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Abstract 
 
In this work, we give some basic informations about Ricci solitons on nearly Kenmotsu manifolds and 
some structures on this manifolds satisfying semi-symmetric metric connection. Then we consider some 
important results and theorems of Ricci solitons on Ricci-recurrent and Φ−recurrent nearly Kenmotsu 
manifolds with semi-symmetric metric connection. Also final part of the present paper, we study Ricci 
solitons on quasi-projectively flat nearly Kenmotsu manifolds with semi-symmetric metric connection. 
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1. Introduction 

 
Although Ricci flows represent the study of physical science, it has recently become an 
important subject of study in mathematics, especially in differential geometry [1]. Most of these 
studies are composed of Ricci solitons on various manifolds. Especially considering the history 
of contact structures, Ricci flow has been a starting point for us in the formation of contact 
manifolds. Ricci flows were first introduced by Hamilton [2] in 1982. If we refer about the 
Ricci flow equation on a compact Riemannian manifold 𝑀𝑀2𝑛𝑛+1, we can give the following 
formula with the Riemannian metric 𝑔𝑔 by: 
 

𝜕𝜕𝑔𝑔 
𝜕𝜕𝜕𝜕

 =  −2𝑅𝑅𝑅𝑅𝑅𝑅𝑔𝑔 
 
such that 𝑅𝑅𝑅𝑅𝑅𝑅𝑔𝑔 is defined as Ricci curvature tensor and 𝜕𝜕 is time. 
 
By the way on a Riemannian manifold (𝑀𝑀2𝑛𝑛+1,𝑔𝑔), a Ricci soliton is a soliton defined by 
Hamilton [4] similar to the Ricci flow and moves only with a one-parameter of the 
difeomorphism family. Also it is defined by the following relation 
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(ℒ𝑉𝑉𝑔𝑔)(𝑋𝑋,𝑌𝑌) + 2𝑆𝑆(𝑋𝑋,𝑌𝑌) + 2𝜆𝜆𝑔𝑔(𝑋𝑋,𝑌𝑌) = 0, (1) 
 
such that S is the Ricci tensor associated to 𝑔𝑔,  𝐿𝐿𝑉𝑉 is the Lie derivative operator along the vector 
field and 𝜆𝜆 is a real scalar [5]. 
 
It is well known that nearly Kenmotsu manifolds can be characterized through their Levi-Civita 
connection by 
 

(𝛻𝛻𝑋𝑋𝜙𝜙)𝑌𝑌 + (𝛻𝛻𝑌𝑌𝜙𝜙)𝑋𝑋 = −𝜂𝜂(𝑌𝑌)𝜙𝜙𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝜙𝜙𝑌𝑌 
 
for any vector fields 𝑋𝑋 and 𝑌𝑌 [6]. 
 
Moreover if 𝑀𝑀2𝑛𝑛+1 satisfies the following equation 
 

(𝛻𝛻𝑋𝑋𝜙𝜙)𝑌𝑌 = −𝑔𝑔(𝜙𝜙𝑋𝑋,𝑌𝑌)𝜉𝜉 − 𝜂𝜂(𝑌𝑌)𝜙𝜙𝑋𝑋 
 
then it is called Kenmotsu manifold [7]. 
 
The notion of semi-symmetric manifold is defined by 
 

𝑅𝑅(𝑋𝑋,𝑌𝑌).𝑅𝑅 =  0, 
 
for all vector fields 𝑋𝑋, 𝑌𝑌 on 𝑀𝑀2𝑛𝑛+1, where 𝑅𝑅(𝑋𝑋,𝑌𝑌) function as a derivation on 𝑅𝑅 [8]. At a point 
𝑝𝑝 ∈ 𝑀𝑀2𝑛𝑛+1, curvature tensor of (𝑀𝑀2𝑛𝑛+1,𝑔𝑔), 𝑅𝑅𝑝𝑝, is called “semi-symmetric space”, when it is 
same as the curvature tensor of a symmetric space [6].  
 
Ricci soliton and gradient Ricci soliton and also 𝜂𝜂- Ricci solitons on nearly Kenmotsu manifolds 
have been studied before [14,15]. In this paper we have studied Ricci solitons on nearly 
Kenmotsu manifolds under semi-symmetric conditions. We give certain properties of Ricci 
solitons on a nearly Kenmotsu manifold with semi-symmetric metric connection. In section 2, 
basic definitions and informations about Ricci solitons on nearly Kenmotsu manifolds have 
been given. In the next section, we give some curvature identities about curvature tensor of 
Ricci solitons on nearly Kenmotsu manifolds with semi-symmetric metric connection. In 
sections 4 and 5, we find some basic results and theorems on Ricci-recurrent and 𝜙𝜙-recurrent 
nearly Kenmotsu manifolds with semi-symmetric metric connection. Final part of the present 
paper deals with the study of Ricci solitons on quasi-projectively flat nearly Kenmotsu 
manifolds with semi-symmetric metric connection. 
 

2. Preliminaries 
 

Throughout the paper, all objects are to be regard as 𝐶𝐶∞ class manifolds and we accept 
𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊 ∈  𝜒𝜒(𝑀𝑀2𝑛𝑛+1) as vector fields on 𝑀𝑀2𝑛𝑛+1. 
 
Let (𝑀𝑀2𝑛𝑛+1,𝜙𝜙, 𝜉𝜉, 𝜂𝜂,𝑔𝑔) be an (2𝑛𝑛 +  1)− dimensional differentiable almost contact Riemannian 
manifold with the compatible geometric structures on, such that 𝜙𝜙 is a (1, 1)−tensor field, 𝜉𝜉 is 
a characteristic vector field, 𝜂𝜂 is a 1−form and 𝑔𝑔 is a Riemannian metric. With this concept, the 
structure shown in the form of is called almost contact metric structure on 𝑀𝑀2𝑛𝑛+1. Meanwhile 
(𝜙𝜙, 𝜉𝜉, 𝜂𝜂,𝑔𝑔) structure satisfies the following conditions [9] 
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𝜂𝜂(𝜉𝜉)  =  1, 
𝜂𝜂 ∘ 𝜙𝜙 =  0, (2) 
𝜙𝜙2𝑋𝑋 =  −𝑋𝑋 +  𝜂𝜂(𝑋𝑋)𝜉𝜉, 
𝑔𝑔(𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌 )  =  𝑔𝑔(𝑋𝑋,𝑌𝑌) − 𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌), 
 
where 𝑋𝑋,𝑌𝑌 ∈  𝜒𝜒(𝑀𝑀2𝑛𝑛+1). 
 
In addition to these features, an almost contact metric structure with (𝜙𝜙, 𝜉𝜉, 𝜂𝜂,𝑔𝑔)  satisfies the 
following conditions: 
 
𝜙𝜙(𝜉𝜉)  =  0, 
𝜂𝜂(𝜉𝜉)  =  1,  (3) 
𝜂𝜂(𝜙𝜙𝑋𝑋)  =  0, 
𝜂𝜂(𝑋𝑋)  =  𝑔𝑔(𝑋𝑋, 𝜉𝜉), 
 
𝑔𝑔(𝑋𝑋,𝜙𝜙𝑌𝑌)  +  𝑔𝑔(𝑌𝑌,𝜙𝜙𝑋𝑋)  =  0. (4) 
 
Moreover, satisfying 
 

𝑑𝑑𝜂𝜂(𝑋𝑋,𝑌𝑌)  =  𝑔𝑔(𝑋𝑋,𝜙𝜙𝑌𝑌 ) 
 
condition, a Kenmotsu manifold (𝑀𝑀2𝑛𝑛+1,𝜙𝜙, 𝜉𝜉, 𝜂𝜂,𝑔𝑔) is called almost contact metric manifold. In 
1972 Kenmotsu manifolds have been studied by Kenmotsu [7]. 
 
An almost contact manifold (𝑀𝑀2𝑛𝑛+1,𝜙𝜙, 𝜉𝜉, 𝜂𝜂,𝑔𝑔) is called nearly Kenmotsu manifold by Shukla 
with the following relation: 
 
(𝛻𝛻𝑋𝑋𝜙𝜙)𝑌𝑌 + (𝛻𝛻𝑌𝑌𝜙𝜙)𝑋𝑋 = −𝜂𝜂(𝑌𝑌)𝜙𝜙𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝜙𝜙𝑌𝑌, (5) 
 
where 𝛻𝛻 is Levi-Civita connection of 𝑔𝑔 [10]. 
 
As a result, it is understood that every Kenmotsu manifold is nearly Kenmotsu manifold but 
converse is not true [11]. 
 
In addition, we can give the following relations on an (2𝑛𝑛 +  1) − dimensional nearly 
Kenmotsu manifold 𝑀𝑀2𝑛𝑛+1 without proofs that we will use throughout this paper [11]: 
 
𝛻𝛻𝑋𝑋𝜉𝜉 = 𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝜉𝜉,𝛻𝛻𝜉𝜉𝜉𝜉 = 0, (6) 
 
((𝛻𝛻𝑋𝑋𝜙𝜙)(𝑌𝑌) = 𝑔𝑔(𝑋𝑋,𝑌𝑌) − 𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌), (7) 
 
𝑅𝑅(𝑋𝑋,𝑌𝑌)𝜉𝜉 = 𝜂𝜂(𝑋𝑋)𝑌𝑌 − 𝜂𝜂(𝑌𝑌)𝑋𝑋, (8) 
 
𝑅𝑅(𝜉𝜉,𝑌𝑌)𝑍𝑍 = −𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜉𝜉 + 𝜂𝜂(𝑍𝑍)𝑌𝑌, (9) 
 
𝑅𝑅(𝜉𝜉,𝑌𝑌)𝜉𝜉 = −𝑅𝑅(𝑌𝑌, 𝜉𝜉)𝜉𝜉 = 𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝜉𝜉, (10) 
 
𝜂𝜂(𝑅𝑅(𝑋𝑋,𝑌𝑌)𝑍𝑍) = 𝑔𝑔(𝑋𝑋,𝑍𝑍)𝜂𝜂(𝑌𝑌) − 𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜂𝜂(𝑋𝑋), (11) 
 
𝑆𝑆(𝑋𝑋, 𝜉𝜉) = −2𝑌𝑌𝜂𝜂(𝑋𝑋), (12) 
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𝑄𝑄𝑋𝑋 = −2𝑌𝑌𝑋𝑋, (13) 
 

𝑄𝑄𝜉𝜉 = −2𝑌𝑌𝜉𝜉, (14) 
 

𝑆𝑆(𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌) = 𝑆𝑆(𝑋𝑋,𝑌𝑌 ) + 2𝑌𝑌𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌 ), (15) 
 

𝑅𝑅(𝜙𝜙𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) + 𝑅𝑅(𝑋𝑋,𝜙𝜙𝑌𝑌,𝑍𝑍,𝑊𝑊) + 𝑅𝑅(𝑋𝑋,𝑌𝑌,𝜙𝜙𝑍𝑍,𝑊𝑊) + 𝑅𝑅(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝜙𝜙𝑊𝑊) = 0, (16) 
 

𝑅𝑅(𝜉𝜉,𝑌𝑌,𝑍𝑍,𝑊𝑊 ) = 𝜂𝜂(𝑍𝑍)𝑔𝑔(𝑌𝑌,𝑊𝑊) − 𝜂𝜂(𝑊𝑊)𝑔𝑔(𝑌𝑌,𝑍𝑍), (17) 
 

𝑅𝑅(𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌,𝑍𝑍,𝑊𝑊) = 𝑅𝑅(𝑋𝑋,𝑌𝑌,𝜙𝜙𝑍𝑍,𝜙𝜙𝑊𝑊), (18) 
 
𝑅𝑅(𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌,𝜙𝜙𝑍𝑍,𝜙𝜙𝑊𝑊) = 𝑅𝑅(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) − 𝜂𝜂(𝑋𝑋)𝑅𝑅(𝜉𝜉,𝑌𝑌,𝑍𝑍,𝑊𝑊) + 𝜂𝜂(𝑌𝑌)𝑅𝑅(𝜉𝜉,𝑋𝑋,𝑍𝑍,𝑊𝑊) (19) 
 
for any vector fields 𝑋𝑋,𝑌𝑌,𝑍𝑍,∈  𝜒𝜒(𝑀𝑀2𝑛𝑛+1). 
 
In the above equations, 𝑅𝑅 is both (1,3) type Riemannian curvature tensor and (0,4) type 
Riemannian curvature tensor defined as 𝑅𝑅(𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊) = 𝑔𝑔(𝑅𝑅(𝑋𝑋,𝑌𝑌)𝑍𝑍,𝑊𝑊). 
 
𝑆𝑆 is the Ricci tensor of type (0,2) defined as 𝑆𝑆(𝑋𝑋,𝑌𝑌) = 𝑔𝑔(𝑄𝑄𝑋𝑋,𝑌𝑌) depending on the Ricci 
operator 𝑄𝑄 
 
Now we will give some definitions that we will use for our results later: 
 
Definition 2.1 Let 𝑀𝑀 be an 2𝑛𝑛 +  1 dimensional nearly Kenmotsu manifold. A connection 𝛻𝛻�  
on 𝑀𝑀 is called semi-symmetric connection if its torsion tensor 
 
𝑇𝑇(𝑋𝑋,𝑌𝑌) = 𝛻𝛻�𝑋𝑋𝑌𝑌 − 𝛻𝛻�𝑌𝑌𝑋𝑋 − [𝑋𝑋,𝑌𝑌], (20) 
 
satisfies 
 
𝑇𝑇(𝑋𝑋,𝑌𝑌) = 𝜂𝜂(𝑌𝑌)𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝑌𝑌, (21) 
 
besides, a semi-symmetric connection with 
 
(𝛻𝛻�𝑋𝑋𝑔𝑔)(𝑌𝑌,𝑍𝑍) = 𝑔𝑔(𝛻𝛻�𝑋𝑋𝑌𝑌,𝑍𝑍) + 𝑔𝑔(𝑌𝑌,𝛻𝛻�𝑋𝑋𝑍𝑍). (22) 
 
condition is called semi-symmetric metric connection. 
 
Definition 2.2 Let 𝑀𝑀2𝑛𝑛+1 be an 2𝑛𝑛 + 1 dimensional nearly Kenmotsu manifold and 𝛻𝛻�  be the 
Levi-Civita connection on 𝑀𝑀2𝑛𝑛+1. Then 𝛻𝛻�  
 
𝛻𝛻�𝑋𝑋𝑌𝑌 = 𝛻𝛻𝑋𝑋𝑌𝑌 + 𝜂𝜂(𝑌𝑌)𝑋𝑋 − 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉 (23) 
 
is the semi-symmetric metric connection on 𝑀𝑀2𝑛𝑛+1. 
In the above definitions curvature tensor, the Ricci tensor, the Ricci operator and the scalar 
curvature are defined as 𝑅𝑅� , �̃�𝑆,𝑄𝑄�  and �̃�𝑟 respectively on a nearly Kenmotsu manifold with semi-
symmetric metric connection 𝛻𝛻�  (Linear connection). 
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Similarly, we give the curvature tensor, the Ricci tensor, the Ricci operator and the scalar 
curvature as 𝑅𝑅, 𝑆𝑆,𝑄𝑄 and 𝑟𝑟 respectively of a nearly Kenmotsu manifold with semi-symmetric 
metric connection 𝛻𝛻 (Levi-Civita connection) [12]. 
 
Lemma 2.3 Let 𝑀𝑀2𝑛𝑛+1 be an 2𝑛𝑛 + 1 dimensional nearly Kenmotsu manifold with semi-
symmetric metric connection. If the manifold satisfies the connection (1) then we have 
 
�̃�𝑆(𝑋𝑋,𝑌𝑌) = −(𝜆𝜆 + 1)𝑔𝑔(𝑋𝑋,𝑌𝑌) + 𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌). (24) 
 
The above equation yields 
 
𝑄𝑄�𝑋𝑋 = −(𝜆𝜆 + 1)𝑋𝑋 + 𝜂𝜂(𝑋𝑋)𝜉𝜉, (25) 
 
 
�̃�𝑆(𝑋𝑋, 𝜉𝜉) = −𝜆𝜆𝜂𝜂(𝑋𝑋), (26) 
 
�̃�𝑟 = −𝜆𝜆(2𝑛𝑛 + 1) − 2𝑛𝑛. (27) 
 
(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌, 𝜉𝜉) = 𝛻𝛻�𝑊𝑊�̃�𝑆(𝑌𝑌, 𝜉𝜉) − �̃�𝑆(𝛻𝛻�𝑊𝑊𝑌𝑌, 𝜉𝜉) − �̃�𝑆(𝑌𝑌,𝛻𝛻�𝑊𝑊𝜉𝜉). (28) 
 
By the equation (1) and (6) one can easly show. 
 
Definition 2.4 On a 2𝑛𝑛 +  1 dimensional nearly Kenmotsu manifold with semi-symmetric 
metric connection, some basic curvature properties as follows [12]: 
 
𝑅𝑅�(𝑋𝑋,𝑁𝑁)𝑍𝑍 =  𝛻𝛻�𝑋𝑋𝛻𝛻�𝑁𝑁𝑍𝑍 −  𝛻𝛻�𝑁𝑁𝛻𝛻�𝑋𝑋𝑍𝑍 −  𝛻𝛻�[𝑋𝑋,𝑁𝑁]𝑍𝑍, (29) 
 
 
𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍 = 𝑅𝑅(𝑋𝑋,𝑌𝑌)𝑍𝑍 + 3[𝑔𝑔(𝑋𝑋,𝑍𝑍)𝑌𝑌 − 𝑔𝑔(𝑌𝑌,𝑍𝑍)𝑋𝑋 + 2[𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜂𝜂(𝑋𝑋) − 𝑔𝑔(𝑋𝑋,𝑍𝑍)𝜂𝜂(𝑌𝑌)]𝜉𝜉 +
2[𝜂𝜂(𝑌𝑌)𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝑌𝑌]𝜂𝜂(𝑍𝑍), (30) 
 
where 
 

𝑅𝑅(𝑋𝑋,𝑁𝑁)𝑍𝑍 = 𝛻𝛻𝑋𝑋𝛻𝛻𝑁𝑁𝑍𝑍 − 𝛻𝛻𝑁𝑁𝛻𝛻𝑋𝑋𝑍𝑍 − 𝛻𝛻[𝑋𝑋,𝑁𝑁]𝑍𝑍, 
 
�̃�𝑆(𝑌𝑌,𝑍𝑍) = 𝑆𝑆(𝑌𝑌,𝑍𝑍) + (2 − 6𝑛𝑛)𝑔𝑔(𝑌𝑌,𝑍𝑍) + 2(2𝑛𝑛 − 1)𝜂𝜂(𝑌𝑌)𝜂𝜂(𝑍𝑍). (31) 
 
Besides, Ricci soliton on a nearly Kenmotsu manifold with semi-symmetric metric connection 
satisfies the following equations [12]: 
 
�̃�𝑆(𝑌𝑌, 𝜉𝜉) = −4𝑛𝑛𝜂𝜂(𝑌𝑌), (32) 
 
𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝜉𝜉 = 2[𝜂𝜂(𝑋𝑋)𝑌𝑌 − 𝜂𝜂(𝑌𝑌)𝑋𝑋], (33) 
 
𝑅𝑅�(𝜉𝜉,𝑌𝑌)𝑍𝑍 = 2[−𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜉𝜉 + 𝜂𝜂(𝑍𝑍)𝑌𝑌], (34) 
 
𝑅𝑅�(𝜉𝜉,𝑌𝑌)𝜉𝜉 = 2[𝑌𝑌 − 𝜂𝜂(𝑌𝑌)𝜉𝜉], (35) 
 
𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍 = −𝑅𝑅�(𝑌𝑌,𝑋𝑋)𝑍𝑍,      𝑅𝑅�(𝜉𝜉,𝑌𝑌)𝜉𝜉 = −𝑅𝑅�(𝑌𝑌, 𝜉𝜉)𝜉𝜉, (36) 

135 



𝑄𝑄�𝑌𝑌 = −4𝑛𝑛𝑌𝑌,       𝑄𝑄�𝜉𝜉 = −4𝑛𝑛𝜉𝜉, (37) 
 
�̃�𝑆(𝜙𝜙𝑌𝑌,𝜙𝜙𝑍𝑍) = 𝑆𝑆(𝑌𝑌,𝑍𝑍) + (2 − 6𝑛𝑛)𝑔𝑔(𝑌𝑌,𝑍𝑍) + 2(2𝑛𝑛 − 2)𝜂𝜂(𝑌𝑌)𝜂𝜂(𝑍𝑍), (38) 
 
�̃�𝑟 = 𝑟𝑟 − 12𝑛𝑛2 + 2𝑛𝑛 (39) 
 
𝛻𝛻�𝑋𝑋𝜉𝜉 = 2(𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝜉𝜉), (40) 
 
𝜂𝜂�𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍� = 2[𝑔𝑔(𝑋𝑋,𝑍𝑍)𝜂𝜂(𝑌𝑌) − 𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜂𝜂(𝑋𝑋)]. (41) 
 
From equation (30), we get 
 
𝑅𝑅�(𝑌𝑌,𝑍𝑍)𝑋𝑋 = 𝑅𝑅(𝑌𝑌,𝑍𝑍)𝑋𝑋 + 3[𝑔𝑔(𝑌𝑌,𝑋𝑋)𝑍𝑍 − 𝑔𝑔(𝑍𝑍,𝑋𝑋)𝑌𝑌] + 2[𝑔𝑔(𝑍𝑍,𝑋𝑋)𝜂𝜂(𝑌𝑌) − 𝑔𝑔(𝑌𝑌,𝑋𝑋)𝜂𝜂(𝑍𝑍)]𝜉𝜉 +
2[𝜂𝜂(𝑍𝑍)𝑌𝑌 − 𝜂𝜂(𝑌𝑌)𝑍𝑍]𝜂𝜂(𝑋𝑋), (42) 
 
𝑅𝑅�(𝑍𝑍,𝑋𝑋)𝑌𝑌 = 𝑅𝑅(𝑍𝑍,𝑋𝑋)𝑌𝑌 + 3[𝑔𝑔(𝑍𝑍,𝑌𝑌)𝑋𝑋 − 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝑍𝑍] + 2[𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜂𝜂(𝑍𝑍) − 𝑔𝑔(𝑍𝑍,𝑌𝑌)𝜂𝜂(𝑋𝑋)]𝜉𝜉 +
2[𝜂𝜂(𝑋𝑋)𝑍𝑍 − 𝜂𝜂(𝑍𝑍)𝑋𝑋]𝜂𝜂(𝑌𝑌). (43) 
 
From equations (30), (42) and (43), we get 
 
𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍 + 𝑅𝑅�(𝑌𝑌,𝑍𝑍)𝑋𝑋 + 𝑅𝑅�(𝑍𝑍,𝑋𝑋)𝑌𝑌 = 0. (44) 
 

3. Ricci solitons of Ricci-recurrent nearly Kenmotsu manifolds with semi-
symmetric metric connection 

 
Definition 3.1 A nearly Kenmotsu manifold with semi-symmetric metric connection is said to 
be Ricci-recurrent manifold if there exists a non-zero 1−form 𝐴𝐴 such that 
 
(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌,𝑍𝑍) = 𝐴𝐴(𝑊𝑊)�̃�𝑆(𝑌𝑌,𝑍𝑍). (45) 
 
Theorem 3.2 Ricci soliton on Ricci-recurrent nearly Kenmotsu manifold 𝑀𝑀2𝑛𝑛+1 with semi-
symmetric metric connection by the 1−form 𝐴𝐴 is 
 

• expanding if 𝐴𝐴(𝜉𝜉) < 2,  
• steady if 𝐴𝐴(𝜉𝜉) = 2, 
• shrinking if 𝐴𝐴(𝜉𝜉) > 2. 

 
Proof. Replacing for 𝑈𝑈 = 𝜉𝜉 in (45), we get 
 
(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌, 𝜉𝜉) = 𝐴𝐴(𝑊𝑊)�̃�𝑆(𝑌𝑌, 𝜉𝜉). (46) 
 
Using (12) and (6) in (28), we obtain 
 
(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌, 𝜉𝜉) = −8𝑛𝑛𝑔𝑔(𝑌𝑌,𝑊𝑊) − 2�̃�𝑆(𝑌𝑌,𝑊𝑊). (47) 
 
In view of (46) and (47), we have 
 
�̃�𝑆(𝑌𝑌,𝑊𝑊) = −4𝑛𝑛𝑔𝑔(𝑌𝑌,𝑊𝑊) + 2𝑛𝑛𝜂𝜂(𝑌𝑌)𝐴𝐴(𝑊𝑊). (48) 
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Taking 𝑌𝑌 = 𝜉𝜉 in (48), we get 
 
�̃�𝑆(𝜉𝜉,𝑊𝑊) = −4𝑛𝑛𝜂𝜂(𝑊𝑊) + 2𝑛𝑛𝐴𝐴(𝑊𝑊). (49) 
 
Applying (26), (49) reduces to 
 
2𝑛𝑛𝐴𝐴(𝑊𝑊) = (4𝑛𝑛 − 𝜆𝜆)𝜂𝜂(𝑊𝑊). (50) 
 
Using (26) in (50) and for 𝑊𝑊 = 𝜉𝜉, we obtain 
 
𝜆𝜆 = 2𝑛𝑛[2 − 𝐴𝐴(𝜉𝜉)]. (51) 
 

4. Ricci soliton on 𝝓𝝓−recurrent nearly Kenmotsu manifolds with semi-
symmetric metric connection 

 
Definition 4.1 A nearly Kenmotsu manifold with semi-symmetric metric connec-tion is said to 
be a 𝜙𝜙−recurrent manifold with if non-zero 1−form 𝐴𝐴 satisfies the following condition [13] 
 
𝜙𝜙2((𝛻𝛻�𝑊𝑊𝑅𝑅�)(𝑋𝑋,𝑌𝑌)𝑍𝑍) = 𝐴𝐴(𝑊𝑊)𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍, (52) 
 
for arbitrary vector fields 𝑋𝑋,𝑌𝑌,𝑍𝑍,𝑊𝑊. 
 
Theorem 4.2 Ricci soliton on a 𝜙𝜙-recurrent nearly Kenmotsu manifold 𝑀𝑀2𝑛𝑛+1 with semi-
symmetric metric connection with the 1-form 𝐴𝐴 is 
 

• expanding if 𝐴𝐴(𝜉𝜉) > −2,  
• steady if 𝐴𝐴(𝜉𝜉) = −2,  
• shrinking if 𝐴𝐴(𝜉𝜉) < −2. 

 
Proof. Let us consider a 𝜙𝜙−recurrent nearly Kenmotsu manifold with semi-symmetric metric 
connection. By virtue of (2) and (52), we have 
 
−(𝛻𝛻�𝑊𝑊𝑅𝑅�)(𝑋𝑋,𝑌𝑌)𝑍𝑍 + 𝜂𝜂((𝛻𝛻�𝑊𝑊𝑅𝑅�)(𝑋𝑋,𝑌𝑌)𝑍𝑍)𝜉𝜉 = 𝐴𝐴(𝑊𝑊)𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍. (53) 
 
Contracting (53) with 𝑍𝑍, we obtain 
 
−𝑔𝑔((𝛻𝛻�𝑊𝑊𝑅𝑅�)(𝑋𝑋,𝑌𝑌)𝑍𝑍,𝑍𝑍) + 𝜂𝜂((𝛻𝛻�𝑊𝑊𝑅𝑅�)(𝑋𝑋,𝑌𝑌)𝑍𝑍)𝜂𝜂(𝑍𝑍) = 𝐴𝐴(𝑊𝑊)𝑔𝑔(𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍,𝑍𝑍). (54) 
 
Let 𝑒𝑒𝑖𝑖 (𝑅𝑅 = 1,2, . . . , 2𝑛𝑛 + 1), be an orthonormal basis of the tangent space at any point of the 
manifold. Taking 𝑋𝑋 = 𝑍𝑍 = 𝑒𝑒𝑖𝑖 in (54) and taking summation over 𝑅𝑅, 1 ≤ 𝑅𝑅 ≤ 2𝑛𝑛 + 1, we get 
 
−(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌,𝑍𝑍) = 𝐴𝐴(𝑊𝑊)�̃�𝑆(𝑌𝑌,𝑍𝑍). (55) 
 
Replacing 𝑍𝑍 by 𝜉𝜉 in (55) and using (12), we have 
 
−(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌, 𝜉𝜉) = 𝐴𝐴(𝑊𝑊)�̃�𝑆(𝑌𝑌, 𝜉𝜉). (56) 
 
Using (12) and (6) in (28), we obtain 
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(𝛻𝛻�𝑊𝑊�̃�𝑆)(𝑌𝑌, 𝜉𝜉) = −8𝑛𝑛𝑔𝑔(𝑌𝑌,𝑊𝑊) − 2�̃�𝑆(𝑌𝑌,𝑊𝑊). (57) 
 
In view of (56) and (57), we have 
 
�̃�𝑆(𝑌𝑌,𝑊𝑊) = −4𝑛𝑛𝑔𝑔(𝑌𝑌,𝑊𝑊) − 2𝑛𝑛𝜂𝜂(𝑌𝑌)𝐴𝐴(𝑊𝑊). (58) 
 
Taking 𝑌𝑌 = 𝜉𝜉 in (58), we get 
 
�̃�𝑆(𝜉𝜉,𝑊𝑊) = −4𝑛𝑛𝜂𝜂(𝑊𝑊) − 2𝑛𝑛𝐴𝐴(𝑊𝑊). (59) 
 
2𝑛𝑛𝐴𝐴(𝑊𝑊) = (−4𝑛𝑛 + 𝜆𝜆)𝜂𝜂(𝑊𝑊). (60) 
 
Using (26) in (60) and for 𝑊𝑊 = 𝜉𝜉 we obtain 
 
𝜆𝜆 = 2𝑛𝑛[2 + 𝐴𝐴(𝜉𝜉)]. (61) 
 

5. Ricci soliton on quasi-projectively flat nearly Kenmotsu manifolds with 
semi-symmetric metric connection 

 
Definition 5.1 Projective curvature tensor 𝑃𝑃� of type (1,3) of an (2𝑛𝑛 + 1) dimensional nearly 
Kenmotsu manifold with semi symmetric metric connection 𝛻𝛻�  is given by 
 
𝑃𝑃�(𝑋𝑋,𝑌𝑌)𝑍𝑍 = 𝑅𝑅�(𝑋𝑋,𝑌𝑌)𝑍𝑍 − 1

2𝑛𝑛
[�̃�𝑆(𝑌𝑌,𝑍𝑍)𝑋𝑋 − �̃�𝑆(𝑋𝑋,𝑍𝑍)𝑌𝑌]. (62) 

 
Ricci soliton on a nearly Kenmotsu manifold 𝑀𝑀2𝑛𝑛+1 with semi-symmetric metric connection is 
said to be quasi-projectively if 
 
𝑔𝑔(𝑃𝑃�(𝑋𝑋,𝜙𝜙𝑌𝑌)𝜙𝜙𝑍𝑍,𝑊𝑊) = 0. (63) 
 
where 𝑃𝑃� is the projective curvature tensor with respect to semi-symmetric metric connection. 
 
Theorem 5.2 Ricci soliton of quasi-projectively flat nearly Kenmotsu manifold 𝑀𝑀2𝑛𝑛+1 with 
semi-symmetric metric connection is 
 

• expanding if 𝑘𝑘 < 2,  
• steady if 𝑘𝑘 = 2,  
• shrinking if 𝑘𝑘 > 2. 

 
where 𝑘𝑘 ∈ ℝ. 
 
Proof. Taking inner product of equation (62) with W and using equations (30), (31) and (63), 
we get 
 
𝑔𝑔(𝑅𝑅�(𝑋𝑋,𝜙𝜙𝑌𝑌)𝜙𝜙𝑍𝑍,𝑊𝑊) + 3[𝑔𝑔(𝑋𝑋,𝜙𝜙𝑍𝑍)𝑔𝑔(𝜙𝜙𝑌𝑌,𝑊𝑊) − 𝑔𝑔(𝜙𝜙𝑌𝑌,𝜙𝜙𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊)] + 2𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑊𝑊)𝑔𝑔(𝜙𝜙𝑌𝑌,𝜙𝜙𝑍𝑍) 
= 1

2𝑛𝑛
[�̃�𝑆(𝜙𝜙𝑌𝑌,𝜙𝜙𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊) + (2 − 6𝑛𝑛)𝑔𝑔(𝜙𝜙𝑌𝑌,𝜙𝜙𝑍𝑍)𝑔𝑔(𝑋𝑋,𝑊𝑊 − �̃�𝑆(𝑋𝑋,𝜙𝜙𝑍𝑍)𝑔𝑔(𝜙𝜙𝑌𝑌,𝑊𝑊) − (2 −

6𝑛𝑛)𝑔𝑔(𝑋𝑋,𝜙𝜙𝑍𝑍)𝑔𝑔(𝜙𝜙𝑌𝑌,𝑊𝑊)]. (64) 
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Let {𝑒𝑒1, 𝑒𝑒2, . . . , 𝑒𝑒2𝑛𝑛, 𝜉𝜉} be a local orthogonal basis of vector fields in 𝑀𝑀2𝑛𝑛+1 then 
{𝜙𝜙𝑒𝑒1 ,𝜙𝜙𝑒𝑒2 , . . . ,𝜙𝜙𝑒𝑒2𝑛𝑛, 𝜉𝜉} is also local orthonormal basis of 𝑀𝑀2𝑛𝑛+1. Now putting the value 𝑌𝑌 =
𝑍𝑍 = 𝑒𝑒𝑖𝑖 in the equation (64) and taking summation over 𝑅𝑅, 1 ≤ 𝑅𝑅 ≤ 2𝑛𝑛 + 1, we get 
 
�̃�𝑆(𝑋𝑋,𝑊𝑊) = ( 𝑟𝑟

2𝑛𝑛+1
+ 2(2𝑛𝑛−1)

2𝑛𝑛+1
)𝑔𝑔(𝑋𝑋,𝑊𝑊) − 4𝑛𝑛𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑊𝑊) + (2 − 6𝑛𝑛)𝑔𝑔(𝑋𝑋,𝑊𝑊) + 2(2𝑛𝑛 −

1)𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑊𝑊). (65) 
 
Taking 𝑊𝑊 = 𝜉𝜉 in the equation (65) 
 
�̃�𝑆(𝑋𝑋, 𝜉𝜉) = ( 𝑟𝑟

2𝑛𝑛+1
+ 2(2𝑛𝑛−1)

2𝑛𝑛+1
)𝑔𝑔(𝑋𝑋, 𝜉𝜉) − 4𝑛𝑛𝜂𝜂(𝑋𝑋)𝜂𝜂(𝜉𝜉) + (2 − 6𝑛𝑛)𝑔𝑔(𝑋𝑋, 𝜉𝜉) + 2(2𝑛𝑛 −

1)𝜂𝜂(𝑋𝑋)𝜂𝜂(𝜉𝜉). (66) 
 
Applying (3), into (66) we have 
 
�̃�𝑆(𝑋𝑋, 𝜉𝜉) = ( 𝑟𝑟

2𝑛𝑛+1
+ 2(2𝑛𝑛−1)

2𝑛𝑛+1
)𝜂𝜂(𝑋𝑋) − 4𝑛𝑛𝜂𝜂(𝑋𝑋) + (2 − 6𝑛𝑛)𝜂𝜂(𝑋𝑋) + 2(2𝑛𝑛 − 1)𝜂𝜂(𝑋𝑋). (67) 

 
Using (39) in (67) we get 
 
�̃�𝑆(𝑋𝑋, 𝜉𝜉) =  ( �̃�𝑟

2𝑛𝑛+1
− 2)𝜂𝜂(𝑋𝑋) (68) 

 
Applying (26), (68) reduces to 
 
−𝜆𝜆𝜂𝜂(𝑋𝑋)  = ( �̃�𝑟

2𝑛𝑛+1
− 2)𝜂𝜂(𝑋𝑋) (69) 

 
Taking 𝑋𝑋 = 𝜉𝜉 in (69), we obtain 
 
𝜆𝜆 = 2 − 𝑘𝑘, (70) 
 
where 𝑘𝑘 is constant. 
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