Let @ be a timelike curve in R; with the Frenet frame {T, N, By, B,} and let N be a
spacelike vector, By and B, be null vectors. In this case there exists a unique Frenet frame

{T,N, B4, B,} for the timelike curve @(s) with Frenet equations [11]
VT =k,N,
VN=—k,T—k,B,, (1)
VB, = —k,N—k3B,,
VB, =k3B,,
where T, N, By and B, are mutually orthogonal vectors satisfying
(By,B;) = (N,N)=1,(By,B,) = (B,,B,) = 0,(T,T) = —1. (2)

3. On The Timelike Curves in R;

In this section we will give the conditions under which the timelike curves lie

subspaces of R .

Let @ be a timelike curve in R; with the Frenet frame {T, N, B;, B,}. Then, the 3-
dimensional subspaces of R; are spanned by {T,N,B,}, {T,N,B,}, {T,B,,B,} and
{N.By, B,}.

Case 1. Let the timelike curve @ lies on the space Span{T, N, B,}. We can write
a(s) = A(s)T + u(s)N + y(s)B,, 3)

for differentiable functions 4, p and ¥ of the parameter s. If we Differentiate (3.1) we

have
a'(s) = (A'(s) — u()ky ()T + (A(S)k1(5) + £'(5) —v(S)k2 (SN (4

H(=u(8)ky(s) +¥'(s))By + ¥(s)ks () By
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From (4) we have

2(s) — (kg (s) = 1,

A(S)ky(s) + 4'(s) —¥()ka(s) =0,

—u(s)ky(s) +¥'(s) = 0,
y()ks(s) = 0.

©)

If ¥(s) = 0 we see that p(s)k,(s) = 0. From this result if p(s) =0 we find

A(s) = s +c¢. So we find
a(s) =(s+c)T.
If k,(s) = 0, we find the equations
() = u(s)ky(5) = 1,
A(S)ky(s) +u'(s) = 0.

From (7) we find the differential equation

d
ds

k,(s) ds
By using exchange variable t = fos k,(s)ds in (3.6) we have

d® uis)

+u(s) =-1.

ds®
The general solution of (9) is

u(s) = cycost + cysint — 1,

where ¢4, ¢; € R. Replacing variable t = fos k,(s)ds in (10) we obtain

u(s) = cycos f: ky(s)ds + c,sin fos ky(s)ds — 1.

From the equation (7) we have
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( 1 d#(s}) + u(s)ky(s) = —1.

(6)

(7)

(8)

©)

(10)

(11)



A(s) = —¢ysin [ ky(s)ds + ¢ysin [ ky(s)ds. (12)
So we have
a(s) = (—c,sin f: k,(s)ds + c,sin f: k,(s)ds)T (13)
+(cicos f; ky(s)ds + c,sin fos ky(s)ds — 1)N.
If k;(s) = 0, then we have
A(s) — u()ky(s) = 1,

A(S)ky(s) + 1'(5) — ¥(s)ky(s) =0, (14)
—u(s)ky(s) +v'(s) = 0.

From (14) we find the differential equation
1+ p(s) (ki (s) — k3 (s)) = —ky(s)- (15)

Here k4 (s) and k,(s) are nonzero constants. From (15) we find

u(s) = cycosy(k2(s) — k2(5))s + cosiny/ (k2(s) — k2 (5))s + —a—. (16)

k::{s}—kg(s}'
If we use the equation A'(s) + u(s)k4(s) = 1 we have

kyis)

/1(5) = (m + 1)5‘ (17)

R ( \}"(kfcs)—ks(s))s+c1sinj(k%(s)—k%(s))s)-
V() - k() \ '

From the equation u(s)k,(s) +¥'(s) = 0 we find

k.i(s)

'}’(S) = ki(s}—ki{s} = (18)

— kz(s) ( [' kg _k2 _ . ]l k2 _ k,,2 )
v"(kf(s) — k%(s))s lczcos\‘l( 1(5‘) 2(5))5 Cisln\‘]( 1(5‘) ‘(S))S‘ X

So we can give the following theorem:
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Theorem 1. Let @ be a timelike curve in R;. If the curve @ lies on the subspace

spanned by {T, N, By}, then it is one of the following forms
(i) a(s)=(s+c)T
or
(it) a(s) = (—eysin [; ky(s)ds + ¢;sin [ ky(s)ds)T
+(cicos f: ky(s)ds + c,sin f: ky(s)ds — 1)N

where k,(s) = 0 or

(LLL) a(s) - [(kf(s}—ki':s} = 1)5

— L (cc05(KI() — K3())s + eysiny (kI () — KE(9))s) | T

3 s
‘o\k._(s}—kzo\s})s

v

+ [cicos\,""(kf(S) — k2(s5))s + c,siny (k3 (s) — k2(s))s — k__ls‘;] N

= =
ki(si—kg(s)

‘ [ k. (=)

-
kiisi—kzis)

— 22 (cycosy/(K(5) = KE(5))s — cysiny(KE(s) — K3())s) | Bs.
(kiis)—kzi(s))s

v
where k4 (5) and k, () are nonzero constant.

Case 2. Let the timelike curve @ lies on the space Span {T, N, B,}. In that case we

can write
a(s) = A(s)T + u(s)N + y(s)B,. (19)

Differentiating (19) we have
a'(s) = (A'(s) = u()ky (SNT + (A(s)ky(s) + 1'(s)IN (20)

+H(=u(s)ky(s) + ¥()k3(s))By +7'(5)B,.

347



From (20) we have the following equations:

2(5) = k(g () = 1,
A(S)k,(s)+u'(s) =0,

yY'(s) =0,

—u(s)ky(s) +y(s)ks(s) =0.

@2y

From (21) we see that y(s) = ¢ and u(s) = cti:j If we use these equations in
A(s)ky(s) + 1'(s) = 0, we obtain
As) = ¢ ks':S}k;zfgj;k’;:ss?)kz.:s}’ (22)
So we have
a(s) = (C kslsk;tlss—kk"slsk's) T+ (czs_:j)N +cB,. (23)

So we can give the following theorem.

Theorem 2. Let @ be a timelike curve in R5 . If it lies on the subspace spanned by

{T,N,B,}, then it is in the form

ko (s)kiis)—ki(s)k,(5) k(5]
a(s)=(c = = P )T+(c—' )N+ch,

k., (s)k3(s) kois)
where ¢ € R.

Case 3. If we suppose that the timelike curve @ lies on the space Span{T, By, B,}

we can write
a(s) = A(s)T + u(s)By +¥(s)B,, (24)
Differentiating (24) we have
a'(s) = A()T + (A(8)ky(s) — u()k2 (SN + (4'(s) + ¥()ks(s))By  (25)
+('(s) — u(s)k;(s)) B,

From (25) we have the following equations:
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A(s)=1,

A(S)ky(s) — u(s)ky(s) =0,
1'(s) +y(s)ks(s) = 0,
¥'(s) — u(s)ks(s) = 0.

(26)

From (26) we can write A(s) =s + ¢ and p(s) = k°::l (s +¢). If we take account the

K,

equation u'(s) + ¥(s)k;(s) = 0, we obtain

) _ k,i(s) _ ki, (shky(s)—k,(s)kiy(s) ‘
Y(s) - ko (s)kg(s) ke (s)k2(s) (S' + C)- (27)
So we have
( ) _ + T+ (k._(s} —s+ )B +( k. i(s) _ ki (siky(s)—k,(sikty(s) (S‘ + C))B
a\s) = (S C) szs}( s C) 1 ko isikgis) ksfs}k::(s} 2

Theorem 3. Let @ be a timelike curvein R; . If it lies on the subspace spanned by

{T, By, B,}, then it is in the form

_ k,(s) _ k(=) _ ki (siky(s)—k,(sikty(s)
a(s) =(s+c)T+ (—km (—s+ c)) B, + (szs}ksm () (s+ c)) B,.

Here c is a constant.

Case 4. Let the timelike curve @ lies on the space Span{N, B4, B,}. In that case we

have
a(s) = A(s)N + u(s)By + y(s)B,. (28)
Differentiating (28) we find that
a'(s) = A(s)ky ()T + (A'(s) — u(s)k,(s))N (29)
+(A(s)ky(s) + 1'(s) =¥ ()ks(5))By + (¥'(5) + u(s)k3(s)) Ba.

From (29) we have the following equations:

A(s)ky(s) =1,

A(s) —u(s)k,(s) =0,

—A(s)ky(s) + ' (s) + ¥(s)ks(s) =0,
Y'(s) — u(s)kz(s) = 0.

(30)
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From (30) we can write A(s) = k; and u(s) = —

(s)

ki, (s) -. If we take account the

ko (s)kE(s)

equation A'(s) — u(s)k,(s) = 0, we obtain

( ) ko (s) kit (s)k, (s)ky(s)—ki, (s)(2kt, (s)k () +k, (S)kiL(s))
v(is) = f2lE) 1 1 z |5 ALIC RO IOLLAOLIAC)
Yis. k,(sikg(s) kilﬁ_s}k.j (s)kgis)
So we have

1 ki, (s)

a(s) = — | N (— ‘—) B 31
(s) (k._.;s)) + ka()k3(s)) L D
( ky(s) kit (s)k,(s)ky(s)—kt, () |:2kf._0:s}k2l:s}+k._(:s}kf:':5'}:') B
k. (sikgis) kf(s]ki(s}kil:s} 2

So we can give the theorem.

Theorem 4. Let @ be a timelike curve in R5. If it lies on the subspace spanned by

{N, By, B,}, then it is in the form

o __ ke
a(s) = (klcs))“’ T ( k:(s)k%cs)) B

( kols) kit (sik,(sikyls)—kt,(s) |:2kf,.o:s}k2|:s:|+k,.|:s}kf:|:s}:|) B

k,(s)kgis) KE(S)k3i(s)kgis)

S
&
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