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Abstract

In the present paper, by considering nonlinear integral operators and using their approxi-
mations via regular summability methods, we obtain characterizations for some function
spaces including the space of absolutely continuous functions, the space of uniformly con-
tinuous functions, and their other variants. We observe that Bell-type summability meth-
ods are quite effective to generalize and improve some related results in the literature. At
the end of the paper, we discuss some special cases and applications.
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1. Introduction

Integral operators of convolution type and Mellin type are widely used in approximation
theory. Some of them have a linear structure (see [14,19-21,28]) while others are nonlinear
(see [2-4]). Beside approximation theory, there are many engineering applications of
these operators, such as in optical physics, image processing and signal processing (see
[13,17,22,23]). They also play a crucial role in the characterization of absolutely continuous
functions (see [5-7]). In our recent papers, we also consider regular summability methods
instead of the usual convergence in the approximation by these operators (see [9-11]) in
order to generalize and improve the known results in the literature. We should note that,
in the approximation by these operators, we consider suitable functions spaces endowed
with the variation semi-norm, the uniform (supremum) norm, the L, norm, and so on.

In mathematical analysis, a summability method is an alternative formulation of con-
vergence of a series or a sequence which is divergent in the conventional sense. So, it
is quite useful to overcome the divergence problem in some kind of divergent series or
sequences. It is also possible to accelerate the rate of convergence by using a suitable
summability method (see [30,33]). Furthermore, so far many applications of summability
methods have been studied in approximation theory (see [1,8,12,29,31]).

Since, in this work, we mainly consider Bell-type summability (see [15, 16]), we first
recall this concept as follows.
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Let A = {A"} = {[a},]} (n,k,v € N) be a family of infinite matrices of real or
complex numbers. Then, for a sequence x = {}}, oy, A—transform of = is denoted by
Az = {(Az), }, which is given by (Ax), = >_32; al,x, (n,v € N) if the series is convergent
for every n,v. Then, we say that  is A—summable to a number L if lim,_, (Az), = L
uniformly in v € N, which is denoted by

A—limx = L.

In particular, we focus on nonnegative regular summability methods satisfying the prop-
erty A—limz = L whenever limz = L. Note that a method A = { A"} is called row finite
if, for every v € N, each row of the matrix AV contains at most a finite number of nonzero
terms.

Observe that Bell-type summability methods are quite general and contain many well-
known methods, such as, the Cesaro mean, the almost convergence and the order summa-
bility (see [18,24-27]).

In this work, our goal is, using summability methods, to give some characterizations for
absolute continuity and uniform continuity, which will be more general than the results
by Angeloni and Vinti [2,6]. For this process, we use nonlinear integral operators of
convolution type and Mellin type, which are defined in the next sections. We also discuss
some significant applications and special cases of our results.

2. Characterizations of absolute continuity

In this section, we obtain characterizations of the absolute continuity. By using the
periodicity of functions, we first get a characterization in one dimension. Later, without the
periodicity, we give characterizations in N-dimension with the help of the approximation
by nonlinear integral operators constructed with respect to the Lebesgue measure and the
Haar measure.

Throughout the section, let A = {[a}.]} (n,k,v € N) be a nonnegative regular summa-
bility method.

We now study the above cases in the following three subsections.

2.1. Characterization in one dimension with periodicity

We first need the following function spaces:

e BV, the space of all 2r-periodic measurable functions of bounded variation on
the interval [—m, 7).
o ACY;, the space of all 2m-periodic and absolutely continuous functions on the
interval [—m, 7.
e L}, the space of all 27-periodic and Lebesgue integrable functions.
Then, we consider the nonlinear integral operators introduced in [10] (see also [2, 3] in
the case of A = {I}, the identity matrix):

Tnw(fis) = k%::l a Ti(f3s), (2.1)

where
Ti(fs) = | Kalt, f(s = )t (2.2)

We assume that f is a 2m-periodic measurable function for which the series in (2.1) is
well-defined. The kernel K; : R x R — R is a family of measurable functions such that
Kg(t,s) = L,, (t) Hy, (s) for every s,t € R, where Ly € L} and the functions Hy, : R — R
with Hy (0) = 0 have the uniform Lipschitz property, i.e., there exists a constant C' > 0
such that |Hy (z) — Hy (y)| < C'|x — y| for every z,y € R and k € N.

Then, assuming the following conditions
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o0
(i) There exists a constant M > 0 such that Sué)N kzl al || Lillg, = M < 00,
n,v =

(i) A—lim (f Li () dt) —1,

(iii) for any fixed 6 > 0, A—lim ( Lk (2)] dt) =0,
[t|>6
(iv) klim % = 0 uniformly with respect to every bounded interval J C R, where
—00

Gk (u) :== Hy, (u) —u, m (J) is the length of the interval J and V; denotes the total
variation on J,

we proved in [10] that, for every f € ACo,
nlgrolo Vor [Tnw(f) — f] = 0 uniformly in v € N (2.3)

holds, which generalizes the result in [2,3].

Remark 2.1. Our operators T, in (2.1) are defined by using regular matrix transfor-
mations of the classical operators T}, in (2.2) introduced by Angeloni and Vinti (see [2,3]).
Observe that conditions (i), (i7) and (iii) for the operators T} are more general than the
ones in [2,3]. However, in this subsection, we prove that it is still possible to characterize
the absolute continuity under these conditions for the operators Ty. Furthermore, the limit
given for the sequence {T,,,} does not need to exist for the sequence {T}} (see Example
4.1). Of course, in order to cover the classical conditions in [2, 3] we especially use the
regular summability methods since our conditions are then satisfied at once due to the
regularity of the methods.

We also need the following condition on the kernel Ly € L3 _.
For every n,v € N and for all € > 0, there exists a § > 0 such that for every nonover-
lapping subintervals {[ay, 3]}~ of [—m, 7],

g:l (Bi — o) < ¢ implies g:lkijl aly | Ly (Bi) — Lk (04)| < €. (2.4)

Remark 2.2. We should note that, in particular, if A is a row finite method and also
if L € ACo, then we immediately get (2.4). Such kernels and row finite methods will
be given in Section 4. Furthermore, if we take A = {I}, then (2.4) is equivalent to the
absolute continuity of L;. Hence, our condition (2.4) generalizes the absolute continuity
of L by a nonnegative regular summability method.

Now we get the next lemma.

Lemma 2.3. Assume that (2.4) holds. If f € BVay, then Ty ,(f) € ACy: for every
n,v € N.

Proof. Since Ly, is 2m-periodic, by the substitution s — ¢t = z we may write from (2.1)
that

TanlFi2)= 5 ate [ Li(s = )H, (f () =

By assumption, for every € > 0 there exists a § > 0 such that, for every nonoverlap-
ping subintervals {[c, 3;]};", of [—m, 7], (2.4) holds whenever > 1" (3; — ;) < d. Using
Hj; (0) = 0 and the Fubini-Tonelli theorem, we get the following inequality

3 Tul(£160 = Tunlfroa) | € 5 5 ay | |LalBi = 2) = Ly (s = 2)[ 11 () s

1k=1

—C [ 53 al LB — 2) — Ly (i — 2)| [f (2)] dz,
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where C' is the Lipschitz constant of Hy. Since Y i, (i — 2z — (a; — 2)) < 6 and (2.4) is
satisfied, we conclude that

gfl 1 Tn0(f; i) — Tnw(fi i) < O£l &

where the symbol ||-||; denotes the usual norm on Li_ . The last inequality immediately
gives that T, ,(f) € ACar. O

Then, our first characterization theorem is as follows.
Theorem 2.4. Let f € BV, and assume that conditions (i) — (iv) and (2.4) hold. Then,
feACy, & nh_}rglo Vor [Tnw(f) — f1 = 0 uniformly in v.

Proof. The necessity immediately follows from Theorem 2.3 of [10]. For the sufficiency,
assume that

nh—>rgo Vor [(‘Tn,v(f) - f] =0

holds. Then, by Lemma 2.3, we get T, f € AC2;. On the other hand, since ACo, is a
closed subspace of BVa, with respect to variation semi-norm (see Lemma 2.1 of [14]), we
observe that f must belong to AC5;. O

2.2. Characterization in N-dimension (without periodicity) with respect
to the Lebesgue measure

In this part, we adopt Tonelli’s definition for the N-dimensional bounded variation (see
[32]). Here we use the following notations and definitions.

o I! (]RN ), the space of all Lebesgue integrable functions on RY with the usual

norm ||-||;.
e |x|, the Euclidean norm of the N-dimension vector x = (z1,...,zx) € RY.
e For a given vector x = (r1,22,...,2x) € RV, the (N — 1) dimensional vector )

is obtained from x by removing the j-th coordinate of x, which is given by

I N-1
T = (1‘1,1’2,...,xj_1,$j+1,...,.%'N)ER .

Then, we write x = (:1:3, a:j>.

e For an interval I = [[¥, [as, bi], we denote (N — 1)-dimensional interval by I L=
[a;-, bﬁ which is obtained by deleting the j-th coordinate from I, i.e., I = [a}, b}] X
laj,bj],7=1,...,N.

e For a given function f : RN — R, we define

/

ﬂ%UJ%sz%@ﬂf@;ﬂdﬁ for j=1,...,N,
ej

where Vi, p ] [ f (x;, )] is the usual one dimensional (Jordan) variation of the j-th

section of f, namely the function g; (z;) := f (:cg,x])
e Let

N 2
@@D:{aﬁqm}.

Then @ (f,I) = oo if ®;(f,1) = oo for some j =1,...,N.
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e The definition of the variation of f on an interval I C R¥ is given by

Vils)i= s 5 @ (7, 7y),

where the supremum is taken over all the families of N-dimensional subintervals
{J1,...,Jm} which are partitions of I.

o Let V [f] := sup Vi[f], where the supremum being taken over all the intervals
ICRN
I C RN, IfV [f] < oo, we say that a function f € L! (RN> is of bounded variation
over RV

e BV (RN ), the space of all functions of bounded variation over RY. In this space,
| fll gy := V [f] denotes the variation semi-norm of f.

e AC,. (RN ), the space of all functions f : R — R with locally absolutely contin-
uous in Tonelli’s sense, i.e., for any N-dimensional interval I = Hévzl [aj,bj] C RY

if, for every j = 1,..., N, and for every € > 0, there exists a § > 0 such that for
almost every 5;- € RV~! and for all finite collections of non-overlapping intervals

[ag)aﬁjp} C [ajvbj]a p=1,..., A,
A A
P _ P impli 1 80) — (s af
p;l (,Bj a]) < 0 implies p;l ‘f (s],ﬂ]) f (s],aj)‘ < €.
o AC (RY) = BV (RY) N A, (RY).
Now consider the following nonlinear integral operators defined in [11] (see also [5, 6]
in the case of A = {I}):

%wmzéﬁmma (2.5)
where
Ti(f;s) = | Ki(t, f(s —t))dt (2.6)
RN

We assume that f : RV — R is measurable and bounded on RY for which the series in
(2.5) is well-defined. We also suppose that Kj (t,s) : RY x R — R satisfies K} (t,s) =

Ly (t) Hy, (s) for every t € RY and s € R, where {L;} C L! (]RN) and Hj, is uniformly
Lipschitz with Hj, (0) = 0.
We know from [11] that, for a given f € AC (RN ), in order to get the approximation

Jim Vv [Tno(f) — f] = 0 uniformly in v (2.7)
we need the following conditions:

o0
(i)’ There exists a constant M > 0 such that sup Y a?, ||Lgll; = M < oo,
n,veN k=1

(ii) A—lim ( J L (t) dt) =1,
RN

(iii)" for any fixed 6 > 0, A—lim < J L (t) dt) =0,

[t|=0

and condition (iv) stated in Subsection 2.1.

We should remark that the limit in (2.7) does not need to exist if we replace the sequence
{Tnu(f)} in (2.5) with the sequence {T}(f)} in (2.6) (see Example 4.2).

To give a characterization of absolute continuity we also need the following assumption
on the kernel L;..
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For every n,v € N and € > 0, there exists a § > 0 such that for any N-dimensional

interval I = fv 1 lai, b;] and for every collection of nonoverlapping intervals { [ aj, ﬁp } }

p=1
of the interval [a;, b;]

Z (B’)—a ) < 0 implies Z Z ank‘Lk<j,ﬁp) (s oz?)‘ <e (2.8)

p=1 p=1k=1

for every j=1,...,N.

Lemma 2.5. Assume that (2.8) holds. If f € BV (RN>, then Ty (f) € AC (]RN) for
every n,v € N.

Proof. 1t follows from the substitution s — t = z that
Tnw(fi2) = 3 apy | Li(s —z)H (f (z)) dz.
k=1 RN

Using (2.8) and the Fubini-Tonelli theorem we get
A
2 [T 5 (5:87)) = T (£ (55:0))|

<C Zlkzl aly f ’Lk si—2}, 87 — 2j) — Li(s—2},aff — zj)) |f (z)| dz
p_

<C|J ZZaﬁik

RN p=1k=1
<Clfl.e

holds due to

Li(§—2, 87 — 2) — Li(sj—2)of — 2)||f (2)| da

> (8= — (af - 2)) <.

p=1
This shows that T, (f) € ACie (RN>. On the other hand, from Lemma 2.1 of [11] we
know that T,,,(f) € BV (RY); and hence T,,,(f) € AC (RY). 0

Then, we get the next result.

Theorem 2.6. Let f € BV (]RN) and assume that conditions (i)' — (iii)’, (iv) and (2.8)
hold. Then,

feAC (RN) & nh_}ngov [Tno(f) — f] = 0 uniformly in v.

Proof. The necessity part is clear from Theorem 2.3 of [11]. Now assume that

Jim Vv [Tno(f) — f] = 0 uniformly in v

holds. We know from [14] that AC (]RN ) is a closed subspace of BV (RN ) with respect to
variation semi-norm. Combining this fact with Lemma 2.5, one can easily conclude that

feAC (RN). 0

2.3. Characterization in N-dimension (without periodicity) with respect
to the Haar measure

In this part, we use the following notations and definitions. But now, we consider the
Haar measure instead of the Lebesgue measure in the definition of the integral operators.
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e The Haar measure of a set X C Rf is defined by
dt
X X (t)
where p represents the Haar measure and (t) := t1t2 ... ¢ty. We remark that (Haar)
measure of a set X is invariant under multiplication.

° LL (Rf ), the space of all functions f : Rf — R such that

dt

®< 0.

o RY := {(z1,...,2n5):2; >0fori=1,...,N}, 1 =(1,...,1) is the unit vector of
Rﬂ\rf and <x;> = Hiﬁl’i#xi.

e V [f] denotes the bounded variation of f € L}l (Rf )

o BV, (Rﬂf), the space of all functions f € L}L (Rﬂf) such that V' [f] < oo.

e AC),. (Rf ), the space of all functions f : Rf — R such that, for any N-dimension

interval I = [[Y, [a;,b;] € RY and for every i = 1,..., N, the section g; : [a;j, b;] —
R is absolutely continuous for almost all vectors z; € [a];, b].
e For a given ¢ > 0, assume that

Sl (s8) 1 (st <=

1l = [ 1 (®)
Y

holds for almost every s;- € Rf ~1 and for all finite collections of non-overlapping
interval [aé’,ﬁﬂ C [aj,b;], p=1,..., A, whenever
A
Py P
pZ::1 (log (Bj) log (oz]>) < 0.

In this case, we say that f is log-absolutely continuous on Rﬂf . From Proposi-
tion 3.5 of [5], we see that the concepts of absolute continuity and log-absolute
continuity are equivalent on Rf .

o AC, (RY) := BV, (RY) N ACy. (RY).

We now consider the following Mellin-type operators:
[ee)
Tn,v(f; S) = kz aZkaQC: S)a (29>
=1

where

Ti(fis) = | Ki(t, f(st))

== (2.10)
RY

In (2.10), st :=(sit1,...,snyty) and f is essentially bounded with respect to the Haar
measure. We should note that these operators were defined in [9], which generalize the
ones in [6]. Here Kj (t,s) : RY x R — R, Ky (t,5) = Ly, (t) H (s) for every t € RY and

s € R such that L € L}L (Rf) and Hy, is uniformly Lipschitz with Hy (0) = 0.
In [9] we proved that, for every f € AC, (Rf ),
nlLHgOV [Tn,o(f) — f] = 0 uniformly in v (2.11)

provided that the following conditions hold:
o0
(i)” There exists a constant A > 0 such that sup ali | Lill o = A < o0,
n,veEN k=1 H
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(ii)"” A—lim (f Ly (t) <dtt)) =1,
RY

(iii)” for any fixed 0 < ¢ < 1, A—lim ( | Lk (t) <Cfc>> =0,
[1—-t|>6

and the same condition (iv) in Subsection 2.1.

Note that the limit in (2.11) does not need to be valid for the sequence {Ty(f)} in
(2.10).

For the characterization theorem, we also need the following assumption.

For very n,v € N and for every € > 0 there exists a 6 > 0 such that for any N-
dimensional interval I = Hfil [a;, b;] C Rf , and for every collection of non-overlapping

A

. P ap ; b
intervals Haj,ﬁj} }pzl of the interval [a;, b;],

pX::l log (5]’-)) —log (04?)‘ < ¢ implies pz; ki_oj al | Ly (39,6;’) — Ly, (39,@?)‘ <e (2.12)

=1

for every j =1,..., N.

Remark 2.7. Using the subintervals of Rf instead of RY, consider the assumption (2.8).
Then, following the proof of Proposition 3.5 in [5], one can show that, for a given kernel
Ly, conditions (2.8) and (2.12) are equivalent.

Lemma 2.8. Assume that condition (2.12) (or, (2.8)) holds. If f € BV, (Rf), then
Tno(f) € AC, (Rf) for every n,v € N.

Proof. From Proposition 2.2 of [9] we immediately see that T, . (f) € BV, (Rf ) So, by
the equivalence of absolute continuity and log-absolute continuity, it is enough to prove
that, for a given f € BV, (R_]X ), Tnw(f) is log-absolutely continuous on every interval
A
I =TT, [ai, bs] of RY. Now for a given £ > 0, fix a collection {[a;’,ﬁﬂ}
P

overlapping intervals in [a;, b;] such that

) of non-

> (1og (8) —log (a?)) <4,

p=1

where the number ¢ comes from condition (2.12). Now letting st = z, we get

Tuolfio) = S f L (%) 7 )

z._ (z1 ZN ;
where 2 := (81""’81\1)' Since

5 (s () 1 (o)) = £ o (s/55) 1 (/) <

p=1
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it follows from the triangle inequality, condition (2.12) and the Fubini-Tonelli theorem
that

A
Zl "\Tn,v(f; 83-7 ﬁf) - (-Tn,v(f; S;'a O‘f)‘
p:

AR v Z; Zj Z; Zj dz
<CY Yan | |Lk o) el or \f(z)\@
p=1k=1 Rf J " J J
UNES Z; Zj Z; Zj dz
=C [ X Yay bl 5 ) — L5 )| If @5
Rﬁ p=1k=1 J i J %
<<Cl|fllyy
which completes the proof. O

Theorem 2.9. Let f € BV, (Rf) and assume that conditions (2.12), (i) — (i#)"” and
(tv) hold. Then

feAC, (]Rf) & 1}1_)1201/ [Tno(f) — f] = 0 uniformly in v.

Proof. If f € AC,, (RY), then by Theorem 2.3 of [9] we get
w\ Bt

nlL)HO:lO V (Tno(f) — f] =0 uniformly in v.

Conversely, if we assume lim, 00 V' [Tp0(f) — f] = 0, since AC), (Rf ) is a closed subspace
of BV, (RN ) with respect to variation semi-norm (see [6]), we get from Lemma 2.8 that

f € AC, (RY). 0

3. Characterizations of uniform continuity

In this section, for the characterization of uniform continuity we use the supremum
norm (uniform norm) instead of variation semi-norm. We consider the following three
cases.

3.1. Characterization in one dimension with periodicity

We first recall some concepts.

e As usual, Co,; denotes the space of all 2r-periodic and continuous functions with
the usual supremum norm |-[|,,.
e By denotes the space of all 27-periodic and bounded functions.

For the nonlinear operators given by (2.1), in addition to the conditions (i) — (i7i) stated
in Subsection 2.1. it is needed to replace the condition (iv) with the following

iv)’ lim |G|l ; = 0 for every bounded interval J C R, where ||-||; denotes the supre-
k—o0 J J

mum norm on the interval J. Note that, this convergence does not need to be
uniform with respect to J C R.

We also assume the next condition.

For every n,v € N and for all € > 0 there exists a > 0 such that

o0
|z — y| < d implies kz—:l a’y |Li (x) — Ly (y)] < e. (3.1)

Lemma 3.1. Assume that (3.1) holds. If f € Bay N L., then Tpo(f) € Con for every
n,v € N.
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Proof. As in the proof of Lemma 2.3, the operators (2.1) can be written as follows:
[e.e] s
Toalfi2) = 5 iy | Luls = H, (7 () =
Using Hy (0) = 0 it is not hard to see that

Too(f30) = Toul fi)| € C 5 aly | 1ty = 2) = Lo = 2)|If ()] dz

—cJ 5 ali |Lily = 2) = Ly (e = ) If ()] d=.

—7 k=
Then, by (3.1), for all z,y satisfying
[z—yl=lr—2z-(y—2) <o

we get
1Tno(f39) = T (f32) S Cfll
which gives the proof. ([

The characterization theorem is the following.

Theorem 3.2. Let f € Boy N L and assume that conditions (3.1), (i) — (iii) and (iv)’
hold. Then,
f € Cor = lim 1T (f) = fllg, = 0 uniformly in v.

Proof. The necessity is clear from Theorem 3.3 of [10]. The sufficiency part follows from
Lemma 3.1 and the fact that Co, is a closed subspace of Bo. ]

3.2. Characterization of uniform continuity

In this part, by BUC (]RN ) we denote the space of all bounded and uniformly continuous

functions on RY endowed with the supremum norm |-|| . Then using the operators (2.5)

we give a characterization of uniform continuity. Besides the conditions (i)' — (ii)" given

in Subsection 2.2, we need (iv)’ in Subsection 3.1. We also assume the next property.
For every n,v € N and for all € > 0 there exists a § > 0 such that

|x —y| < ¢ implies kgl aly |Lk (x) — L (y)| < e. (3.2)

Lemma 3.3. Assume that (3.2) holds. If f € B(RN) N L (RN>, then Ty (f) €
BUC (RN> for every n,v € N.

Proof. From the proof of Lemma 2.5, we get
Tno(fi2) = X apy | Li(s —2z)H (f (2)) dz.
k=1 RN
Since Hy, (0) = 0, by the Fubini-Tonelli theorem, the inequality

[Toaol53) = a0 < C 5% i, [ 1Taly = 2) = Ly bx = )1 If () o

—C [ Y al|Lily — 2) — Ly (x — 2)| |f (2)| dz
RN k=1

holds. Considering the assumption, we observe that

T (f3¥) = Tnp(f; ) < Clfll €
whenever [x —y| = |x —z — (y — z)| < 4. Here ||f||; < oo since f € L! (RN) . And finally
by Lemma 3.1 of [11], we know that T, ,,(f) € B <RN>. Hence, the proof is completed. [
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Theorem 3.4. Let f € B (]RN) NL! (RN) and assume that conditions (3.2) and (i)' —(iv)’
hold. Then,

feBUC (]RN) & TLILI& 1T (f) = flloo = O uniformly in v.

Proof. For the necessity, apply Theorem 3.3 of [11]. For the sufficiency, use Lemma 3.3
and the fact that BUC (}RN ) is a closed subspace of B (RN ) O

3.3. Characterization of log-uniform continuity

Some notations and definitions used in this part are as follows.

e Let a function f : Rf — R be given. We say that f is log-uniformly continuous
on Rf if, for every € > 0 there is a § > 0 such that, for all x,y G]Rf satisfying
llogx —logy| < 9, |f(x) — f(y)] < € holds, where logx := (logzy,...,logzy).
The space of all bounded and log-uniformly continuous functions on RJX is denoted

by BU Cieg (Rf ), which is endowed with the usual supremum norm ||| .
e By B (Rf ) we denote the space of all bounded functions on ]Rf .

Notice that, in general, log-uniform continuity and uniform continuity are different con-
cepts on Rf : however they are equivalent on a bounded N-dimensional interval [T, [a;, b;]
ofRf, where b; > a; >0 foralli=1,...,N.

We use the assumptions (7)” — (#i7)” in Subsection 2.3 and (iv)" in Subsection 3.1. We
also need the next condition.

For every n,v € N and for all ¢ > 0, there exists 4 > 0 such that

llogx —logy| < 0 implies Y ap, |Li (x) — L (y)| < e. (3.3)
k=1
For the characterization theorem, we first prove the following two lemmas.
Lemma 3.5. Assume that (3.3) holds. If f € B (Rf) N Li (Rf), then Tpo(f) €
BUC (Rf) for every n,v € N.

Proof. After writing the operators (2.9) in the following form

Tuolfio) = S | L (%) e )

we may write that

"J’n,v(.ﬂY) - Tn7v(f;X)‘ < C Z a;ik f
k=1 ]Rf

V4

) -1 (2)|Ir @1 5

= B tat) - 0 (3) |1 1

Then assumption (3.3) gives that, for a given € > 0, there is a ¢ > 0 such that, for all x,y
< 9, we get

satisfying |logx — logy| = ‘10g$ —log Z
|Tn,v(f; Y) - Tn,v(f; X)’ < C HfHLIE €.
Combining this with Proposition 3.1 of [9], the proof is completed. O

Lemma 3.6. BUC\,, (Rf) s a closed subspace of B (Rf) with respect to the supremum
norm.

Proof. 1t is clear. O
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Figure 1. The kernel function Ly given by (4.1) for k = 2,4,6

Theorem 3.7. Let f € B <Rf) NL, (Rf) and assume that (3.3), (1)" — (#i1)" and (iv)’
hold. Then,

N : B : .
f € BUC\oq (]RJr) & nh_)ngo Tn0(f) = flloo = 0 uniformly in v.
Proof. Use Theorem 3.2 of [9] and Lemmas 3.5 and 3.6. O

4. Applications and special cases

In this section, we give some suitable kernel functions satisfying our assumptions and
also discuss some special cases of the characterization theorems.

Example 4.1. We first consider one dimensional case with periodicity. In the definition
of the integral operators (2.1) and (2.2), take A = {C1} = {cur} (Cesaro method) given

by
S Lo k=1,2...,n
mk 7 0;  otherwise
and also define the 27-periodic kernel L; by
(=1)F +1) 2ksin () ; fo<t<3
(=1 +1) Fhsin (1) if — X <t <0 (4.1)
0; if m>|t] > 57,

L (t) :=

which is extended by periodicity to the whole real line (see Figure 1).

In this case, observe that Lj satisfies our conditions (i)-(iii) and (2.4). Furthermore,
some suitable Lipschitz functions Hj, satisfying (iv) may be found in the papers [3,4,6,9—
11]. Hence, the corresponding operators are given by

1 n
Tp = n,v:*ZTk
n k=1

where
s

T(fss) = | L) Hi(f(s — 1))t (4.2)

—Tr

Theorem 2.4 implies that
Ty(f) + To(f) + .- + Tu(/)

feACy & lim Vo,
n—oo n

—fl=o0. (4.3)
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Figure 2. The kernel functions Ly given by (4.4) for k =2,4,6

The limit on the right-hand side of (4.3) shows that the arithmetic mean of the sequence
{Tx(f)} in (4.2) converges to f with respect to the variation semi-norm. However, one
can observe that, for any nonconstant function f, the sequence {T%(f)} itself cannot be
convergent to f with respect to the variation semi-norm. Indeed, it follows from (4.1) and
(4.2) that Log_1(t) = 0, which implies To;_1(f) = 0 for all £ € N. Hence, we immediately

get
kILH;O Vor [T2k—1(f) - f] = Var [f] 7& 0

for any nonconstant function f. So, the characterization in (4.3) is still valid although the
sequence {Tx(f)} in (4.2) does not converge to f with respect to the variation semi-norm.

Example 4.2. Now take A = F = {c},} (almost convergence method) given by
v _{ L k=vv+1,...,0+n—1

Yy =14 n .
nk 0; otherwise,

and define the kernel L; of two variables by

((“F+1) 2 (1= Va2 +37); it Va2 +47 <

0; if a2+ y? > £,

[= =

Ly, (l‘,y) = {

which is indicated in Figure 2.

(4.4)

Then, it is easy to check that all conditions in Subsection 2.2 hold. Hence, for the

corresponding operators

1 v+n—1
(-Tn,v = - Z Tk‘v
N k=v
where

it follows from Theorem 2.6 that
To(f) + Torr(f) + - - + Togn1(f) _

n

feAC (RN) & lim V [
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Figure 3. The kernel functions Ly given by (4.7) for k = 2,4,6

uniformly in v. As in Example 4.1, it is easy to see that

kli_{l(r)loV[T%—l(f) —fl=VI[f]#0

1563

for any nonconstant function f. So, the characterization in (4.6) is still valid although the
sequence {Tx(f)} in (4.5) does not converge to f with respect to the variation semi-norm.

Example 4.3. Finally, take again A = F and define the kernel L; by

2 2 1

W 1 1P VD e g

O s G e D s
an m
0 ; otherwise,

which is indicated in Figure 3.
Then, for the corresponding operators

1 v+n—1
(-Tn,v = E Z T,
k=v

where
Tolfss,t) = | | Lie, y) Hi(f(s — @yt — ) =9
00 xry

we may write from Theorem 2.9 that

To(f) + Tos1(f) + -+ Togn-1(f)
n

feAcﬂ(Rﬁ)@nlin;ov[ —fl =0,

uniformly in v.

(4.8)

One can also find suitable applications and some special cases (with respect to the

supremum norm) of the results in Section 3.
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