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A NEW METHOD OF APPROXIMATION FOR FUZZY MEMBERSHIP
FUNCTION WITH APPLICATION

Aladdin SHAMILOV %, Nihal INCE **
! Department of Statistics, Faculty of Science, Anadolu University, 26470, Eskisehir, Turkey

ABSTRACT

In the present study we have formulated a new Maximum Fuzzy Entropy Problem (Max(F)EntP) for fuzzy membership
function and proposed sufficient conditions for existence of its solution. Mentioned problem consists of approximation fuzzy
membership function by maximizing Maximum Fuzzy Entropy (Max(F)Ent) measure with respect to membership functions
with finite number of the fuzzy values subject to constraints generated by given moment functions. The existence of solution
of mentioned problem is proved by virtue of convexity property of Max(F)Ent measure, the implicit function theorem and
Lagrange multipliers method. Moreover, by using MATLAB programme one application of suggested method on fuzzy data
analysis is given.

Keywords: Fuzzy entropy measure, Maximum fuzzy entropy problem, Membership function, Fuzzy data analysis

BULANIK UYELIK FONKSIYONUNUN YAKLASIMI ICiN BIR YENI
METOT VE UYGULAMA

OZET

Bu ¢aligmada, tarafimizdan bulanik iiyelik fonksiyonu igin yeni bir maksimum bulanik entropi problemi (Max(F)EntP)
gelistirilmis ve bu problemin ¢6ziimiiniin varlig1 i¢in yeterli kosullar belirlenmistir. S6z konusu problem sonlu sayida bulanik
degerlere sahip tiyelik fonksiyonunu bulanik entropi 6l¢limiinii verilmis moment fonksiyonlar1 yardimiyla iiretilen moment
kosullar1 altinda maksimize etmekle yaklasik olarak elde etme problemidir. S6z konusu problemin ¢oziimiiniin varlig
Max(F)Ent 6l¢iimiiniin konvekslik 6zelligi, kapali fonksiyon teoremi ve Lagrange carpanlar1 yardimiyla ispatlanmigtir. Buna
ek olarak, bulanik veri analizi iizerine sunulmus yontemin bir uygulamast MATLAB programi kullanilarak verilmistir.

Anahtar Kelimeler: Bulanik entropi 6l¢iimii, Maksimum bulanik entropi problemi, Uyelik fonksiyonu, Bulanik veri analizi

1. INTRODUCTION

The concept of entropy and many problems concerned with its applications are given in [1]. Zadeh [2]
has introduced the concept of fuzzy sets and developed his own theory to measure the uncertainity of a
fuzzy set. It is known that a fuzzy set A is defined in the universal set X by a membership function p, (x)
and represented as

A={x;|us(x;):i=012,..,n}
Uy incrisp set maps whole members in universal set X to {0,1}, us: X — {0,1}. However, in fuzzy sets,

each element is mapped to [0,1] by membership function, u,4: X — [0,1]. For this reason, fuzzy set can
be described as “vague boundary” set comparing with crisp set in [3,4].

*Corresponding Author: nihalyilmaz@anadolu.edu.tr
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By starting from the concept of fuzzy sets De Luca and Termini [5] suggested that corresponding to
Shannon’s [6] probabilistic entropy the fuzzy entropy measure H(A) for fuzzy set A containing finite
number elements can be expressed by formula

H(A) = = X olua(xdloguax) + (1 — pa(x)) log (1 — pa(x))]
where A is a fuzzy set, u,(x) is membership function and w4 (x;) are the fuzzy values.

After the development of fuzzy entropy measure formula H(A) given in [5], a large number of measures
of fuzzy entropy were discussed, characterized and generalized by various authors. Some other
interesting findings are related with theoretical measures of fuzzy entropy and their applications have
been provided by Kapur [7], Parkash and Sharma [8], Yager [9], Bhandari and Pal [10], Parkash, Sharma
and Kumar [11] etc. In [12], Parkash, Sharma and Mahajan introduced new measures of weigted fuzzy
entropy including two moment conditions.

The aim of this study consists of developing a new Generalized Maximum Fuzzy Entropy Methods in
the form of MinMax(F)EntM and MaxMax(F)EntM on the basis of entropy optimization theory [13-15]
and present an application.

The suggested paper is formed as follows. In Section 2, a complete definition of Maximum Fuzzy
Entropy Problem, Method and Distribution are proposed. In Section 3, the convexity of Max(F)Ent
measure is introduced. In Section 4, the existence of Maximum Fuzzy Entropy Problem (Max(F)EntP)
is proved by using Lagrange multipliers methods [16] and implicit function theorem [17]. In Section 5,
the evaluation of Lagrange multipliers for Maximum Fuzzy Entropy Problem (Max(F)EntP) is
formulated by Existence theorem. In Section 6, the maximum fuzzy entropy value is achieved. In Section
7, new Generalized Maximum Fuzzy Entropy Problems (MinMax(F)Ent),,, (MaxMax(F)Ent),, and
methods of solving these problems are developed [18-20]. In Section 8, it is given an application about
GMax(F)EntM. Finally, the main results obtained in this study are summarized.

2. MAXIMUM FUZZY ENTROPY PROBLEM (MAX(F)ENTP)

On the basis of entropy optimization theory we have suggested a new Generalized Maximum Fuzzy
Entropy Methods (GMax(F)EntM) in the form of MinMax(F)EntM and MaxMax(F)EntM. These
methods are based on primary maximizing Max(F)Ent measure for fixed moment vector function in
order to define the special functional with maximum values of Max(F)Ent measure and secondary
optimization of mentioned functional with respect to moment vector functions. Distribution, in other
words a set of successive values of estimated membership function closest to (furthest from) the given
membership function in the sense of Max(F)Ent measure, for the first time, obtained by mentioned
methods is defined as (MinMax(F)Ent),, ((MaxMax(F)Ent),,) distribution which can be applied in
many problems of fuzzy data analysis. One of mentioned applications is approximately obtaining fuzzy
membership function according to given fuzzy data.

In formula for fuzzy set A containing finite number elements suggested by De Luca and Termini [5] we
write “In” instead of “log” in order to simply operations. Therefore, we shall consider the following
formula

H(A) = = X o[ua () lnpg (o) + (1 — pa (x;)) In(1 — pa ()1 (1)
Maximum Fuzzy Entropy Problem (Max(F)EntP) consists of maximizing Max(F)Ent measure (1) with

respect to membership functions u,(x) with finite number of the fuzzy values p,(x;),i = 0,1,...,n
subject to constraints

Z?:O#A(xi) gj(xi) = HUj, ] =012,..,m (2)
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where go(x) =1; uj, j=0,1,2,..,m are moment values of u,(x;), i =0,1,...,n with respect to
moment functions g;(x), j =0,1,2,....m;m <n.

The distribution of fuzzy values (yA(xO),uA(xl), ...,uA(xn)) maximizing function (1) subject to
constraints (2) (briefly stated problem (1),(2)) we call Maximum Fuzzy Entropy Distribution
(Max(F)EntD) just as Maximum Entropy Distribution (MaxEntD) of probabilistic entropy optimization
problem.

Fuzzy Entropy Optimization Problem (1),(2) is a conditional extremum problem. The solvability of this
problem requires to fulfillment of several conditions. Mentioned conditions are following:

1) Moment functions g;(x), j = 0,1,2, ..., m are linearly independent;

2) The inequality n > m is satisfied,;

3) Moment values fij, j = 0,1,2,...,m are obtained by virtue of given fuzzy values fi,(x;), i =
0,1, ...,nand moment functions g;(x) , j = 0,1, ..., m in the form of equalities

Yic09;(x) falx) = fy, j=01,...,m. (21)

Remark. (2;) means that there are linear dependency between the column i = (fy, fiy, ..., fi;,)" and

all columns of matrix A = (gj(xi)) j=01,,m- Consequently, rankA is equal to rank(A: i), where
i=0,1,..n

(A: i) is augmented matrix for system (2) as the matrix A with column i added to it. Therefore, system

(2) with respect to puus(x;), i=0,1,..,n has a solution. Note that from condition 1) follows that

rankA =m+ 1.

3. CONVEXITY OF MAX(F)ENT MEASURE

In order to simplify mathematical operations constrained with (1) we use conventional signs u,(x;) =
X;, i =0,1,...,n and write (1) in the form

H=-— ?zO[XilnXl- + (1 - Xl) ln(l - Xl)] (1’)
From (1") follows that
M o in (1_Xi)'
0X; - X !
1 . .
H_ _ ) xa=x)’ tT]
9Xi0X; _{ J(o ]), i#j.

Consequently, Hessian matrix 7 is defined in the following form

9%H
H=\——]). .
aXian j=0,1,.,n

i=0,1,..,n

1
Xi(1-X;)
negative defined. This result shows that function H is convex and at critical point (Xg, X{’, ., X0), Xl-o =
1 . O0H . .
> for which P 0 function H reaches maximum value.

i

Since eigenvalues of H matrix are negative : — <0,i=0,1,..,n, therefore this matrix is
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4. THE EXISTENCE OF SOLUTION OF MAX(F)ENTP

Maximum Fuzzy Entropy Problem (1),(2) is a conditional extremum problem and can be solved by
Lagrange multipliers method. According to Lagrange multipliers method firstly the new auxiliary
function U is constructed:

U=—XoluaCe dnpy () + (1 — pa(xy)) ln(l - .uA(xi)) - Z;'n:O /11'(2?:0 ta(x;) gj (x) — Hj)]: (3)

where A; are certain constant factors and the function U is now investigated for an unconditional

extremum; we form a system of equations % =0, j=0,1,..,m supplemented by the constraint
)

equations (2) from which all the n + m + 2 unknowns p,(x;), i =0,1,..,nand 2;, j =0,1,..,mare
determined.

From (3) follows that

ou
_Z]=0 ]g](xl)
[—inpa(x) + 1= In(1 — pa(xy)) — 1] - Yit04igi(x) = 0;
ualxy))
—lne s oy = 2049, (x;
L) _ oI 4ig) = 0,1,..,n
pa(x;) ' S
1 — 1 + ezyioﬂ-jgj(xi)
palxy) '
1
pa(x;) = vy il 0,1,..,1m )
Also, from (1) follows that
= —(ZTora(x) g;() —u;) =0, j=01,..,m
If we take (4) into account in (2), then
n ; . ) = . | —
i=0 1+eZ;'n:o’1jgj(xi) gj(xl) Ui, Jj 0,12,..,m. (5)
If denote the left-hand of (5) by f; (4, 44, ..., A), then (5) can be written as
1 j=
fi(dos A1, s Ay) = RN gi(x) =uj, j=01,..,m (6)
From (2,) follows that
Y09 (x) fa(x) = fj — X1 9(x) fa(x), j=01,..,m. (7)
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(7) shows that there are linear correlations between fi,(x;),i = 0,1,..,mand fis(x;),i =m+1,...,n.
Consequently, from the assumption 1), that moment functions g;(x), j = 0,1,..,m are linearly
indepedent, then the following condition is satisfied

det (g;()) jeo1,.m # 0. (22)

i=0,1,...m

In (7), fig(x;), i =0,1,...,m by Cramer method of solving linear nonhomojenus algebrical equations
can be expressed via fi;, j =0,1,..,m and fiy(x;), i =m+1,..,n inthe form

fia(e) = F(fo, iy, oo iy fiama1)s s Ba (), 0= 0,1, m. (23)

From (4) follows that

1—pg(x;) .
YToAigi(x) =In (TAxi))' i=01,..,m. (8)

If subsitute (253) in (8) and solve the getting equations with respect to 1y, A4, ..., 4,,, then it is possible

to find Ay, A4, ..., A,, satisyfing (6) and the equations

fi(Aos A1y ) = flj, j=0,1,..,m (9)

are arised. Therefore, subject to assumption (2,) by solving (7) with respect to fi,(x;),i =0,1,...,m
and substituting (23) in (8) the relations (9) are appeared.

Note that relations (9) are one of the important conditions to solve equations (6) with respect to
Ao, A1, -, Am. The other condition to solve equations (6) with respect to Ag, A4, ..., 4, in the some
neighbourhood of (1¢, 44, ..., A,,,) satisfiying (9) is the condition

_ D(fo.frreofm)
] = Dot ™ 0. (10)

Now, we prove the fulfillment of (10). From (6), it follows that

ofj .
= T o a1 = () ;GG Cx, J = 0,1, cm e = 0,1, ., m. (12)

Letus Y7o a(x) (1 — pa(x;)) = a. Then,

Zn HA(xi)(l_ﬂA(xi)) — 1 (12)

i=0 p
In (12), if the ratio M is considered as probability measure, then

(1= i .
paCAZaD) _ p i =01, ., m; S Py =1

a

and from (11) it follows that

ofj i)(1- i
ﬁ = a2?=0ng(xi)gk(xi) =aYi-oP gj(xi)gk(xi) = aE[gjgk]

and
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E[gogo]l Elgogil - Elgogml
R = (ﬂ) =a E[g:lgo] E:[g1g1] E[g1zgm]

ez j,k=0,1,...m

E[gn;go] E igmgl] " E [g@gm]

Since R is correlation matrix of random variables g, (x), ..., gm (x) each of which has n + 1 number
of values, then

— 2Gofifm) _
/= D(Ao s, mdm) det(R) # 0.

Note that the satisfiability of last condition can be also proved as following:
0 < E{laggo + a191 + -+ amgm|?} = E{X]L0 Xito ajax9; G} =
=Y SitoajaxE{g;gx} = aRa”, a # 0, a = (ay, ..., am). (13)

It is seen that random variables g;(x),j = 0,1, ..., m are linearly independent according to assumption
1), the left-hand of (13) is equal to zero if and only if at a = 0, consequently R is positive defined
matrix, therefore detR # 0 and condition (10) is satisfied.

The satisfability of (9) and (10) indicates that the implicit function theorem [16] can be applied to
solvability of (6) with respect to 1, A4, ..., Ay, -

The obtained results for solvability of (6) can be expressed in the following theorem.
Existence Theorem. Let us the conditions 1), 2) and 3) are satisfied.

Then, Maximum Fuzzy Entropy Problem (Max(F)EntP) which consists of maximizing Max(F)Ent
measure (1) with respect to membership functions u,(x) with finite number of the fuzzy values w4 (x;),
i =0,1,....,n subject to constraints (2) has a solution (uA(xO),uA(xl), ...,MA(xn)).

5. EVALUATION OF LAGRANGE MULTIPLIERS FOR MAX(F)ENTP

From the proof of Existence theorem, it is indicated that evaluation of Lagrange multipliers occupies
very important place. For this reason, it is required to consider this problem in more detail. One of basic
stages of application of numerical methods is the choice of any initial point.

The mean problem consists of solving system of equations (6) with respect to Aq, 14, ..., A, by starting
any initial point (1,44, ..., A,,,). Mentioned point is obtained by following way. From (2,) follows (7)
and from (2,) fisa(x;), i =0,1,...,m are obtained in the form of (23), later (23) is taken into account
in (8). Solving (8) with respectto A, A4, ..., A, and showing obtained values as Ag, 4, ..., 4,5, it is seen
that these values satisfy (9). Consequently to solve system (6) by some numerical methods

(Ao, A1, ..., A,y) can be taken as initial point.
6. MAXIMUM FUZZY ENTROPY VALUE
In Section 4, maximization of Max(F)Ent measure (1) is realized by Lagrange multipliers method and

membership function w4 (x) which gives maximum value to (1) is expressed by formula (4). By virtue
of formula (4) from (1) follows that



Shamilov and Ince | Anadolu Univ. J. of Sci. and Technology B — Theoretical Sci. 5 (1) - 2017

eZi=02j(x0)

maxH, = =Y, In y + Yo Al (14)

1+eZj=0495 (%
The formula (14) represents maximum value of Max(F)Ent measure (1). It is seen that maxH, depends

on Lagrange multipliers Ay, A4, ..., A,,, moment functions gq(x), g1 (x), ..., gm (x) and moment fuzzy
values pg , fy, - ) -

7. GENERALIZED MAXIMUM FUZZY ENTROPY PROBLEMS

Before it is showed that maximum value of Max(F)Ent measure H, is represented by formula (14) in
the dependency of moment functions g,(x), g1 (x), ..., gm(x), Lagrange multipliers A4, A4, ..., A, and
moment fuzzy values pq, iy, .-, - L US g = (go, 91, ---» Gm) be vector moment functions with
components go, 941, ---» gm- |f We take into account that according to condition (2) both Lagrange
multipliers Ay, 44, ..., 4,, and moment fuzzy values pg, 14, ..., iy, are generated by moment vector
fuction g and given fuzzy values of u,(x;), i = 0,1,...,n, then the maxH, defined by formula (14)
can be expressed as a functional U(g) depended on moment vector fuction g. That is to say

S0 2j05(x)

U(g) = max Hy = - Xk, In
g9 1+e”J=

According to [13-15], let K be the compact set of moment vector functions g(x). U(g) reaches its least
and greatest values in this compact set, because of its continuity property. For this reason,

; — 1) . = (@)

min U(g) u(g®) ; maxU(g) U(g®).
Consequently,

U(g(l)) < U(g(z))_

Distributions 1 = (1D (xe), kO (@), o, kD)) A p® = (U@ (o), 1@ (1), s 1P (1))

corresponding to the moment functions g™ (x) and g (x) respectively, we call as MinMax(F)Ent and
MaxMax(F)Ent distributions. Methods obtaining distributions MinMax(F)Ent and MaxMax(F)Ent we
call as MinMax(F)EntM and MaxMax(F)EntM, respectively.

Now, MinMax(F)EntM and MaxMax(F)EntM for a finite set of characterizing moment functions can
be defined in the following form.

Let Ky = {g1, ..., g} be the set of characterizing moment vector functions and all combinations of r
elements of K, taken m elementsatatime be K, ,, . We note that each element of K, ., is vector

g with m components. Note that the number of vectors g is equal to (;l)

Solving the MinMax(F)Ent and MaxMax(F)Ent problems require to find vector functions (go,g(l)(x))

and (go,g(z)(x)), where go(x) =1, gV €Ky, 9@ € Ky, minimizing and maximizing
functional U(g) defined by (15). It should be noted that U(g) reaches its minimum (maximum) value
subject to constraints (2) generated by function g,(x) and all m —dimensional vector functions g(x),
g € Ko . Inother words, minimum (maximum) value of U(g) is least (greatest) value of values U(g)
corresponding to g(x), g € Ky, In other words, MinMax(F)Ent (MaxMax(F)Ent) is distribution
giving minimum (maximum) value to functional U(g) along of all distributions generated by (;1)
number of moment vector functions g(x),g € K, . Mentioned distributions can be denoted by
(MinMax(F)Ent),, and (MaxMax(F)Ent),,.
7
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If (go,g(l)(x)) gives the minimum value to U(g), then distribution u® =
(D (x), uP (x1), ..., uP(xy,) ) is called (MinMax(F)Ent),, distribution. In a similar way, if
(go,g(l)(x)) gives the maximum value to U(g), then distribution of u® =
(@ (x0), u®(x1), ..., uP(x,) ) is called (MaxMax(F)Ent),, distribution. MinMax(F)Ent and
MaxMax(F)Ent methods represent maximum fuzzy entropy distributions in the form of

(MinMax(F)Ent),, and (MaxMax(F)Ent),, distributions. It should be noted that both distributions can
be applied in solving proper problems in fuzzy data analysis.

8. APPLICATION OF MINMAX(F)ENT AND MAXMAX(F)ENT METHODS

In this section, (MinMax(F)Ent),, and (MaxMax(F)Ent),, distributions are obtained for the following
membership function values in fuzzy data given by Table 1. It should be noted that mentioned
distributions are calculated by using MATLAB.

Table 1. Membership function values u(x;) =y;, i =12,...,18

Xi Hi
0.1000 0.0004
0.6000 0.0011
1.1000 0.0030
1.6000 0.0082
2.1000 0.0219
2.6000 0.0573
3.1000 0.1419
3.6000 0.3100
4.1000 0.5498
4.6000 0.7685
5.1000 0.9002
5.6000 0.9608
6.1000 0.9852
6.6000 0.9945
7.1000 0.9980
7.6000 0.9993
8.1000 0.9997
8.6000 0.9999

In order to calculate (MinMax(F)Ent),, and (MaxMax(F)Ent),, distributions for fuzzy data given in
Table 1, it is required to realize the following steps:

1. Determine Max(F)Ent characterizing moments E{g,(x)}, E{g1()}, ..., E{gm (x)}
according to fuzzy data.

2. Calculate Max(F)Ent distributions subject to each of Max(F)Ent characterizing moments
E{go(0)}, E{g1(0}, ..., E{gm () }.

3. Determine (MinMax(F)Ent),,, and (MaxMax(F)Ent),, distributions corresponding to
selected Max(F)Ent characterizing moments E{g,(x)}, E{g1(x)}, ..., E{gm (%)}

4. Along obtained distributions choose the accepted Generalized Maximum Fuzzy Entropy
distributions.



Shamilov and Ince | Anadolu Univ. J. of Sci. and Technology B — Theoretical Sci. 5 (1) - 2017

It is noted that selection of moment functions set is important in the application of Max(F)Ent method.
In our investigation, Max(F)Ent characterizing moments E{\/E},E{lnx},E{ln(l + )}, E{In(1 + x?)}
are acquired by experimental way.

In order to obtain (MinMax(F)Ent),, and (MaxMax(F)Ent),, (m = 1,2) distributions, we should
choose the moment vector functions giving the maximum and minimum values to the Max(F)Ent
functional U(g). Here, we used the moment functions

go(x) = 1,01 (x) =Vx, g, (x) = Inx, gs(x) = In(1 +x), g4 (x) = In(1 + x?).

According to suggested method, K, = {90, 91, 92, 93, 94} and all combinations of r elements of K,
taken m elements at a time are denoted by K, ,,. Max(F)Ent values subject to moment constraints
generated by elements of K ,,, , m=1,2 is given in Tables 2,3.

Table 2. Entropy of calculated Max(F)Ent values subject to two moment functions

Moments Functions Fuzzy Entropy

(1,vx) 0.0375
(1, Inx) 0.0896
(1, In(1 + x)) 0.0379

(1, In(1 + x2)) 0.0464

Table 3. Entropy of calculated Max(F)Ent values subject to three moment functions

Moment Functions Fuzzy Entropy
(1,vx,Inx) 0.0351
(LVx, In(1 + x)) 0.0182
(Lvx,In(1 + x?)) 0.0277
(1, Inx, In(1 + x)) 0.0268
(1, Inx, In(1 + x?)) 0.0281

1, In(1 + x),In(1 + x2)) 0.0280

For m =1, Ky, = {(1,vx), (1, Inx), (1, In(1 + x)), (1, In(1 + x*))}.

From Table 2, it is shown that (go,g®) = (1L,vx) , g® €K, gives to least value to U(g),
consequently corresponding distribution is (MinMax(F)Ent), and (go,9®) = (1,inx), g® € Ko,
gives to greatest value to U(g), consequently corresponding distribution is (MaxMax(F)Ent);. In a
similar way,

For m=2, Koz ={(1,Vx,Inx),(1,Vx,In(1 + x)), (1, Vx, In(1 + x%)), (1, Inx, In(1 +
x)), (1, Inx, In(1 + x%)}.

From Table 3, it is shown that (go,g®) = (1, Vx,In(1 + x)), g € Ky, gives to least value to
U(g), consequently corresponding distribution is (MinMax(F)Ent), and (go,9®) = (1,Vx, Inx),
g® € Ko, gives to greatest value to U(g), consequently corresponding distribution is
(MaxMax(F)Ent),.

Calculated (MinMax(F)Ent),, and (MaxMax(F)Ent),, ,m = 1,2 distributions are given in Table 4.
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Table 4. Distributions of (MinMax(F)Ent),,, and (MaxMax(F)Ent),, ,m = 1,2

(MinMax(F)Ent), (MinMax(F)Ent), (MaxMax(F)Ent), (MaxMax(F)Ent),
0.9997 0.9998 0.9963 0.9982
0.9998 0.9999 0.9991 0.9996
0.9998 0.9999 0.9995 0.9998
0.9998 0.9999 0.9996 0.9999
0.9998 0.9999 0.9997 0.9999
0.9998 0.9999 0.9997 0.9999
0.9998 0.9999 0.9998 0.9999
0.9999 0.9999 0.9998 1.0000
0.9999 0.9999 0.9998 1.0000
0.9999 0.9999 0.9998 1.0000
0.9999 1.0000 0.9998 1.0000
0.9999 1.0000 0.9999 1.0000
0.9999 1.0000 0.9999 1.0000
0.9999 1.0000 0.9999 1.0000
0.9999 1.0000 0.9999 1.0000
0.9999 1.0000 0.9999 1.0000
0.9999 1.0000 0.9999 1.0000
0.9999 1.0000 0.9999 1.0000

In order to obtain the performance of (MinMax(F)Ent),, and (MaxMax(F)Ent),, distributions, we
use various criterias as Root Mean Square Error (RMSE), Chi-Square (x2) and Max(F)Ent measure
(H). The acquired results are demonstrated in Table 5-6.

Table 5. The obtained results for (MinMax(F)Ent),, ,m = 1,2 distributions

Distributions of Moment Constraints H RMSE x?
(MinMax(F)Ent),

(MinMax(F)Ent), (1,x) 0.0375 | 0.6367 | 0.5212
(MinMax(F)Ent); | (1,vix,In(1 +x)) | 0.0182 | 0.6368 | 0.5213

Table 6. The obtained results for (MaxMax(F)Ent),, , m = 1,2 distributions

Distributions of Moment Constraints H RMSE x2
(MaxMax(F)Ent)
(MaxMax(F)Ent), (1, Inx) 0.0896 | 0.6363 | 0.5205
(MaxMax(F)Ent), (1,vx,Inx) 0.0351 | 0.6366 | 0.5211

Tables 5-6 show that in the sense of RMSE and y? criteria each of (MaxMax(F)Ent),, , (m = 1,2)
distribution is better than each of (MinMax(F)Ent),, (m = 1,2) distribution. Moreover,
(MaxMax(F)Ent);  distribution shows better performance along (MaxMax(F)Ent),,, m = 1,2
distributions.

8. CONCLUSION
In the present study the following results are achieved.

e Itis proved the convexity property of Max(F)Ent measure, then it is formulated a Maximum
Fuzzy Entropy Problem and proposed sufficient conditions for existence of its solution.

e A special functional U(g) depended on moment vector functions g is defined by applying
Lagrange multipliers method.

10
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Maximum Fuzzy Entropy Distribution (Max(F)EntD) is distribution of fuzzy values
(uA(xO),uA(xl),...,MA(xn)) maximizing Max(F)Ent measure subject to constraints
generated by fixed moment vector function. Maximum Fuzzy Entropy Distribution
(1a(x0), ua(x1), .., ua(x)) can be considered geometrically as points (x;, ua(x;)) ,i =
0,1,..,n of membership function p,(x). Consequently, interpreting these points as
experimental data it is possible to select formula, in other words membership function, in
accordance on mentioned data by known methods.

Generalized Maximum Fuzzy Entropy Methods (GMax(F)EntM) in the form of
MinMax(F)Ent and MaxMax(F)Ent methods are suggested on the basis of primary
maximizing Max(F)Ent measure H, for fixed moment vector function in order to obtain the
special functional U(g) with maximum entropy values of Max(F)Ent measure and
secondary optimization for mentioned functional with respect to moment vector functions.
Distributions obtained by these methods are defined as (MinMax(F)Ent),, and
(MaxMax(F)Ent),, distributions.

According to obtained results, for this fuzzy data, (MinMax(F)Ent),,, and (MaxMax(F)Ent),, ,m =
1,2 distributions are compared by using different criterias in terms of modellig data. It is shown that the
each of (MaxMax(F)Ent),,, m = 1,2 distribution is more suitable in modelling fuzzy data than each of
(MinMax(F)Ent),, m = 1,2 distributions in the sense of RMSE and y? criterias. It is found that
(MaxMax(F)Ent), distribution can provide better results for the fuzzy data in terms of RMSE and y?
criterias. Consequently, obtained results are shown that developed methods can be applied succesfully
in fuzzy data analysis.
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OZET

Bu ¢alismada ¢izge-yonlendirilmis yinelemeli fonksiyon sistemleri ele alinmis, verilen keyfi noktalar1 merkez kabul eden ve
bu sistemlerin ¢ekicilerini kapsayan disklerin bulunabilmesi igin bir yeterli kosul verilmistir. Ayrica ¢izge-yonlendirilmis
yinelemeli fonksiyon sistemi ¢ekicilerinin ¢aplari i¢in alt ve iist siirlar verilmistir.
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ON THE DIAMETERS OF GRAPH-DIRECTED FRACTALS

ABSTRACT

In this work it is considered the graph-directed iterated function systems, and a sufficient condition to find disks which are
centered at arbitrarily given points and containing the attractors of these systems is given. It is also given upper and lower
bounds for the diameter of the attractors of a graph-directed system.

Keywords: Fractals, Iterated function systems, Graph-directed fractals

1. GIRiS

Kendine benzer yapilar1 veya kiimeleri arastiran fraktal geometrinin ana dallarindan biri yinelemeli
fonksiyon sistemleridir. Yinelemeli fonksiyon sistemlerinin giinliik hayatta fraktal goriintii sikistirma,
fraktal antenler, fraktal interpolasyon fonksiyonlari, sinyal modelleme gibi bir¢ok farkli uygulamasi
vardir.

Bir yinelemeli fonksiyon sistemi (YFS) bir X tam metrik uzay1 iizerinde tanimh {¢;}Y,
fonksiyonlarindan olusur. Burada herbir ¢;: X - X fonksiyonu biiziilme katsayis1 0 < A; < 1 olacak
sekilde bir biiziilme fonksiyonudur. H (X), X tam metrik uzayinin bos olmayan kompakt altkiimelerinin
ailesi {izerinde Hausdorff metrigi alinarak olusturulan tam metrik uzay olmak iizere, Hutchinson
teoremine gore,

®: HX) » HX)
N

o) = Jo )
i=1

seklinde tanimli fonksiyon biiziilme katsayis1 A = max_ A; olan bir biiziilme donlsimiidir ve
i=1,..,

dolayisiyla bir sabit noktasi vardir. Bu sabit noktaya {¢;}}_; yinelemeli fonksiyon sisteminin gekicisi
(atraktorti) adi verilir. Ayrica yine Hutchinson teoremine gore, @™, & operatériiniin kendisiyle n defa
bileskesini gostermek tizere, H(X) i¢inden segilen keyfi bir U kiimesi igin @™ (U) kiime dizisi bu
cekiciye yakinsar (bkz [1, 2]).

*Sorumlu Yazar: adeniz@anadolu.edu.tr




Deniz / Anadolu Univ. Bil. Tek. Der. B — Teorik Bil. 5 (1) - 2017

- 1 1 1 1 V3
Ornek 1.1: X = R? ve ¢,(x,y) = E(x,y), @, (x,y) = E(x +1,y) ve p3(x,y) = E(x +E,y+7)

fonksiyonlarindan olusan yinelemeli fonksiyon sisteminin ¢ekicisi Sierpinski liggeni adiyla bilinen bir
fraktaldir. Sekil 1’de bu yinelemeli fonksiyon sisteminin ilk birkag iterasyonu ve gekicisi goriilmektedir.

A
Wy
A A

AA L A

0 1 0 1 0 1 0 1

Sekil 1. Ornek 1.1 de verilen {¢;, ¢,, 3} yinelemeli fonksiyon sistemi i¢in olusturulan ® operatdriiniin
en soldaki iiggene iki kez uygulanmasiyla ikinci ve lgiincii sekildeki kiimeler elde edilir. Bu
yineleme igleminin sonunda (limit durumunda) elde edilen kiime en sagda temsili olarak
gosterilen Sierpinski tiggenidir.

Bir YFS ¢ekicisinin ¢api igin bir iist sinirin gerekli oldugu bazi algoritmalar vardir, bunlar arasinda [3]
ve [4] ¢aligmalarini sayabiliriz. Bu algoritmalar en azindan ¢ekicinin ¢ap1 i¢in bir iist sinirin bilinmesine
dayanir. YFS cekicilerinin ¢aplari i¢in bir iist sinir Dubuc ve Hamzaoui tarafindan verilmistir, (bkz. [5]).
Bunun disinda bir YFS c¢ekicisini kapsayan disklerin bulunmasiyla ilgili olarak pek c¢ok caligma
bulunmaktadir (bkz. [6-9]). Bu calismada klasik yinelemeli fonksiyon sistemlerinin genellemesi olan
cizge-yonlendirilmis yinelemeli fonksiyon sistemlerinin ¢ekicilerini kapsayan diskler igin bir yeterli
kosul verilecek ve ¢ekicilerin gaplari i¢in bir sinir esitsizligi ifade edilecektir.

Kendine-benzer bir fraktal kendisinin kiigiiltiilmiis kopyalarinin birlesimi olarak ifade edilebilen bir
metrik uzaydir. Bunun genellemesi olarak her biri birbirlerinin kiiciiltiilmiis kopyalarinin birlesiminden
olusan sonlu sayidaki metrik uzaylarin bir koleksiyonu olusturulabilir. Bu tiir metrik uzaylara da ¢izge-
yonlendirilmis fraktallar diyecegiz. Simdi ¢izge-yonlendirilmis yinelemeli fonksiyon sistemlerini kisaca
ozetleyelim: {(X,,dg) | @ = 1,2,...,N} tam metrik uzaylarin bir sonlu ailesi olsun. Bir g¢izge-
yonlendirilmis yinelemeli fonksiyon sistemi (CYFS), bu metrik uzaylar arasinda a, f = 1,2, ..., N ve

k =12,.., K% olmak iizere ¢, k. x s — X, biiziilme fonksiyonlarindan olusur. (Pr £ fonksiyonunun

biiziilme katsayisini /'lz’ﬁ € [0,1) ile gosterecegiz.) Boylece olusturulan
XwopP lap=12 .. ,Nvek=12,., K"}

koleksiyonuna bir ¢izge-yonlendirilmis yinelemeli fonksiyon sistemi denir.

H(X;) X -+ X H(Xy) carpimi, her bilesen tizerindeki Hausdorff uzakliklarinin maksimumu
almarak olusturulan metrik ile bir tam metrik uzaydir. Yukaridaki bicimde bir CYFS verildiginde

CDH(Xl) X e X H(XN) g H(Xl) X e X H(XN)
operatoriinii ¢ = 1,2, ..., N i¢in

N K*B

q)a(Ul; UZI e UN) = U U ()0;:”8 (Uﬁ)
B=1 k=1

olmak iizere ® = (P, D,,..., dy) olarak tamimlayalim. Klasik yinelemeli fonksiyon sistemlerine
14
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benzer olarak, buradaki @ fonksiyonu da bir biiziilme doniisiimiidiir ve bir sabit noktas1 vardir. Bu sabit
nokta (A*,A?, ..., AN) olmak iizere

KB

N
AT = U U 0P (APY, a=12,..,N
B=1 k=1

esitlikleri gecerlidir (bkz. [10-11]). ® operatdriiniin sabit noktasi olan (A, A2, ..., AN) kiime N-lisine
sistemin ¢ekici N-lisi ve bilesenlerinden her birine bir ¢izge-yonlendirilmis fraktal veya sistemin bir
cekicisi diyecegiz. Burada uzaylar arasindaki fonksiyon iliskileri bir ¢izge yardimiyla ifade

edilebileceginden bu tip yinelemeli fonksiyon sistemlerinde “cizge-yonlendirilmis” tabiri
kullanilmaktadir.

Bundan sonraki kisimda notasyon karmasasindan kurtulmak amaciyla N = 2 durumuyla ilgilenecegiz,
genel durum benzer sekilde kolaylikla elde edilebilir. Yukaridakileri N = 2 durumunda ifade edecek
olursak ®: H(X;) X H(X,) —» H(X;) X H(X,) fonksiyonu

(D(U,V) = Obl(U'V)HPZ(U'V))

= ( ka; oyt (U) U Ul,gii (p,i‘z V), U’,ﬁii oet (U) U Ulk(ii o* (V)) olarak yazilir. Sistemin
cekici ikilisi (A?, A?) icin

K1,1 KI,Z

at = Jort o Joi?
k=1 k=1
K2,1 KZ,Z

a2 = Jopt o Jop? @
k=1 k=1

olur. Yine Klasik yinelemeli fonksiyon sistemi durumundakine benzer olarak keyfi U € H(X;) ve V €
H(X5) kiimeleri i¢in ®™(U, V) dizisi n - oo igin (A1, A?) ikilisine yakinsar (bkz. [10, 11]).

Ornek 1.2. X; = X, = R? ve qo;cx #.R? 5 R2 asagidaki tabloda verilen biiziilme doniigiimleri olmak

iizere {(p;f B } ¢izge-yonlendirilmis yinelemeli fonksiyon sistemini ele alalim. Burada K%! = K12 =
K> = 1ve K*? = 3 tiir.

3
=ty e =0 Ay

2,1 _1 11 1
o1 () =5+ G 0¥ (x,y) = E(x' —y) + (0,1)

1
(p22’2(x! )’) = E(_)" x) + (1,0)

22(1,y) = =2 (03) + G
P (ny) =-5y)+ (G

(p,f B doniistimlerinin goriintiilerinin birlesimi alinarak olusturulan ®; ve @, operatorlerinin geometrik
tasvirleri Sekil 2°de yapilmustir. Sekil 2’nin sol tarafindaki gibi alinan kare ve tiggenin goriintiileri sagda

gosterilmistir. {(p,? P } ¢izge-yonlendirilmis yinelemeli fonksiyon sisteminin ¢ekici ikilisi (A, A?) ise
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Sekil 3’te gosterilmistir.

0 1 0 1 0 1 0 1

Sekil 2. Soldaki kiime ikilisinin (kare ve liggen) @, ve @, operatdrleri altindaki goriintiileri sagda
sirastyla verilmistir.

k o ot - N 3 A
. 3 el A3 S
S s Y s, » &
e ‘ £ o 2 by o o \ e
4 i 5 Lo ky gt
4 fus PR ’r\ A i \
dbe gt ; i .{;_ -
s AT
R : o %
W IS e I " k) X _ O
Y : £
2R 1 ¢
N :v.r-,i"' + b

Rt " N R s

Sekil 3. Ornek 1.2°de verilen CYFS’nin ¢ekicisi olan A* ve A2 kiimeleri

Bu calismada ilk 6nce merkezleri verilen keyfi noktalar olan ve ¢izge-yonlendirilmis yinelemeli
fonksiyon sisteminin g¢ekicilerini kapsayan diskler i¢in bir yeter kosul verecegiz. Daha sonra ise ¢izge-
yonlendirilmis yinelemeli fonksiyon sistemi ¢ekicilerinin ¢aplari igin Hausdorff uzakligina bagl olarak
alt ve list sinirlar verecegiz.

2. CYFS CEKICILERINI KAPSAYAN DiSKLER ICIN BiR YETER KOSUL

Bu boliimde ¢izge-yonlendirilmis yinelemeli fonksiyon sistemlerinin ¢ekicilerini kapsayan diskler igin
bir yeterli kosul verecegiz. Oncelikle asagidaki yardime1 teoremi ifade edelim:

Yardimer Teorem 2.1 {X,, (p,f'ﬁ} (a,[;’ =1,2:k=12,---, K“'B) bir ¢izge-yonlendirilmis yinelemeli
fonksiyon sistemi ve A and A? de bu sistemin cekicileri olsun. Eger &,(U,V) € U ve &,(U,V) €V
olacak sekilde U € X, ve V € X, kiimeleri varsa A* € U ve A? € V olur.

Ispat Hipotezden dolay1 ®(U,V) = (&, (U,V),®,(U,V)) € (U,V) dir. & fonksiyonu ardarda
uygulanarak her n € N igin ®™(U,V) € (U,V) elde edilir. Boylece lim,_,®"(U,V) = (AL, A?)
oldugundan (A%, A?%) € (U,V) ve dolayisiyla A € U ve A% € V elde edilir.

Yardimer Teorem 2.1, merkezleri keyfi x € X; ve y € X, noktalar1 olan, A' c B(x,1,) Ve A? C
B(y,my,) kapsamalarimi saglayan disklerin bulunmasi amaciyla kullamlabilir. Asagidaki teorem
yarigaplarla ilgili olarak bir yeter kosul vermektedir:

Teorem 2.2 {Xa,(p,f'ﬁ} (a,ﬁ =12k = 1,2,---,K“'5) bir ¢izge-yonlendirilmis yinelemeli fonksiyon
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sistemi, A ve A? de bu sistemin cekicileri olsun. Keyfi bir (x,y) € X, X X, verilsin. Eger 1, ve 7y
yarigaplart

x —%;;)'x), k=12, K" M
= ATy = di@ 00,0, k=120, K12 @
o Ty, = dz((p,?'l(x).Y); k=12 K 3

> 20k 0)7) k=12, K22 @

- 2,2 )
y 1-27

esitsizliklerini saghyorsa A* € B(x,1,) ve A? € B(y, ry) olur.

Ispat (1)-(4) esitsizliklerinin saglanmas1 durumunda, eger

D, (B(x, rx),B(y, ry)) C B(x,1y) (5)
D, (B(x, rx),B(y, ry)) c B(y, ry) (6)

ifadeleri kanitlanirsa Yardimci Teorem 2.1 ile ispat tamamlanir. (5) kapsamasini kanitlamak i¢in

P (B, 1) S B(x,1y), k=12, K -
o> (B(y,1)) S B(x, 1), k=12, K2 @)

kapsamalarini ve (6) kapsamasini kanitlamak i¢in ise

9 (B(x,13)) € B(y,7y), k=12, K>
e (B(y,1y)) S B(y,1y), k=12, ,K??

kapsamalariin kanitlanmasi gerekir. Simdi herhangi x, € B(x,7y) Ve yo € B(y,7y,) noktalarin alalim.
(1) esitsizligi kullanilarak her bir k = 1,2, -+, K% i¢in

dy (0t (x0), %) < dy (@ (x0), @i () + dy (9t (%), %)
< Atdy (0, %) + di (0 (%), %)
< ' + dy (ot (%), %)
<71y

ve buradan da <p,1’1(x0) € B(x,1,) elde edilir. Boylece (7) kapsamasi kanitlanmis olur. Benzer sekilde
(2) esitsizligi kullanilarak her bir k = 1,2, ---, K2 igin

dy (0> Vo), %) < d1(@8? o), o> () + dy (9r” (), %)
< A2 dy (o, y) + di(0r” (), %)

< 2°1y, + dy (9 (), x)
<71y

ve dolayisiyla (p;'z (y0) € B(x, 1) elde edilir. Yani (8) kapsamasi saglanir. Boylece

D1 (B(x,13), B(y,1y)) € B(x, 7).
ifadesi ispatlanmig olur. (6) ifadesinin dogrulugu da benzer sekilde gosterilir.
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Teorem 2.2’ye gore, herhangi x € X; ve y € X, noktalar1 verildiginde (1)-(4) esitsizliklerini saglayan
7y Ve 1y, yarigaplari belirlenerek olusturulan B (x,7y) ve B(y, ;) yuvarlar sirasiyla sistemin gekicileri
Al ve A? kiimelerini kapsamaktadir. Bu durumda 27, ve 217y, sayilan sirastyla Al ve A? gekicilerinin
caplart igin birer st sinir olurlar. Asagida ¢ekicilerin ¢aplari i¢cin Hausdorff uzakligina baglh olarak
baska bir sinirlandirma yapilacaktir.

3. CIiZGE-YONLENDIRILMIS YINELEMELiI FONKSIYON SISTEMi CEKIiCILERININ
CAPLARI iCIN BiR SINIR

Bu boliimde bir ¢izge-yonlendirilmis yinelemeli fonksiyon sistemi ¢ekicilerinin ¢aplart i¢in Hausdorff
metrigi ile ifade edilen bir sinir verecegiz. Oncelikle bir (X, d) metrik uzaymmn altkiimeleri iizerinde
¢ap fonksiyonunu tanimlayalim. X’in bos olmayan kompakt altkiimelerinin kiimesi H (X) {izerinde cap
fonksiyonu
6HX) >R
A §(A):=sup{d(x,y)|x,y € A}

olarak tanimlanir. Cap fonksiyonu & Lipschitz sabiti 2 olan bir Lipschitz fonksiyonudur, yani h, H(X)
iizerindeki Hausdorff uzakligin1 gostermek tizere, herhangi A, B € H(X) kiimeleri i¢in

16(A) —6(B)| < 2h(A,B) (9)
esitsizligi gecerlidir, (bkz. [12]).

Simdi bir biizillme doniisiimii i¢in ifade edilebilecek kontraksiyon prensibini hatirlayalim: (X, d) bir
metrik uzay, ¢:X — X biiziilme katsayisi 0 < A< 1 ve sabit noktasi xy € X olan bir biiziilme
doniigiimii olsun. Bu durumda her n € N ve x € X igin

d(xo, " () < 2 d(x, p(x))

esitsizligi gegerli olur. Klasik YFS durumunda ifade edilen kontraksiyon prensibini H(X;) X H(X3)
tizerinde biiziilme doniisiimii oldugunu bildigimiz ¢izge-yonlendirilmis yinelemeli fonksiyon sisteminin
belirledigi ® operatorii i¢in kullanacagiz.

Teorem 3.1 (X,,d,), a =1,2 iki tam metrik uzay, {Xa,<p,‘f’5} (a,p =12,k =1,2,--,K%F) bir
cizge-yonlendirilmis yinelemeli fonksiyon sistemi ve (pg P fonksiyonlarmin biiziilme katsayilar
0< A‘,f’ﬁ < 1 olsun. Sistemin ¢ekicileri A, A% ve A= max {AZ’B |la=12vek =12, ...,K“'B}
olmak tizere keyfi E € H(X,) ve F € H(X,) kiimeleri igin

n

|8(AY = S((®™(E, F))I < T

hy X h,((E,F),®(E,F))

esitsizligi hern € Nvei = 1,2 icin gecerlidir.

Teorem 3.1’in ifadesindeki (®™(E,F)); terimi & operatoriinin (E,F) kiime ikilisine n defa
uygulanmasiyla elde edilen ®"(E, F) kiime ikilisinin i. bilesenini géstermektedir. n = 1 durumunda
(®(E,F)); = ®;(E,F), i = 1,2 olduguna dikkat ediniz.

Ispat h, ve h, sirasiyla H(X;) ve H(X,) iizerinde d; ve d, metrikleri tarafindan iiretilen Hausdorff
metriklerini gostermek tizere H(X;) X H(X,) uzay1 iizerinde h; X h, ¢arpim metrigi vardir ve bu metrik
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herhangi (44, B1), (A5, B,) € H(X;) X H(X,) kiime ikilileri i¢in

hy X hy((A1, By), (A2, By)) = max {hy (Aq, By), hy(A3, B2)}

olarak tanimlanir. {X,, (p,'f P } cizge-yonlendirilmis yinelemeli fonksiyon sisteminin belirledigi operator
@ olsun. Simdi @ operatoriiniin biiziilme katsayisi A = max {Ag'ﬁ la=12vek=12,..,K ap },

sistemin ¢ekici ikilisi (AY,A?) ve (E,F) € H(X;) X H(X,) keyfi bir kiime ikilisi olmak iizere
kontraksiyon prensibini her n € N i¢in

hy X hy((AY, A?), P(E,F)) < % hy X h,((E,F),®(E,F)) (10)

olarak ifade edebiliriz.

Simdi (E,F) € H(X;) X H(X;) olsun. (9) esitsizligi ile ifade edilen X; iizerinde ¢ap fonksiyonunun
Lipschitz fonksiyonu olmasini A¢ ve (& (E, F)); kiimeleri igin kullanirsak i = 1,2 igin

6(AY) = S((@™(E, F))| < 2 hy(AL, (@™(E, F)),)
elde ederiz.

H(X;) X H(X,) tizerindeki Hausdorff carpim metriginin tanimindan dolay1

hi(A', (@™ (E, F)),) < hy X hy((A*, A?), @™ (E, F))

yazabiliriz. Burada (10) esitsizligini kullanarak

n

1-2

18(AY) = §((P™(E, F)))I < hy X hy((E, F), @(E, F))

esitsizligini elde ederiz. Boylece ispat tamamlanmig olur.

Sonug 3.2. Teorem 3.1°de ifade edilen esitsizlikten CYFS ¢ekicilerinin ¢aplari i¢in keyfi E € H(X;) ve
F € H(X;) kiimelerine karsilik her n € N sayisi1 i¢in

5(AN < %’H X hy((E, F), ®(E, F)) + 8((®"(E, F)))

2" ,
=13 X ha ((E, F), ®(E, F)) + §((P"(E, F))i) < |6(AY)]
sinirlari elde edilir.

Burada 1 < 1 oldugundan lim A" = 0 olduguna ve lim ®"(E,F) = (A',A?) olmasindan dolay1
n—oo

n—-oo
yeterince bilyiik n degerleri i¢in (®"(E, F)); kiimesinin ¢apinin § (c/l‘) degerine yaklasacagina dikkat
edelim.

Ornek 3.3. Teorem 3.1’i kullanarak Ornek 1.2°de verdigimiz ¢izge-yonlendirilmis yinelemeli fonksiyon
sisteminin ¢ekicilerinin ¢aplari igin alt ve iist sinirlar belirleyelim. E ve F kiimeleri olarak sirasiyla Sekil

2’deki kare ve tiggeni alalim ve iterasyonun ikinci adimi, yani n = 2 igin hesap yapalim. A =
41

) 3 < 222 9
max{l‘,fﬁ la=12vek =1,2, ...,K“'ﬁ} = Eoldugundan T olur. hy(E,®,(E, F)) = oo Ve
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h, (F, @, (E, F)) = g oldugundan h; X hz((E, F), ®(E, F)) =2L olur. Diger taraftan biiziillme

100
katsayilarindan faydalanilarak §((®?(E,F)),) = % ve §((P2(E,F)),) = V130 oldugu kolayca

1
8
goriiliir (bkz. Sekil 4).

Sekil 4. {go,f B } cizge-yonlendirilmis yinelemeli fonksiyon sisteminde kare ve liggen iterasyonunun
ikinci adimi. Burada (®2(E, F));, i = 1,2 kiimeleri i¢in ¢apin alindig1 uzakliklar kesikli
cizgiyle gosterilmistir.

Bu durumda Teorem 3.1 ile

9 41 818 9 41 /818
6902~ —— —p—— < N — 4+ ——x21
0.69 5700 20 =) =15"T00 T 20 68

9 41 /130 9 41 /130
687~ —— —F—— < < ———— = 2.
0687 ~ — ¢+ oo+ —g— S 8(A?) S o goo+—o— = 2163

sinirlari elde edilir.

n
Burada lim A" = lim (%) = 0 oldugundan yeterince biiyiik n degerleri igin
n—oo n—-oo
n

|8(AY) = §((@™(E, F)))I <

1 X ho((E, F), ®(E, F))

esitsizliginin sag tarafi sifira gidecektir. Boylece (P"(E,F)); kiimesinin g¢apt & (o‘li) degerine
yaklasacaktir. Dolayisiyla daha biiyiik n degerleri icin (®™(E, F)); kiimesinin ¢ap1 hesaplandiginda A*
kiimesinin ¢api i¢in daha yakin sonuglar elde edilecektir.
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ESKISEHIR ILINDE HAVAYOLU YOLCU POTANSIYELININ BELIRLENMESI UZERINE
BiR KARAR AGACI UYGULAMASI
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OZET

Havayolu sirketleri her hatta ugmayi tercih etmemektedir. Havayolu sirketlerinin bir hatta ' ugus gergeklestirmesi, dncelikle o
hattin karliliginin ortaya koyulmasi ile miimkiindiir. Bunun icin ise o hatta ait potansiyel yolcu talebinin bilinmesi
gerekmektedir. Ulkemizde konu ile ilgili ender arastirma gelistirme calismalarindan biri olan bu arastirmanin amac,
Eskisehir’de havayolu yolcu tasimaciligina olan potansiyel yolcu talebinin 6l¢iilmesi ve kentin sosyal ve ekonomik gelisimine
katki saglayacak ¢apraz havayolu uguslarinin gergeklesmesi igin gerekli verileri karar agaci modeli ile ortaya koymaktir. Karar
agact modelini olusturmadaki amacimiz havayolu ile seyahat etme potansiyelinin yiiksek oldugu kesimin belirlenmesidir.
Sonug olarak potansiyel yolcularin seyahat amaglari ve ulagim biit¢elerine bakilarak ugak ile seyahat etme oraninin en yiiksek
oldugu yolcu kesimi tespit edilmek istenmektedir.

Anahtar Kelimeler: Havayolu yolcu potansiyeli, Karar agaci, Yonetim, Eskisehir

APPLICATION OF A DECISION TREE ON THE DETERMINATION OF POTENTIAL
AIRLINE PASSENGER DEMAND IN ESKIiSEHIR

ABSTRACT

Airline companies do not operate flights all routes. Making decision about operating a route depends on profitability of the
route which has to be revealed in advance. In order to reveal profitability, demand of the route must be known. This research,
which is rare in its area of research-development, aims to measure potential airline demand in Eskisehir and reveal data for
initiation of direct flights which contribute the city both economically and socially. Decision tree model is used in the research.
This model allows segmentation of population in terms of airline demand potential. In conclusion, segment of high level airline
demand is determined in line with variables of purpose of travel and transportation budget.

Keywords: Airline passenger potential, Decision tree, Management, Eskisehir

1. GIRIS

2003 sonrasi sivil havacilik alaninda yapilan yasal diizenlemeler sonucu havayolu tasimaciligi sektoriin
onemli gelisme gosterdigi goriilmektedir. Tiirkiye’de 20003-2014 donemi arasinda havayolu
tasimadiginda 6nemli gelismeler meydana gelmistir. Bu gelismelere paralel olarak 2003 yilindan 2014
yilina ugak sayis1 %160, koltuk kapasitesi %176, kargo kapasitesi % 346 artmis, yurti¢i ve yurtdisi
uculan nokta sayisi ise 290’e ulasmustir [1]. Havayolu tagimaciligina yonelik yapilan tahminlere gore
hem yolcu sayisinin hem de tagimacilik faaliyetlerinin 6nemli 6l¢iide artacagini 6ngérmektedir. Buna
gore ozellikte yiikselen ekonomilerde, iktisadi biiylime ve niifus artis hizindaki gelisime bagli olarak
havayolu tasimacilifina olan talep artacak, tasimacilik faaliyetlerinde kayda deger gelismeler meydana
gelecek ve bu durum havayolu kullanim oranini da attiracaktir [2].

*Sorumlu Yazar: msdurak@anadolu.edu.tr
I Hat: Ugagin cografi bir noktaya veya hava yoluna gére 2 boyutlu pozisyonunu belirtir. Havayollarinin iki nokta arasinda yapmis oldugu ugustur.
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Havayolu tasimaciliginin uluslararasi ve bdlgesel olmak {izere, sosyal ve ekonomik pek ¢ok faydasi soz
konusudur. Havayolu tasimacilifinin en 6nemli faydasi ise ekonomik biiyiimeye ve istthdama olan
katkisidir. Bunun yan1 sira havayolu tagimaciliginin firsat yaratmadaki basaris1 da gbz oniine alinirsa
sosyal faydasinin oldugu yadsinamaz gergeklerdendir [3].

Hava tagimaciliginin ekonomiye dogrudan etkisi, birinci kademe olarak da adlandirilan ve endiistrisiyle
birebir iliskili olan ekonomik etkidir. Ozellikle havaalanlarinin yerel ekonomilere, havaalaninda verilen
hizmetler, gerceklestirilen faaliyetler ve isttihdama yonelik katkis1 dikkate alindiginda son derece 6nemli
bir etkiye sahip olduklar1 goriilmektedir [4]. Diinya’da 3 milyardan fazla yolcuya hizmet veren hava
tasimacilig1 endiistrisi, Gayri Safi Yurti¢i Hasila "' (GSYIH)’ya 606 milyar dolarlik katkinin yaninda 8.7
milyon kisine dogrudan istihdam saglamaktadir. Hava tasimaciliginin dolayli etkisi, istthdam ve
tedarikgilere olan katkis1 dikkate almarak incelenmektedir. Ornegin, havayolu yakit tedarikgilerine,
havaalan1 insaat ve altyapt hizmeti saglayan firmalara, ucaklarda kullanilan alt bilesenlerin
tedarikgilerine ve havaalaninda satisa sunulan mallarm {ireticilerine sagladigi katki bakimindan son
derece onem tasimaktadir [5].

Genel kabul goérmiis varsayimlardan bir tanesi hava tagimaciligi ile ekonomi arasinda destekleyici bir
iliski oldugu yoniindedir. Hava tagimaciliginin faydasi ise diger ulasim modlariin sagladigi faydanin
yani sira uzak mesafelere yapilan seyahatlerde yegane ulasim modu olmasidir. Hava tagimaciliginin
sosyal faydasi, dogal afetlerin meydana gelmesi, tibbi amagla kullanimi ya da ¢evrenin korunmasi
durumlarinda ortaya ¢ikmaktadir. Hava tasimaciliginin bir diger sosyal faydasi ise diinyanin global bir
koy haline gelmesi ve farkli iilkelerde yasayan toplumlarin bir araya gelmesine sagladigi katkidir [3].

Cagimizin artan yasama hizim1 yakalamamiza biiyiik katki saglayan havayolu tagimaciligi, bulundugu
yerin ekonomik ve sosyal yonden gelisimine yardimc1 olmaktadir. Her firsatta hem yasayarak ve hem
de arastirma sonuglariyla da goriilmektedir ki; Eskisehir ve Anadolu Universitesi, havacihig1 yasayan,
anlayan sosyal ve kiiltiirel yapisi yaninda sahip oldugu kabiliyetler, bilgi birikimi, kapasite ve donanim
ile stirdiriilebilir havacilik potansiyeline sahip bir sehirdir. Eskisehir bulundugu cografi konumu,
gelismis sanayisi, dikkate deger gelisim ivmesi gosteren i¢ turizm kapasitesi, dinamik niifusu, gelisime
ve 6grenmeye agik esnek sosyal ve kiiltiirel yapisti ile 6ncii olma ve siirdiiriilebilirlik potansiyeli olan bir
yapiya sahiptir.

2014 ve 2015 yillarinda gergeklestirilmis olan uguslar Eskisehir’in hat bakimindan biiylimesinin
mimkiin oldugunun gostermektedir. 2014 yilinda THY Briiksel — Eskisehir — Briiksel hattinda 129
sefer gergeklestirmistir. Toplam 29.267 yolcu tasimis ve doluluk orani %66,33 doluluk oranina
ulagsmistir. Atlasjet havayollar1 da ayni hatta seferler diizenlemistir. 17 sefer gerceklestirmis olup 4.788
yolcu tagimis ve %67,05 doluluk oranina ulagmistir. Onur Air Havayollar1 ise Eskisehir — Briiksel
hattina 3 tek yon sefer diizenlemistir. Bu seferlerde 656 yolcu tasimis olup %99,40 doluluk oranina
ulagmistir. Tui Airlines Briiksel — Eskisehir — Briiksel hattinda faaliyet gosteren havayollarindan biri
olmustur. Toplam 8 sefer gergeklestirmis olan Tui Airlines 1.953 yolcu tasiyarak %86,11 doluluk
oOranina ulagmustir.

2015 yilinda Hasan Polatkan Havalimani’nda 9 havayolu tarafindan farkli hatlara seferler
diizenlenmistir. THY Briiksel — Eskisehir — Briiksel hattinda 125 sefer gergeklestirmistir. Toplam 22.846
yolcu tagimis ve doluluk orani %63,58 doluluk oranina ulagsmistir. Freebird havayollar1 da ayni hatta
seferler diizenlemistir. 9 sefer gerceklestirmis olup 2.409 yolcu tasimis ve %74,35 doluluk oranina
ulasmistir. Onur Air Havayollar ise Eskisehir — Briiksel hattina 7 tek yon sefer diizenlemistir. Bu
seferlerde 1267 yolcu tasimis olup %82,27 doluluk oranina ulasmistir. 2014 yilinda Briiksel — Eskisehir
—Briiksel hattinda seferlere baglayan Tui Airlines, 2015 yi1linda ayni1 hatta faaliyetlerine devam etmistir.
Bu hatta 40 sefer gerceklestirmis olup 10.998 yolcu tasimis ve %72,74 doluluk oranina ulagmustir.
Atlasjet Havayollar1 Eskisehir — Kibris — Eskigehir hattinda 7 sefer diizenlemis olup 1.014 yolcu
tasimistir. Auigle Azur Havayollari Lyon — Eskisehir — Lyon hattinda toplam 4 sefer gerceklestirmis

" GSYiH: bir iilke sinirlari icerisinde belli bir zaman iginde, tiretilen tim nihai mal ve hizmetlerin para birimi cinsinden degeridir.
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olup 718 yolcu tasimistir. Tailwind havayollar1 Briiksel — Eskisehir — Briiksel hattinda 14 sefer
gerceklestirmis olup 2526 yolcu tasimis ve %53,70 doluluk oranina ulagsmistir. Ayrica 2015 yili
icerisinde Mekke ve Medine’ye umre seferleri baglamistir. Toplam 11 sefer gergeklestirilmis olup 3
tanesi THY, 6 tanesi Atlasjet ve 2 tanesi Pegasus havayollar tarafindan gerceklestirilmistir.

Bu calismada Eskisehir ve dolayisiyla Tiirkiye ekonomisine arti deger yaratmak lizere, Eskisehir’de
yasayan vatandaslara direkt temas edilme yoluyla sehrin yolcu potansiyelini bilimsel olarak da
sinayarak, yolcu talebi potansiyelini 6l¢mek hedeflenmistir. Yine bu ¢alismada, siirdiiriilebilir havayolu
tagtmacilig1 kapsaminda en ¢ok talep goren hatlar1 belirlemek ve 6zellikle ¢capraz uguslar kapsaminda
ag yapilarina dair altyapi ¢aligmasi yapmak iizere yola ¢ikilmustir.

2. LITERATUR

Literatiirde hava tagimaciligi talebinin konu alindig1 birka¢ ¢alisma goze carpmaktadir. Bunlar arasinda
yer alan Graham’mn calismasinda, Ingiltere icin tatil amaclh hava tasimaciliginin talebi ve biiyiime
potansiyeli olup olmadigint Slgmiistiir [6]. Mason, hava tasimacilifinda yasanan olumsuz olaylarin
(SARS, 11 Eyliil, Korfez Savasi vs.) talep iizerindeki etkisini tespit etmeye yonelik bir arastirma
yapmistir [7]. Brons vd. calismalarinda talebin fiyat esnekligini tespit etmeye yonelik calisma
yapmiglardir [8]. Njegovan ise hava tagimacilifinda tatil amagli hava tagimacilig1 (leisure air travel)
talebinin fiyat esnekligini 6lgmeye yonelik bir ¢alisma yapmistir [9]. Literatiirde ayn1 zamanda hizl
trenin hava tagimaciligina olan talebe etkisini 6lgmeye yonelik caligmalar da yer almaktadir [10].
Literatiirde Eskisehir’de havayolu yolcu talebini yaratacak faktorlerin analiz edildigi Onemli
caligmalardan biri Oktal vd., tarafindan yapilmigtir [11]. S6z konusu ¢aligma 2007 yilinda yapilmis olup,
havayoluna olan talep farkli agilardan incelenerek ve tiim boyutlar1 dikkate alinarak degerlendirilmistir.
Bu calisma, Oktal vd.’nin ¢alismasindan farkli olarak, sadece Eskisehir ili ve tiim ilgelerini kapsayacak
sekilde hazirlanmis olup, giincel havayolu yolcu tasimaciligina olan talep durumsallik yaklasimiyla
mevcut tiim dinamikler dikkate alinarak degerlendirilmeye ¢aligilmustir.

3: VERI MADENCILIiGI

Giiniimiizde verilerin dijital ortamlarda saklanmasindaki hizla artis, yeryiiziindeki bilgi miktarin gitgide
artirmakta ve veri tabanlarinin sayis1 da benzer sekilde artmaktadir. Yeni teknolojiyle birlikte veri
saklama hem daha kolaylagsmis hem de verinin kendisi ucuzlamistir. Veri tabanlarindaki saklanan veriler
tek baglaria degersiz ve kullanici igin ¢ok fazla bir anlam ifade etmemektedir. Fakat bu veri tabanlar
sistematik olarak islenir ve analiz edilirse, amaca ydnelik sorulara cevap verebilecek cok degerli
bilgilere ulasilabilir [12].

Veri tabanlarindan bilgi kesfi veri tabanlarindan faydali bilginin kesfedilmesi siirecinin tamamina atifta
bulunmaktadir. Fakat veri madenciligi bu siirecin bir adimina karsilik gelmektedir. Veri kesfi slirecinde
veri madenciligi, veriden oriintiilerin aktarimi igin 6zel algoritmalarin uygulanmasidir. Veri tabanlarinda
bilgi kesfi siirecinde veri madenciligi 4. asamada devreye girmektedir [13].
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Sekil 1. Veri Tabanlarinda Bilgi Keski Siireci [13]

Veri madenciligi veri tabanlarindaki oriintli ve iligkileri kesfetmek amaciyla bir¢ok farkli analiz araci
kullanarak gegerli tahminler yiiriitmek i¢in kullanilan bir siiregtir [14]. Veri madenciligi otomatiklesmis
modeller sayesinde veri ambarlarinda tutulan verilerden anlamli bilgileri, iliskileri ve davraniglari ortaya
¢ikarma siireci olarak tanimlanabilmektedir. Bu siiregte Onceden veri iginde anlasilmayan ve
goriinmeyen desenler oncelikle ortaya ¢ikarilmaya calisilmaktadir. Bu genellikle bilgiler arasindaki
iligkilerin, siniflandirmanin, veri birlikteliginin ve tahminlemenin sonucunda elde edilmektedir [15].

Veri madenciligi ile veri yiginlarindan olusan veri tabanlarinda gizli kalmig bilgilerin ortaya ¢ikarilmasi
saglanir. Gizli kalmis veriler istatistik, matematik disiplinleri, modelleme teknikleri, veri taban
teknolojisi ve ¢esitli bilgisayar programlari kullanilarak ortaya ¢ikarilir. Veri madenciligi veri tabanlari
ile yakindan iligkilidir. Veri madenciliginde gerekli veriye hizla ulagilabilmesi ve amaca uygun sekilde
verinin saklanmasi gerekir. Bu amagla giiniimiizde yaygin olarak kullanilan veri ambarlari, giinliik
kullanilan veri tabanlarini birlestirmis ve islemeye daha uygun bir 6zetini saglamaktadir [16]. Veri
ambar farkli kaynaklardan ve genellikle farkli yapidaki verinin depolandig1 ve hepsinin de birlesik cati
altinda kullanilmasinin istenildigi yapilardir. Béylece veri ambarlart farkli kaynaklardan elde edilen
veriyi ayni ¢ati altinda analiz etme imkan1 saglamaktadir [13].

Veri madenciligi bir siireg olarak islemektedir. Siirecin ana unsuru, siireci gergeklestiren uygulamacidir.
Istenilen sonuca ulasmak i¢in siirecin tiim adimlar1 dogru olarak yerine getirilmelidir. Veri madenciligi
bilgi kesfi siirecidir ve bu siire¢ asagidaki asamalardan olusur [17]:

Veri Temizleme ( tutarsiz verileri ¢ikarmak)

Veri Biitiinlestirme (veri kaynagini birlestirebilmek)

Veri Se¢me (yapilacak olan analiz igin verileri belirlemek)

Veri Doniisiimii (veriyi veri madenciligi kullanimina uygun hale doniistiirmek)

Veri Madenciligi (veri oriintiilerini yakalayabilmek i¢in akilli metodlar uygulamak)

Oriintii Degerlendirme (baz1 Slgiimlere gore elde edilmis bilgiyi temsil eden ilging driintiilerin
tanimlanmast)

e Bilgi sunumu (madenciligi yapilmis olan elde edilmis bilginin kullaniciya sunumunu
gerceklestirmek)

Veri madenciliginin kullanim alani ¢ok genistir. Verinin oldugu her alanda veri madenciligi kullanim
miimkiindiir. Havacilikta ise, potansiyel yolcu talebinin belirlemede, miisteri ihtiyaglarini anlamada,
promosyonlarda, gecikme nedenlerinde, ugus rotalarin tespitinde, bakim planlamada, ugus fiyati
belirlemede ve kaza analizlerinde siklikla kullaniimaktadir.
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3.1. Veri Madenciligi Fonksiyonlar1 ve Karar Agaclar:

Veri madenciliginin sundugu ¢o6ziimler farkli fonksiyonlar altinda ele almmalidir. Veri yigim
igerisindeki iligkilerin ortaya konmasi agisindan dogru teknigin se¢imi ve analizin yapilmasi 6nem
tagimaktadir. Veri madenciligi teknikleri asagidaki veri madenciligi fonksiyonlarindan bir ya da bir
kag¢ina sahiptir [18]:

(1) Birliktelik

(2) Smiflandirma

(3) Kiimeleme

(4) Tahminleme

(5) Regresyon

(6) Sekans (ardigik zamanli 6riintii) ortaya ¢ikarma
(7) Gorsellestirme

Karar agaci teknikleri 6zellikle veri madenciliginin siniflandirma fonksiyonu altinda ele alinmaktadir.
Bunun diginda bazi veri madenciligi tekniklerinin ¢ogunlukla hangi fonksiyonlar altinda yer aldig1 Tablo
1’de yer almaktadir [19]:

Tablo 1. Baz1 Veri Madenciligi Teknikleri ve lgili Fonksiyonlar

Veri Madenciligi Fonksiyonu Veri Madenciligi Teknigi
Birliktelik Kiimeleme teorisi
Bayesian siniflandirmasi
Tahminleme Sinir aglar
Zaman serileri
Regresyon
Siiflandirma Karar agaclari

Bulanik mantik

Sinir aglari

Genetik algoritmalar
Kiimeleme 1ki adiml1 kiimeleme

Kohonen aglari

K ortalama kiimeleme

Goriildigii gibi veri madenciligi tekniklerini tek bir fonksiyon dahilinde degerlendirmek yerine kullanim
alanina gore birden fazla fonksiyon altinda yer alabilmeleri miimkiindiir. Bu nedenle fonksiyona
odaklanmak yerine veri madenciligi teknikleri ile ¢oziilecek olan probleme ya da aragtirma sorusuna
odaklanilmalidir.

Aragtirmamizda kullandigimiz  karar agacit teknigi c¢ogunlukla simiflandirma amach olarak
kullanilmaktadir. Ancak bunun yani sira kurulan karar agact modeli tahminlemelerin yapilmasina da
olanak tanimaktadir [20]. Karar agac1 modellerinin siniflandirma fonksiyonu altinda tercih edilmesini
saglayan baslica Ozellikleri diisiik maliyetli olmasi, anlagilmasi ve yorumlanmasinin kolay olmasi,
giivenilirliklerinin iyi olmasidir [21].

Karar agac1 tekniginin havayolu tagimacilig1 alaninda uygulamalarina bakildiginda birgok farkli konuda
siniflandirmaya dayali karar problemlerinin ¢6ziimlenmesine olanak sagladig1 goriilmektedir. Havayolu
yolcularinin degerlemesi ve pazar segmentasyonu [22], havayolu yolcularinin gelecekteki degerlerinin
tahminlemesi [23], yolcu giivenlik taramasi sistemlerinde istenmeyen durumlara sebep olacak yolcularin
onceden belirlenmesi [24], ugucu ekip planlarindaki rezerv personel sayisinin operasyon aksaklik ve
gecikmelerine cevap verebilecek sekilde belirlenmesi [25] konular1 havayolu tagimaciligi alaninda karar
agaci tekniginin kullanildig1 konulardan bazilaridir.

Karar agaci algoritmalarinin da kendi aralarinda farkl ¢esitleri bulunmakla birlikte, her birinin farkli
iistiinlerinin oldugu sdylenebilir. Bazi karar agaci algoritmalari siirekli degiskenlerin modellenmesinde
basarili iken, bazilar1 kategorik degiskenler iizerinde basarilidirlar. Ornegin hedef degiskenin kategorik
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oldugu durumlarda C5.0 algoritmasi daha etkin olabilmektedir. Diger karar agaci algoritmalarindan biri
olan CART algoritmasi ise her adimda iki dal olusturarak karar agacin gelistirir.

Caligmamizda karar agacini modellemek amaciyla SPSS Modeler 14.2 paket programinda C5.0
algoritmasi kullanilmigtir. Veri setindeki alanlarin kategorik yapida olmasi, algoritmanin boosting
0zeligi sayesinde dogrulugu arttirmasi ve elde edilen karar agacinin diger algoritmalara gore daha
diizgiin yapida olmasi nedeniyle bu algoritma se¢ilmistir.

4. KARAR AGACI UYGULAMASI

Eskisehir ilindeki havayolu yolcu potansiyelinin belirlenmesi amaciyla sehirde yasayan insanlarla yiiz
ylize anket yapilmistir. Karar agaci modelini olusturmadaki amacimiz havayolu ile seyahat etme
potansiyelinin yiiksek oldugu kesimin belirlenmesidir. Potansiyel yolcularin seyahat amagclari ve ulasim
biitgelerine bakilarak ugak ile seyahat etme oraninin en yiiksek oldugu yolcu kesimi tespit edilmek
istenmektedir. Bu amagcla bagimli degisken seyahat araci olup, amag degiskenine yonelik 6rneklemin
segmentasyonu belirli kural setleri cercevesinde yapilmalidir. Ilgili kural setlerinin elde edilmesini
saglayan karar agaci analizi, arastirma kapsaminda havayolu ile seyahat etme potansiyeli yiiksek olan
yolcu kesiminin kural setleri ¢ergevesinde belirlenmesine yonelik uygunlugu agisindan tercih edilmistir.
Toplamda 750 gegerli anket tamamlanmustir. Ana kiitlenin biiyiikliigii Eskisehir ilinin niifusu olup TUIK
verilerine gore 2015 yili projeksiyonu 824.124 tiir. Orneklemin yeterliligi i¢in kullanilan formiil asagida
verilmistir ve ana kiitleyi %95 giiven diizeyinde ve %5 hata pay1 ile temsil edecek olan 6rnek kiitlenin
biiytikliigl 385 kisidir. Dolayisiyla 6rneklem yeterli biiytikliiktedir.

p*qx z§
n=———
n: Ana kiitleyi temsil edebilecek 6rnek kiitle biiyiikliigii
p: Ana kiitledeki x olayinin gozlem orant
q: Ana kiitledeki x olaymin gézlemleme orani (1-p)
d: Hata marj1
Z o: 0=0,05 icin z degeri 1,96 olarak alinmistir.

Ankette yer alan sorular arasinda katilimcilarin seyahatlerinde tercih ettikleri ulasim araci degiskeni
bizim hedef degiskenimiz durumundadir. Katilimcilarin seyahatlerinde tercih ettikleri ulasim araglari
Sekil 2’de yer almaktadir.

Seyahat Araci

M Tren
B Araba
1 Ucak
Otobiis

Sekil 2. Seyahat Aracina Gore Katilimcilarin Dagilimi
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Katilimcilarin kullandiklart seyahat araci degiskeni ile diger degiskenler arasindaki iliski analiz
edilmistir. Sonug¢ olarak katilimcilarin seyahat amaci ile ulasim icin ayirdiklar1 biitce degiskenleri
arasinda anlamli iligkinin oldugu goriilmiistiir. Degiskenler arasindaki iliskilerin incelenmesi amaciyla
seyahat araci —seyahat amaci, seyahat aract — ulagim biitgcesi degiskenleri arasindaki korelasyona
bakilmistir. Yapilan korelasyon analizleri 0,05 diizeyinde anlamlidir (p<0,05).

Karar agact modeline dahil edilen degiskenlerin ikisi kategorik olup her bir degiskene ait kategoriler
Tablo 2’de verilmistir. Ugiincii degiskenimiz olan ulasim biitcesi ise katilimeilara dogrudan sorulmustur.

Yani iiclincii degiskenimiz i¢in oranli 6lgek kullanilmistir.

Tablo 2. Degiskenler ve Kategoriler

Degisken Kategori Etiket
1 Is
2 Tatil / Eglence
Seyahat amaci 3 Saglik
4 Egitim
5 Akraba Ziyareti
6 Diger
1 Araba / Ozel arag
Seyahat araci 2 Otobils
(Bagimli Degisken) 3 Tren
4 Ugak
Ulagim biitcesi *Oranli 6l¢ek kullanilmugtir.

Karar agac1 modeline dahil edilen toplamda 750 adet katilimciya ait verinin %70’ modelin 6grenmesi,
%30’u modelin test edilmesi amaciyla boliimlendirilmistir. Olusturulan C5.0 karar agaci modelinde
budama siddeti %75 olarak belirlenmistir ve minimum alt dal katsayis1 2’dir. Elde edilen modelin
dogruluk oran %86,2’dir. Karar agaci modeline ait dal grafigi Sekil 3’te verilmistir.
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Seyahat Amaci=1

Node 0
Sevahat Araci n=530
1 222
2 191
3 78
4 39

Seyahat Amaci=2 ve 3

Seyahat ‘Amac1=4

Seyahat Amaci=4

Seyahat Amaci=6

Node 1 Node 4 Node 5 Node 8 Node 11
Sevahat Araci  n=111| [Seyahat Araci n=146 | [Seyahat Araci n=23|[Seyahat Araci n=240|[Seyahat Arac1 n=10
1 45 1 85 1 6 1 83 1 3
2 34 2 39 2 9 2 105 2 4
3 18 3 14 3 6 3 39 3 1
4 14 4 8 4 2 4 13 4 2
Biitge<=65 Biit¢e>65 Biitge<=90 Biitge>90 Biitge<=120 Biitge>120
Node 2 Node 3 Node 6 Node 7 Node 9 Node 10
Sevahat Araaa n=12|l|Seyahat Araci n=99|} |Seyahat Araci n=10| |[Seyahat Araca _n=15| [Seyahat Araci n=133 Seyahat Araa n=107
1 1 1 44 1 0 1 6 1 31 1 52
2 4 2 30 2 5 2 4 2 66 2 39
3 5 3 13 3 2 3 4 3 29 3 10
4 2 4 12 4 1 4 1 4 6 4 7

Sekil 3. Seyahat amaci degiskeni i¢in olusturulan karar agaci dallart
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Tablo 3. Karar agaci son diizey kural seti

Grup* Seyahat Amaci Ulasim Biitgesi
1 =1 <=65
2 =1 >65
3 =4 <=90
4 =4 >90
5 =5 <=120
6 =5 >120

*Son diizeydeki her bir dal grup olarak adlandirilmstir.

Karar agacim1 olusturmadaki amacimiz ugak ile seyahat eden kesimin o6zellikleri {izerine
yogunlastigindan otiirii ilk diizeydeki dallar iizerine yogunlasilmamigtir. Ciinkii ilk diizeyde yer alan
ikinci ve besinci dallarda ugak ile seyahat edenlerin sayis1 oldukc¢a diisiiktiir. Bu yiizden ilgili dallarin
kural setlerine yer verilmemistir. Ek olarak ulagim biitcesi degiskeninin veri seti icerisindeki alt limiti
30 TL ve ist limiti 600 TL’dir. Yani kural seti icerisinde yer alan esitsizlikleri veri seti minimum ve
maksimum degerleri dahilinde degerlendirmek daha dogru olacaktir.

Elde ettigimiz karar agacindaki ikinci diizeydeki dallara bakildiginda ugak ile seyahat edenlerin biiyiik
kismi Sekil 3’te kutu igerisine alinarak belirtilen grup (node 3) igerisinde yer almaktadir. Ugak ile
seyahat edenlerin %30,7’si tek bir grup altinda toplannustir. ilgili grup incelendiginde is amagl olarak
seyahat edenlerin ucag: tercih ettikleri goriilmektedir. Ayrica ugak ile seyahat i¢in ayrilan biitgenin 65
TL’nin lizerinde oldugu goriilmektedir. Belirtilen kesimin havayolu ile seyahat etme potansiyelinin
yiiksek oldugunu séyleyebiliriz.

Havayolu ile seyahat etme potansiyeli yiiksek olan diger %33’liik kesimin akraba ziyareti amacgh seyahat
ettikleri goriilmektedir (node 8). Akraba ziyareti amaglh seyahat edenlerin yer aldigi dal ise ulagim
biitcesi 120 TL veya daha az olanlar ile 120 TL’nin iizerinde olanlar olmak {izere iki alt dala
ayrilmaktadir. ilgili gruplar 5 ve 6 numaralan ile belirtilmistir ve is amagh seyahat edenlerden sonra
bizim i¢in 6nem arz eden diger gruplardir. Havayolu ile seyahat edenlere yonelik yapilacak ¢aligmalarda
belirtilen kesimlere odaklanmak, yapilacak olan ¢alismalarin verimliliklerini arttiracaktir. Is amach
seyahat edenler ve akraba ziyareti amagli seyahat edenlerin yer aldigi gruplar toplam potansiyelin
%63,7’sine sahiptir diyebiliriz. Belirtilen gruplar Eskisehir’deki havayolu talebinin biiyiik kismini
olusturmakla birlikte, sehirdeki talebin gelistirilmesi konusunda da kilit rol tistlenmektedirler.

Uygulamamiz sonucunda olusturulan karar agaci modelinin tahminleme amagli olarak kullanilmasi s6z

konusu oldugunda, modelin performansini incelemek yararli olacaktir. Karar agaci modelinin
performans degerlendirme grafigi Sekil 4’te verilmistir.
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Alodel Kazanim

Orneklem Yiizdesi

Sekil 4. Karar agaci modeli performans degerlendirme grafigi

Sekilde yer alan grafik incelendiginde egimin sabit oldugu durum var olan durumdur. Ancak model
dahilinde tahminleme yapildiginda modelin performans grafigi var olan durum grafiginin {istiinde yer
almaktadir ve daha iyi bir performansa sahiptir. Normalde 100 kisilik bir grup igerisinde 60 kisiye
ulasildiginda, havayolu ile seyahat edenlerin de %60’mna ulasilmasi beklenmektedir. Egimin sabit
oldugu grafik bize bunu verir. Ancak olusturulan karar agact modeli dahilinde 100 kisilik bir grup
igerisindeki 60 kisilik spesifik bir gruba erisildiginde havayolu ile seyahat edenlerin %76,85’ine
ulasilmasi beklenmektedir. Yani model dahilinde segilecek bir kesimin igerisindeki havayolu ile seyahat
edenlerin oran1 %28,08 daha fazla olacaktir. Yapilan bu agiklamalar performans grafiginin %60 noktas1
icin gecerlidir. Belirlenecek olan hedef kitlenin biiyiikliigiine gore modelin kazanimi degisecektir.
Ancak her halilkarda modelin sunacagi performans normal durumdaki kazanimlara goére pozitif
olacaktir.
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5. SONUC

Veri madenciligi tekniklerinin kullanimi sayesinde veri setinde yer alan degiskenler arasindaki gizli
oriintiilerin ortaya konmasi miimkiin olmaktadir. Isletmelerin {iretim, pazarlama, finans gibi bir¢ok
faaliyetinde bu tekniklerin kullanilmas1 miimkiindiir. Mevcut faaliyetlerin verimliliklerinin arttirilmasi
bu sayede miimkiin olmaktadir.

Yaptigimiz ¢alismada amacimiz Eskisehir ilinde havayolu ile seyahat eden kesimin analiz edilmesi ve
mevcut potansiyelin artmasinda rol oynayan gruplarin belirlenmesi iizerine olmustur. Seyahat amaci ve
ulasim biitgesi ile seyahat araclar1 arasinda olan iliskinin anlamli oldugu gériilmiistiir. Ilgili degiskenler
ile kurulan model dogrultusunda mevcut potansiyelin biiyiik kismina sahip olan ve ileride bu potansiyeli
gelistirmede kilit rol oynayan gruplara ulagilmistir. Halihazirda mevcut olan havayolu talebinin
arttirllmasinda is amagl seyahat edenler ile akraba ziyareti amagli seyahat edenlerin 6nem arz ettigi
goriilmistiir. Mevcut talebin gelistirilmesine yonelik yapilacak olan pazarlama ¢aligmalarinin belirli bir
kesime odaklanilarak icra edilmesi, yapilacak olan faaliyetlerin daha etkin olmasii saglayacaktir.
Ayrica seyahat amacinin yani sira miisterilerin havayolu ile seyahat etmek i¢in ayirdiklar biitcelere gore
de hareket edilmesi gereklidir. Miisterilerin havayolu ile seyahat etmek i¢cin ayirmay1 goze alabilecekleri
biitgelere de ¢aligmamizda yer verilmistir.

Eskisehir ilindeki havayolu yolcu potansiyelinin gelistirilmesi amaciyla olusturulan model iizerinden
ongoriisel caligmalar da yapilabilir. Veri setinde yer alan kayitlarin {izerinde eklenecek olan yeni
bireylerin nasil bir davranis sergileyecekleri ve hangi ulagim aracini tercih edecekleri tahmin edilebilir.

Bu sayede potansiyelin diisiik oldugu kesimlere yonelik olarak yapilacak harcamalar Onlenerek,
kaynaklarin potansiyeli arttirmada rol oynayan kesime yonlendirilmesi miimkiin olacaktir.
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8-BOYUTTA HiPERBOLIK UZAYLARDA SEIBERG —~WITTEN DENKLEMLERI
Serhan EKER * *, Senay BULUT !, Nedim DEGIRMENCI !
! Matematik Boliimii, Fen Fakiiltesi, Anadolu Universitesi, Eskisehir, Tiirkiye

OZET

4 — manifoldlarm yapisini incelemekte kullanilan Seiberg—Witten denklemleri, Dirac denklemi ve Egrilik denklemi olmak
iizere iki denklemden olugsmaktadir. Bu denklemlerin yiiksek boyutlarda da self -dualite secimine bagli olarak genellemeleri
yapilmustir [1,2,6,9]. Bu ¢alismada 6ncelikle 4-boyutlu Hiperbolik uzay tizerinde klasik Seiberg—Witten denklemleri yazilmig
daha sonra [1,2,6,9] de verilen yontem kullanilarak 8 — boyutlu Hiperbolik uzay iizerinde genellestirilmis Seiberg-Witten
denklemleri yazilmustir.

Anahtar Kelimeler: Seiberg—Witten denklemleri, Hiperbolik Uzay, Egrilik denklemi, Spinor, Self—Dualite

SEIBERG—WITTEN EQUATIONS ON 8 —DIMENSIONAL HYPERBOLIC SPACES

ABSTRACT

Seiberg—Witten equations, which are used to investigate the structure of 4 —dimensional manifds, consist of two equations.
The first item is Dirac equation and the latter is Curvature equation. According to choosing of the self—duality concept, the
generalized of these equations were done in higher dimensions [1, 2,6,9]. In this paper, at first the classical Seiberg—Witten
equations are written on 4 —dimensional Hiperbolic space. Then, the generalized Seiberg—Witten equations are written on
8 —dimensional Hiperbolic space by using the method given in [1].

Keywords: Seiberg—Witten equations, Hiperbolik space, Curvature equation, Spinor, Self—Duality

1. GIRiS

M, n —boyutlu yonlendirilebilir Riemann manifoldu olsun. Bu durumda Spin® —yapis1 asagidaki gibi
verilir:

M, n —boyutlu yonlendirilebilir Riemann manifoldunun yapi grubu SO (n) dir. O halde M nin {U,}4ex
acik ortiisiine bagh olarak TM tanjant demedinin {(m~*(U,), ¢,)} demet kartlar1 vardir. Bu kartlara
karsilik gelen gecis fonksiyonlari da U, N Ug # @ iken
Jap:Ug NUg — SO(n)
seklindeki diizgiin fonksiyonlardir. Buna ilaveten U, N Ug # @ iken
Jap: Ug N Ug — Spin®(n)

diizgiin fonksiyonlar1 asagidaki kosullar1 saglayacak sekilde mevcut olsun.

*Sorumlu Yazar: serhane@anadolu.edu.tr
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1 A:Spin©(n) — SO0(n)
' (lg.zD  — Ag,zD = A(g)

Burada A: Spin(n) — SO(n) 2:1 ortii donistimiidiir.

Buna gore
Spin(n)
?jaﬂ
A
U, N Ug o SO(TL)

diyagramu degismelidir, yani A e §op = ggop dir.
2. UynUgnU, #@ikenVx € U, NUg NU, # @ igin

gaﬂ(x) ° gﬁy(x) = gay(x)
dir.

Bu durumda M ye Spin€(n) manifoldu denir (Bazen M manifoldu Spin®(n) —yapisina sahiptir denir
[3]). M Spin® manifoldu ise asli lif demeti kurma teoremini kullanarak M tizerinde asagidaki gibi li¢
tane asli lif demeti insaa edilebilir [5]:

1. Eger gup gesis fonksiyonlari kullanilirsa Py = Ugq Uy X SO(n)/~ bSlim uzayr asagidaki
denklik bagintisi ile tanimlanir:
(@,x,9)~B,y.h) & a=By=xh=gepx)g.
Bu durumda gegis fonksiyonlart gqp lar olan bir Pso(y asli SO(n) lif demeti vardir ve denklik
bakimindan tektir.
2. Eger Jqp gecis fonksiyonlart kullanmilirsa Pgpincny = Ugq Uq X Spin©(n)/~ bélim uzay
asagidaki denklik bagintisi ile tanimlanir:
(0,5, 9)~B,y,h) & a=By=xh=gupx)g.
Bu durumda gegis fonksiyonlart gop lar olan bir Pgpinecny asli Spin©(n) lif demeti vardir ve denklik
bakimindan tektir.
3.
l: Spin€(n) — St
[9.2] = 1([g,2]) = z*
olmak iizere
log = Lo Gag: U NUs —5 Spinc(n) L st
gegis fonksiyonlar1 kullanilirsa Pg1 = Ug Uy X ST/~ boliim uzayr asagidaki denklik bagmtisi ile
tanimlanir:
(0, %,9)~(B,y,h) & a=p,y =x,h=lpx)g.
Bu durumda gegis fonksiyonlar1 l,p lar olan bir Pg1 asli § 1 1if demeti vardir ve denklik bakimindan
tektir.
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M manifoldu tizerinde spinor demedi
Kn:Spin€(n) — Aut(4,)

spinor temsili yardimiyla S = Pgpinceny X A/~ boliim uzay: asagidaki denklik bagintisi ile tanimlanir:

o)~ V) & p' =p.gv = () ).
Bu durumda S = Pgpincmn) X Ay /~ boliim uzayi, asosye vektdr demedi olarak tanimlanir ve
S = Pspincm) Xi, Bn
ile gosterilir. S ye Spinor demedi ve S nin kesitlerine de M iizerinde spinor alanlar1 denir.

M c¢ift boyutlu iken S spinor demedi, S = ST@S~ seklinde ayrisir [10]. K, spinor temsili yardimiyla
elde edilen S = Pgyincny Xi, A kompleks spinor demedidir.  k;: Spin€(n) — Aut(43),
Kn:Spin(n) — Aut(Ay) temsilleri ile ST = Pgpineny X, + A% Ve S™ = Pspincn) X~ D
seklinde ifade edilir. Ayrica n ¢ift iken k = g ve n tek iken k = nT_l olmak iizere S kompleks spinor

demetinin kesitleri {izerinde asagidaki gibi A,, = c2" boyutlu hermityen i¢ ¢carpim tanimlanabilir [10].

<,>T()XI(S) — C
(p¥Llp®) +— <¥o>

V[p.g, k(g DY), [p. g, k(g™ ") @] € T(S) igin

<[p.g k(@ H¥LIp.g. k(g HP]> = <k(@ ¥, g,xk(g"H >
= <Y P>

temsilciden bagimsiz oldugundan S spinor demedi iizerinde tanimlanan i¢ ¢arpim iyi tanimlidir.
2. BIR VEKTOR ALANI iLE SPINOR ALANININ CARPIMI
K: R™ — End(a,)
% — k(v):A, — A

n
v — k(¥ =v.¥

Kk temsili i¢in k(v):A,— A, R —lineer oldugu kolaylikla goriiliir. Ayrica xk donisiimii V v € R" igin
asagidaki 6zellikleri saglar.

1L k(w)*+k(w)=0
2. kW)'kWw) = |v|?

K dontisiimii demed tizerindeki k: TM — End(S) doniistimiine genisletmek igin
Spint(n)

Gag patOA=p

U, N Uy SO(n)

Aut(R")

Gap

Diyagraminda
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pse:S0(m) —  Aut(R")
ve

A Ps
p:Spin‘(n) - SO0(n) = Aut(R"™)

temsiller olmak tizere, TM = Pgpinc(ny X, R™ oldugundan tanjant vektorleri denklik smiflart seklinde
de diisiiniilebilir.

(Ip,vD) +~— «(p,v]):S — S
(p,¥D ~— «k(p,vD(Ip,¥D =I[pv.¥]

doniigiimii iyi tanimlidir [10].

Baz1 kaynaklarda bu kosullar1 saglayan
k:TM — End(S)

dontisiimii M manifoldu tizerinde Spin€ —yapisi olarak adlandirilir [3]. x: TM — End(S) doniisimi
yardimiyla
p:A\2(T*M) — End(S)

doniisiimii catilar tizerinde asagidaki gibi tanimlanir:

U c M agik alt kiimesi tizerinde {e;, e,, ..., €,,} ortonormal ¢at1 olmak iizere

n= ijei Nel — p(n) = Z nijr(e)x(e;)
i<j i<j
dir. Bu doniisiim ayn1 sekilde kompleks degerli 2 —formlara genisletilebilir [3]. Buna gore
p:A2(T*M) ® C — End(S)
her bir n € A2(T*M) i¢in St ve S~ alt demedleri p(n) altinda invaryanttir. Yani,

YW e ST igin p(n)(P) € ST,
VW eS igcinp(m)(W) €S~

Bu nedenle p*(n) = p(m)|s+, p~ (M) = p(n)|s- doniisiimleri indirgenir. Buna gore

ptiA>(T*M) ® C — End(S™H)
Doniistimii

seklinde ifade edilir.

3. S SPINOR DEMEDIi UZERINDE KOVARYANT TUREV

(M, g) Riemann manifoldundaki V Levi—Civita yardimiyla Psoyy asli lif demedinin lizerinde w
konneksiyon 1 —formunu belirlendikten sonra, Pgiiizerindeki sabit A4 € Q'(M,iR) konneksiyon
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1 —formu yardimiyla Pgpincen) Uzerinde, asagidaki diyagrami degismeli yapacak sekilde Z A
konneksiyon 1 —formu asagidaki gibi tanimlanabilir [6]:

Z A

Tppgpmc(n) = Ep'.in(n) iR
dm As L
Tﬂ(p] (Pg@(n) X P_S'l) A 50(?’1) @ iR

P € PSpinC(n) VeV E TpPSpinC(n) 1(;11'1
Z4Ww) = (A, x 1)L o (w X A) o dn(v).

Z*4 konneksiyon 1-formu yardimyla S = Pspincn) X, An spinor demedi tlizerindeki V4 kovaryant
tirev operatorii V¥ € I'(S), X € y(M) igin asagidaki gibi tanimlanir:

VAW = d¥(X) + 1 N 0y (Xer. e ¥ + T ACOW.
Baz1 kaynaklarda %A yerine A alarak formiil ifade edilir [1].

4. DIRAC OPERATORU D,
k: R"™ — End(4,,) lineer dontisiimii py: R™ X A, — A, bilineer dontisimii belirler. y, dontsimii
bilineer oldugundan bu doniisiim tensor ¢arpiminin evrensellik 6zelliginden py: R*"®A,, — A, seklinde
lineer doniisiime genisler. Bu doniisiim de
wTM®S — S
(Ip, vl [0 YD — [P s (v@¥)]

Seklinde demed doniisiimii belirler.

(M, g) Riemann manifold iizerindeki Dirac operatorii asagidaki gibi

vA u
Dy =poVAT(S) >T(T*"M®S)=T(TM®S) - T(S)
bileske islemi ile tanimlanir. Burada T*M ve TM arasindaki gegis g metrigi ile yapilir.

M manifoldu tlizerinde U € M agik alt kiimesi olmak tizere, {eq,e,,...,e,}yerel ortonormal cati
verildiginde Dirac operatoriiniin lokal ifadesi asagidaki gibidir:

n
DY = Z e;. Ve, W.
i=1

Dirac operatorii, M manifoldunun boyutunun ¢ift olmas1 durumunda

D, = D} @®D;
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seklinde dekompoze olur.

Ozel olarak, M = H" = {(x4, ..., x,)|%,, > 0} € R™ manifoldu iizerinde tanimlanan

ds? = ((dx1)2 + (de)Z 4+t (dxn)Z)

1
(xn)?
(H",ds?) Hiperbolik uzayr tek kart ile verilebildigi igin tanjant demedi asikardir. Dolayisiyla
Hiperbolik uzayin yapi grubu SO(n)’ in G = {Id} asikar alt grubudur. Bu yiizden H" Hiperbolik uzay1
Spin® —yapisina sahiptir. Spin€ —yapisina sahip Hiperbolik uzay1 iizerinde de yukarida tanimlan tiim
yapilar insa edilebilir. Biz bu calismada oOncelikle 4-boyutlu Hiperbolik uzay iizerinde klasik

Seiberg—Witten denklemleri yazacagiz. Daha sonra [1,2,6,9] de verilen yontem kullanilarak 8 —
boyutlu Hiperbolik uzay iizerinde genellestirilmis Seiberg-Witten denklemlerini ifade edecegiz.

5. H* UZERINDE SEIBERG-WITTEN DENKLEMLERI

Hatirlanacag tizere, n —boyutlu yonlendirilmis bir M Rieamann manifoldu iizerinde dV, g metrigi ile
indirgenmis hacim formu olmak iizere Hodge * operatorii

*:.Q.k(M) — .Qn_k(M)
F — x(F)

F Ax (F) =< F,F >, dV seklinde verilen esitlikle tanimlanmaktadur.
n = 4 ve k = 2 olmas1 durumunda

«Q3(M) — Q2(M)
F — x(F)

seklinde ve *? = Id olup 6zdegerleri =1 olur. Bunun sonucu olarak 2 —formlarin uzay1
Q2(M) = Q¥ (M)®O>~ (M)
seklinde dekompoze olur, burada Q%*(M) = {F € Q>(M)| = F = F} ve Q>~ (M) = {F € Q*>(M)| *
F = —F} dir. Q**(M) ya self-dual 2 — formlarm uzay1, Q>~ (M) ya da anti self-dual 2 — formlarin
uzay! denir. Buna gore herhangi bir F € Q?(M) = Q%% (M)®Q*~ (M) 2-formunu
F=Ft+F~

seklinde ayristirabiliriz. F* ya F nin self-dual kism1 F~ yede F nin anti—self dual kismi denir.
U S M agig1 lizerinde {ey, ..., e, } lokal orthonormal ¢atisi verildiginde

fi=elne?+e3net
> =elned—e?pnet
fs=elnet+e?ned
2 —formlar1 Q%% (M) nin bir ¢atis1 olur.
Bu dekompozisyon iR —degerli 2 — formlar i¢inde

02(M,iR) = Q2% (M, iR)®Q> (M, iR)

seklinde olur. Benzer sekilde
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F, € Q2(M,iR) = Q% (M, iR)®Q> (M, iR)

ayrisiminda  F, min Q%% (M, iR) ye giren kism, F, nin self-dual kismi olarak adlandirilir ve F; ile
gosterilir.

Seiberg-Witten denklemlerinin ikincisi olan egrilik denklemi M manifoldu iizerindeki Pg1 demedi
iizerindeki bir iR degerli A konneksiyon 1—formuna karsilik gelen F, egrilik 2-formunun self-dual
kismi ile bir spinor alanmni esler.  Her bir W € I'(S) igin ['(S) tizerindeki hermityen i¢ garpimi
yardimiyla

YY:TES) — T(©S)
T — YY) =<¥1>¥

endomorfizmi tanimlanir. Bu doniisiimiin ortonormal bir ¢atiya gore ifadesi de asagidaki gibidir:

Bir W spinoru ¥,y € Cigin ¥ = ml] seklinde yazilabiliriz. Buna gére W* = [; Y5 ]1x, olur.
2d2x1
O halde
* Y | |2 Y,
wwe = [V gy 1 = | 2
¥ Yai Il

dir. Y¥* doniigimiiniin izsiz kismu (PW*), seklinde gosterilir ve

(YY) =YY" — %trace (P¥")yu0
2 _ 2
[1¥1]° = sl Vils ]l

_ | 2 i ,
[%E |¢1|;|¢2|J

dir.

Yukarida elde edilenlerle birlikte 4 —boyutlu M manifoldlari tizerinde Seiberg—Witten denklemleri W €
['(S) ve Pg1 demedi tizerindeki i R degerli A konneksiyon 1—formu i¢in

1. Df¥=0

2. p*t(ED) = (¥,
seklinde ifade edilir [2,3,5,7]. Bu denklemlerin ilkine Dirac denklemi, ikincisine ise egrilik denklemi
denir. Literatiirde ¢ok iyi bilinen klasik Seiberg—Witten denklemleri [3,4,7,10] ¢alisgtimistir. Ayrica R*
iizerinde standart metrik alinarak bu denklemlerin agik ifadeleri {izerinde de ¢alisilmigtir [salamon ve
naberin 2.kitabi interaction].

6.4 —BOYUTLU HiPERBOLIK UZAY UZERINDE SEIBERG-WITTEN DENKLEMLERI

Bu béliimde M = H* = {(xq, ..., x4)|x4, > 0} € R* manifoldu iizerinde tanimlanan

ds? = ((dx1)? + (dx?)? + (dx3)? + (dx*)?)

1
(x4)?
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Metrigi goz oniine almacaktir. (H*, ds?) ciftine Hiperbolik uzay denir. Amacimiz H* {izerinde ki ds?
Hiperbolik metrigini kullanilarak Seiberg—Witten denklemlerini elde etmektir.

4 —boyutlu Riemannian manifoldlar i¢in kompleks 4 —spinorlarin vektor uzay1 da 4 —boyutludur ve
A, = C* ile gosterilir. Cl, = End(A,) oldugundan Cl, kompleks Clifford cebrinin spin temsili k
asagidaki sekilde verilir.

k:Cly — End(4A,),

K(el) = [g g]) K(ez) = [_()(31)* ];)1
0
=gy o} Heo=[gy Gl
2

Burada [, 2 X 2 lik birim matris ve i = 1,2,3 i¢in y; matrisleri asagidaki gibidir.

T P A R

Ky: Cly — End(A,) spinor temsili yardimiyla

A = {(¥ = (Y1, P2, U3, Uy) € CHYz = Py = 0)} = C?
A7 = {(¥ = (Y1, U2, U3, W) € CHYy =Y, = 0)} = C?

A, = AL DA,

olmak tlizere

dekomposizyonu elde edilir.
Boylece W € T(AL) ve A € Q1(M, iR) konneksiyon 1 —formu igin D; Dirac operatdrii

Df:T(8}) — T(AY)
Y o DIW) =Xiien VoY

olur. Lokal koordinatlarda A konneksiyon 1 —formu  A;: H* — iR fonksiyonlar1 diizgiin olmak iizere

A=Yt Adxt € QY (H4,iR)

seklinde ifade edilir.
o o (0A; 9 el
O halde A nin egriligi Fy, F;j = e or. ) 1 <i<j < 4igin asagidaki gibi
i j
Fy=dA= ) Fjdx'Andx) € Q*(H* iR)
i<j

ifade edilir.

Hiperbolik uzay iizerindeki spinorllarin kovaryant tiirevini hesaplamakta kullanilan V4 spinor
konneksiyonunu, R* Oklidyen durumundakinden oldukga farklidir. Ciinkii Oklid metrigine karsilik
gelen Levi-Civita konneksiyonun w = (w;;)konneksiyon 1 —formun tiim girdileri sifir olmasina kargin
Hiperbolik metrige karsilik gelen Levi-Civita konneksiyonun @ = (w;j)konneksiyon 1 —formu sifir
degildir. Hiperbolik uzay iizerindeki ¥ € I'(A}) spinorunun VAW kovaryant tiirevi
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1 1
VALP =d¥ + 52i<]'wijei' €]'. Y+ EAlp

Seklindedir, buradaki w;; 1—formlarnn g= ds? Hiperbolik metrigine gore hesaplamr. Asagida
n —boyutlu H"™ uzayi iizerinde ds? ye karsilik gelen Levi-Civita konneksiyonunun @ konneksiyon
1 —formunun w;; girdileri hesaplanmigtir. Bu hesaplamalarda [8] da verilen yontem esas alimmustir.
Hesaplamalar1 genel cercevede tutma bakimindan oncelikle n —boyutlu M Riemannian
manifoldunu ele alalim. {Eq, ...,E,} ve {01, ..., ®"} sirastyla TM ve TM* 1n lokal orthonormal ¢atilari
olsun. O halde V, M™ manifoldunu iizerindeki Levi — Civita konneksiyonu olmak iizere w;;
koneksiyon 1 —formu asagidaki gibi elde edilir : VX € X(M) i¢in

w;j(X) = 01 (VxE))
Dahasi

n
ViE; = Z Wnmj (X) En
m=1
dir. Yukaridaki esitlik
d0' =-37_; Wi NO™
seklinde de ifade edilebilir. Eger w = [w;;] konneksiyon 1 —formu matris olarak diisiiniiliirse

do = — w/N\®
dir [6].

Dikkat edilirse R* iizerindeki standart metrige bagl olarak w; j konneksiyon 1 —formu sifir oldugundan
spinor kovaryant tlirevi

1
VAW = d¥ + SA¥
seklinde olur.
]HI4 = {(xl, ...,X4)|X4 > 0},

d52 —

= oz (@) +(@x?)? + (@x)? + (dx*)?)
4

olmak iizere (H*, ds?) bir Riemannian manifoldudur. Bu sekilde tanimlanan Riemannian manifolduna
Hiperbolik uzay denir. H* uzay: tek bir kart ile verilebildigi icin tanjant demedi asikardir. Dolayistyla
Hiperbolik uzayin yapi grubu SO(4)’ iin G = {Id} asikar alt grubudur. Dolayistyla H* Hiperbolik uzay1
Spin¢ —yapisina sahiptir. Riemannian metrigine karsilik gelen

e =l ylrea =y flaen =[5 glxen=[}

matrisler yardimiyla H* {izerinde Spinor demedi insa edilebilir ve insa edilen bu Spinor demedi iizerinde
Seiberg — Witten denklemleri yazilabilir.

H* iizerinde Seiberg—Witten denklemlerini yazmak i¢in konneksiyon 1 —formunun hesaplanmasi
gerekir.
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H* = {(x4, ..., x4)|x4 > 0} € R* igin

ds? = ((dx1)? + (dx?)? + (dx3)? + (dx*)?)

1
(x4)? iy
olmak iizere hiperbolik metrige karsilik gelen matrisler g = [gi]-] = [g(ai,aj)] ve g~ =[gY] =
[(gl- j)_l] sirastyla asagidaki gibidir:

;0.0 0 zi 0 0 0

0 % 0 0 . |0 23 0 0
g= 4 g = )

0 0 5 0 0 0 z; 0

gij ve gY matrisler,g; = x—lz&- j ve gv = x26; ; seklinde ifade edilebilir. y;; ve yY sirasiyla g; j ve gY
nin karekoki olmak tizere, y;; = xi 8ij ve YY = x,6; j olur. O halde el =Yr 1y j dx' ler Gram-Schmid
4

ortonormallestirme yontemi ile elde edilen koframeler olur (detaylar i¢cin bakiniz [6] ).

Konneksiyon 1-formun tanimindan

doe = AL (dx*Adx* + dx?Adx* + dx3N\dx*)
4
ve ) )
0 0 0 —dz!
o 0 0 —da?
w o= g
10 0 0 —dz®
dz' dz? dz* 0
olur.

D,*W = 0 Dirac denkleminin agik ifadesi H* iizerinde Hiperbolik metrige bagl olarak asagidaki
gibidir:

oy (0Y oy
—1x4 + Aiix, =i (a_l + A2¢1) X4 + 6_x§x4 + A3y

dxq X
(0P .
+i|l=—+ ALY, | x4 + 3iY,
dx,
Y, oY, Y,
2+ A = —i=22+4 — ey, —A
%, Xy + A1P2xy l (6x2 + 2¢2> X4 %5 X4 31Xy
+i(%+A " )x _3iy
o, 41 )%y 1

Seiberg—Witten denklemlerinin ikinci denklemi olan egrilik denklemi p* (F;) = (W¥*),
i
Fip +F3, = ToxZ (p11* = 1Y%,
X4
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1 _ _
Fi3—Fyy = ﬁ(lpﬂliz - lpzl/h):
4

i _ _
Fig + Fy3 = o2 (W12 + 1Py).
Xy
seklinde elde edilir.

7. H8 UZERINDE SEIBERG-WITTEN DENKLEMLERI

Seiberg—Witten denklemlerinin ilki olan D4¥ = 0 Dirac denkleminin herhangi boyuttaki herhangi bir
Spin€ yapist i¢in anlamli olmasina karsin, bu denklemlerden ikincisini ifade etmekte kullanilan Hodge
anlaminda kendine dualligin yiiksek boyutta dogal bir genellemesi yoktur. Biz bu ¢alismada Spin(7)
yapisina sahip M manifoldu iizerinde ¢ temel 4 —formu yardimi ile 2—formlarin uzaymnm Q?(M) =
Q2(M) © 03,(M) ‘nin

Q2(M) = {w € Q2(M)| * (¢ A w) = 3w}
Q2 (M) = {w € Q2(M)| * (® A w) = —w)}

seklindeki ayrisimindan Q2 (M) yi 2—formlarin self—dual uzay1 olarak goz 6niine alacagiz (Bkz. [1,]).
U S M agid1 lizerinde {ey, ..., eg} lokal orthonormal ¢atis1 verildiginde

fi=etneS+e?neb+e3ne’ +etned
fr=elne?+e3net—e > ne®—e” ned
fr=elneb—e?ne>—e3neB+etne’
fai=etned—e?pnet—eSne’ +ebned
fs=elne’ +e?neB —e3ned—etne’
fo=elnet+e?ned—e’>neB—ebne’
fr=elne®—e?Ne” —e3ne® —etned

2 —formlar1 Q%% (M) nin bir ¢atis1 olur.

Dahasi bu sekilde verilen dekomposizyon asagidaki gibi iR degerli 2 —formlarin dekomposizyonu
seklinde de ifade edilebilir:

Q%2(M,iR) = {w € Q*>(M,iR)| * (® A w) = 3w}
0%2,(M,iR) = {w € Q*>(M,iR)| * (P A w) = —w}

F, min Q%(M, iR) ye diisen pargasina F,; nin self—dual kismi denir ve F, ile gosterilir. Burada

dir. Simdi daha 6nce tanimlanan

pt:iA2(T*M) ® C — End(S™)
doniisiimii yardim ile p*(Q3(M,iR)) = W' alt demedini alalim. Ayrica WW* in W'iistiine dik
izdiigiimii ($W*)* = Proj,, Y¥* olsun. Buna gore 8 —boyutlu (M, g, ) Spin(7) —yapisina sahip
M manifoldu tizerindeki Seiberg—Witten denklemleri
1. DfY=0
2. p*(FH) = (Ww*)*
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seklinde ifade edilmistir [1]. [1] de ele alinan calismada 6zel olarak M = R® durumunda standart metric
almarak Seiberg—Witten denklemlerinin agik ifadeleri verilmistir. Bu calismada [1] de verilen yontemle
M = H® = {(x4, ..., xg)|xg > 0} € R® uzayu iizerinde tanimlanan

(xl)z ((dxl)z + (de)Z + (dx3)2 + oot (de)Z)
8

Hiperbolik metrik igin Seiberg—Witten denklemleri elde edilecektir.

ds? =

H® uzay: tek bir kartla ifade edilebildigi i¢in yap1 grubu G = {Id} € Spin(7) € SO(8) oldugundan
Spin(7) yapisina sahiptir. Bu sebebleH® manifoldu hem Spin¢ —yapisina sahiptir, hemde 2 —formlarin
uzayr Q?(H®) = Q2(H®) @ 03, (H®) seklinde dekompoze olur. Bu durum HZ® iizerinde Dirac ve
egrilik denklemlerini yazmamizi miimkiin kilar.

8 —boyutlu uzaylarda kompleks spinorlarin vektdr uzayr 16 —boyutludur ve Ag = C° ile gosterilir.
Hesaplamalarimizda Clg kompleks Clifford cebirinin [6] da verilen asagidaki spinor temsilini
kullanacagiz:

K: Clg — End(Ag)

0 1 0 0
kley) = v kler) = M k(e = ‘
| 0 =M 0 S ] 0
0 n [0 4 [0 .|
K (e) = Bl k(es) = ML ke = i
=¥y 0 b 0 =g 0

0 . 0 ¥

K (er) = ", K(e) = i

—Ye '-']" | = ﬂ_.

Burada I, 8 X 8 lik birim matristir ve { = 1, ... 7 i¢in y; matrisleri asagidaki gibidir:
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y; matrisleri, Cl; = End(Ag)®End(Ag) izomorfizmi altinda Cl; cebirinin iireteglerinin goriintiilerinin
birinci izdiistim altindaki goriintiileridir.

R® iizerinde standart metrige bagh olarak w; = g(Vel- , ej) konneksiyon 1 —formu sifir oldugundan
VAY = d¥ + %A‘P olur. Fakat H® iizerinde durum boyle degildir. H® iizerinde konneksiyon
1 —formu sifirdan farklidir.

H8 = {(x4, ..., xg)|xg > 0} € R® Hiperboklik uzayi iizerinde verilen

ds? = ((dxl)z + (de)Z + (dx3)2 4ot (dxg)z)

1
(xg)?

Hiperbolik metrik ile w;; konneksiyon 1 —formu 4 —boyutta kullanilan metodla asagidaki gibi elde
edilir [6]:

_ i
zg
ﬂ'..’E2
£
dﬂ?s
£
dz?
3
d$5
e
d$6
zs
Cl'..’E"’
g

fF o o o o o o o
o o o o o o o
|

|
|
|
|
|
&
|
o

B o o o o o o o

e
Iy
8
b
o
M
8
o
5

Tim bu elde edilenlerle birlikte [6] da ele aliman Spin® —yapis1 asagidaki Dirac denkleminde yerine
yazilirsa

8
1
D‘Iqj = Z €;. Vél Y= d‘P(el) + EZ wij(ei)e.i e]LP + A(el-) Y
i=1

i<j

elde edilir. H® iizerinde Hiperbolik metrige bagli olarak elde edilen Dirac denkleminin agik ifadesi
asagidaki gibi bulunur:

0 d 0 0 a 0 a 0

(_ Uy n U, n s n Yy n s n Ys n 7 n ‘~|18> .
dx; Oxg O0xs Ox; 0Jx, Ox, O0xg Oxg

+(—Ayy + Axs + AsPy + Ayhe + Asths + AgPy + A7y + Agihg)xg + 59pg = 0

(_ oYy _ iy, n 0y _ 0y _ oY n Y n g _ a‘~|J7>x
8

dx; Ox; O0x; Oxg O0dx, O0x, O0Jxg Oxg
+(—A1Y, + AxPe — A3y — AyPs — AsPy + Agg + A7 3 — AgP7)xg — 597 = 0

(_ P, _all’z _al|13 +a¢4_al|15 +al|17 _aq’s allle)x
dxs O0x; 0dxqy Oxz O0xg O0x, O0x, Oxg 8
+(—Ays + Ay + Aspy — Aypg — Asthy — AgtPs — A7, + Age)xg + 59 = 0
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(_ oYy n Iy, _ 0y _ Y, _ 0P n Y N 0yg _ a‘~|15>
dx,  Oxs Oxz O0x; Oxg Ox, O0x, Oxg/ ®
+(—A1y + Azpg — Astps + Agthy + Asthy — Agths — A7y — Aghs)xg — 595 =0

( 0Py 0y 03 O0Ys 0P 0Py OYg 61|J4)

Lt R . . P At R S B
dx, Ox, O0xg O0x; O0x3 0Oxg O0x; Oxg

+(—A1ps — Ay — AsPg + Aghy — Asthy + AgPs — Ayihg + AgiPa)xg + 59y = 0

( 0Py 0y 0y,  O0Ys 0P Oy  OYg 61]13)

L .. Pt At £ B ) P2
dx, Ox, O0xg Oxz 0Jx; 0x; O0Jxs Oxg

+(—A1pe — Axy + Ashs — Agthy + AstPg + AgPy — A7; — AgP3)xg — 593 = 0

( 0Py 0gs 0Yy 05 0P 0Py OYg a‘~|12>

e - ¢ Xg
dxg O0x, O0xq4 Oxg Ox; 0x; Ox3 Oxg

+(—A1Y7 — Aops — Aspg — APy + Ass — Agh1 + A7Pe + Agh2)xg + 59 = 0

( 0y, 0Pz 0y, 0Ys O0Yg 0Y; OYg allJl)

e P .} PR
dxs O0x, Ox, 0x; Oxg O0x3 O0xq; Oxg

+(—A1Yg — Ay + Ay + A3 — AsPe — Agthy + A7ps — AgPi)xg — 591 = 0

7 <fiFa>
=l<fifi>

Egrilik denklemi ise F,f = Projgz(ys imyFa = fi olmak iizere

Fis + Faa + Far + Fag = 25 (13 — YTz s + T3 — il + s — YiTs + Vi)
Fia + Fas = Faa — Fra = 55 (ha¥hs — Vsl — ol + ¥z + Va7 — Yo + il — )
Fio — Fas — Faa + Fay = 75 (0187 — YTz + 5T — el — Vs + YT + Ve — eils)
Fia — Faa — Far + Fog = g (0a¥hz — sl + Wil — s + sl — Yils — YT + ail)
Fiy + Fan — Fas — Fya = g Gyl — il + V203 — s — sty + Yials + iy — Yr0c)
Fua + Fas — Fea = Foy = g (heTs — YT — ails + stz — YTs + Vil + il — )

1 _ _ _ _ _ _ _ _
Fig = Fy7 = F36 — 45 = 4_x8(¢1¢8 — Yg1 — Yo7 + Yrhy — P3he + Yeths — Yaths — Psihy)
seklindedir.
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ABSTRACT

It is known that there exists a family of connection 1-forms depending on two parameters on the standard quaternionic Hopf
bundle. This family is constructed by using the canonical connection 1-form. In this work, the self duality and the anti-self
duality of these connection 1-forms are investigated. Parameters for which the family of connection 1-forms are self dual and
anti-self dual are determined.

Keywords: Principal fibre bundle, Connection 1-form, Self (anti-self) dual form, Instanton

KUATERNIONIiK HOPF DEMETI UZERINDE BAGLANTI FORMLARI
UZERINE BiR NOT

OZET

Standart kuaternionik Hopf demeti iizerinde iki parametreye bagl baglanti formlarinin bir ailesinin varligi bilinmektedir. Bu
baglanti formlarin ailesi kanonik konneksiyon 1-formu kullanilarak insaa edilmistir. Bu ¢aligmada, bu baglant1 1-formlarinin
self dual ve anti-self dualligi aragtirilmigtir. Bu baglanti 1-formlarin hangi parametreler i¢in self dual ya da anti- self dual oldugu
belirlenmistir.

Anahtar Kelimeler: Asli lif demeti, Baglant1 1-formu, Self (anti-self) dual form, Instanton

1. INTRODUCTION

It is known that instantons are important for the topological invariants of 4-manifolds [1,2].
Geometrically, instantons are connection 1-forms (gauge potentials) on principle fiber bundles over 4-
dimensional manifolds whose curvature 2-forms (gauge fields associated with gauge potentials) are self-
dual (or anti-self dual, when orientation is reversed). The natural examples of instantons are given on
the standard quaternionic Hopf bundle [1,3,4]. Actually, self-dual (or anti self-dual) connection 1-forms
satisfy the Yang-Mills equations. Earlier, special solutions to the Yang-Mills equations were given in
[3]- These solutions (the BPST instantons) are called pseudoparticles. After this work, Trautman showed
that [5] the solutions of the Yang-Mills equations (the BPST instantons) correspond to the canonical
connections on the complex and quaternionic Hopf bundles S - §3 - §2 and S3 - S7 - S*. In his
work, nontrivial solutions of Maxwell and Yang-Mills equations are constructed and the curvature 2-
form (electromagnetic field) F is self dual (* F = F) on the two dimensional complex projective space
with the Fubini-Study metric. On the other hand, Minami [6] produced two specific connections on S’
by using Gauge transformations and showed that the gauge potentials which are the pullbacks of these
two connections are identical with solutions of SU(2) Yang-Mills equations. There also exist similar
results for some higher dimensions. Corrigan, Devchand and Fairlie studied the gauge field equation in
dimensions greater than four [7]. In [8], the Hopf bundle S7 —» S5 — 58 is considered and a solution
of eight dimensional Euclidean Yang-Mills field equation is obtained.

*Corresponding Author: nozdemir@anadolu.edu.tr
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A family of connection 1-forms depending on n parameters is given in [9] on complex and quaternionic
Hopf bundles S! — §2*~1 - CP, and §3 — $**~1 - HP,, respectively. These connections are
expressed in the following theorem:
Theorem 1 The ilmC-valued 1-form

i (V7 2202, + 1272, d25 + -+ + N Zall ™ Znd 2
w =lm
rurata) Iz, 772 + 2,722 + o+ Lz 7072

on $2"~1 js a connection 1-form on the complex Hopf bundle St - §2"*~1 - CP,, where 1,75, - -, 73,
are positive real numbers.

The Im(H)-valued 1-form

© — Im l9:1°1q1dqs + 11q211°2G2dq, + -+ + |lqn 1" Gndqy
Cuszron) 1qal172 + gz 12 + -+ + [l g 1502

on $4*~1 is a connection 1-form on the complex Hopf bundle $3 —» $*"~1 — HP,, where 54,5, - +, Sy,
are positive real numbers.

In this work, we investigate the duality properties of the two parametric family of connection 1-forms

||q1||r¢71dq1+||q2||5(72dq2) (1 1)
llg lI"+2+]lq|IS*2 '

a)(r's) = Im(

to obtain new Yang-Mills solutions on the quaternionic Hopf bundle S3 - S7 —» §*. Forr = s = 0,
w 0,0y coincides with the canonical connection on the quaternionic Hopf bundle.

2. PRELIMINARIES

Now, let us explain the materials which will be used in this work. One of these, is the principal fibre
bundle which is one of the most fundamental concepts of differential geometry and topology. A principal
fiber bundle consists of three manifolds G, P, M which are base space, total space and fiber (a Lie group),
respectively; r is a differentiable map of PontoMando: P X G - P,a(p,g) = p - g isaright
action of G on P such that following conditions are satisfied:

1l.n(p - g) = n(p),forallp € Pandg € G.

2. (Local Triviality): For each m € M, there exists an open neighborhood m € U and a
diffeomorphism ¥ : =1(U) —» U X G such that ¥(p) = (n(p),Y(p)), where  : m=1(U) - G
satisfies

Y -9 =yv@) g,
forallp € n~*(U)and g € G.

Another basic concept is connection 1-form, which is a Lie algebra valued 1-form, on a principal fibre
bundle and has an important role in geometry, topology and mathematical physics (see [4]). Hopf
bundles are specific examples of principal fibre bundles. There are canonical connection 1-forms on
Hopf bundles S3 —» S7 —» S* and ST - $3 — S$2. These connection 1-forms are explicitly expressed in
[4] and are generalized to higher dimensions in [9].

Consider the quaternionic Hopf bundle $3 - S7 - HP, = S*,

50



Ozdemir | Anadolu Univ. J. of Sci. and Technology B — Theoretical Sci. 5 (1) - 2017

where

§7 ={(q1,q2)eW? ¢ llqull® + llgzll* = 1}
There is a right action of S on S7 given by
(01,02) " 9 = (419, 929),
where (q1,92)eS” and g € S3. The Lie algebra of $3 can be identified with ImH. The projection map
of this bundle is 7(q1,92) = [q1,q2] € HP,; = S*. Standard trivializations (U, ¥;) and (U,, ¥,) are

as follows:

Uy ={lq1,q2] EHP; : q; =0}, U, ={[q1,9.] EHP; : g, =0},

_ q
YN (Uy) - Uy x S3, Y1(q1,92) = ([CILClz]'Wi”)'

_ qz
Yy:m N (Uy) - U, X S3, Y,(q1,q2) = ([%ﬂsz)

and inverses of ¥; and ¥, are
¢, = (llul)_li U; % S3 - ”_1(U1)' &, ([91, 921, 9) = (la1llg, Clz(fh)_l”CIl”g)»
¢, = (¥,) U, x §3 - a7 1(Uy), ®,([91, 921, 9) = (q1(az)"*llg21lg. llg21l9),

where g € §3. Canonical local cross-sections induced by local trivializations (U,,¥;) and (U,, ¥,)
are

_ q21lq4ll
s1:U; »m 1(U1) cS7, 51([q1,92]) = (”‘h”. 2q ! )
1

- g1l
Sp:lUp; » 1(U2) cs’, s2([q1,92]) = ( 161 2 azll )
2

The diffeomorphisms corresponding to standard coordinate neighborhoods U; and U, on HP; are

¢1:U; » H R*, $1([91,42]) = G217

IR

and

$,:U, » H = R*, $2([01,q2]) = q1927 "

IR

Thus, for all g € H — {0}, one has
— 1
(s100:7 (@) = W(LQ),

(52 ° ¢2_1)(Q) = \/ﬁ(% 1).
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Details can be found in [1, 4]. It is known that the canonical connection 1-form on the quaternionic Hopf
bundle 3 - §7 - §*

w = Im(g, dq; + 4, dqz)
is anti-self dual (or self dual) [1, 3, 4]. In [9], duality or anti-self duality of families of connection 1-
forms w(, ) are not investigated. In this work, similar calculations are done for the two-parameters
family of Im(H)-valued connection 1-forms

_ llg11I"q: dg1+la211°q da>
W(rs) = Im( T+2 s+2 )
lla1l™*2+llg2l

on the quaternionic Hopf bundle S3 — S7 — S* to investigate the duality properties, where r and s are
positive real numbers. Note that, if r and s are negative, then w(, ) are not defined for ||q,|| = 0,

llg21l = 0.

Let M be a 4-dimensional Riemannian manifold. It is known that in 4-dimension the Hodge star operator
is an involution on 2-forms, that is

*:A? (M) -»A? (M) and #?=id .

The 2-forms associated to the eigenvalue +1 are called self dual and the 2-forms associated to the
eigenvalue -1 are called anti-self dual forms. Then, the space of 2-forms decomposes into self dual and
anti-self dual parts. Let {e,, e;, €5, e3} be a local orthonormal frame on an open set U M and e’ the
1-form dual toe;, for 0 < i < 3. In local coordinates

e Ael — e? A e3, e® A e?+ el A ed, e% A ed — el Ae?
is a basis for self dual forms and

e Ael+ e? A ed, e® A e?— el A ed, e Aed3+ el Ae?
is a basis for anti-self dual forms.
3. THE DUALITY OF CONNECTIONS

It is proved in [1, 3, 4] that pullbacks of the canonical connection 1-form w to R* = H by s, o ¢, ~* and
s, o ¢, " are anti-self-dual. In this section, we compute pullbacks of connection 1-forms w(rs) t0 H by
the canonical local cross section s; and the standard chart (U, ¥;) on HP; by similar arguments to [4].
Letk :=s; 0 ¢y :H — m~1(U;). Then, one can evaluate

. llqll® _
(k “’(T,S))q(vq) = il Im(qv),
(X +1qlI®) 2 + ligll**?

where g € H and v, € T,H. Hence, we have
Ars) = k0@ = iIm (g(q)dg),

llqll®
S—=r :
A+ llqli®) 2 + llglis*?

where

g@=f@@g fl@=
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Thus, if g # 0, then A, ) is defined for all real numbers r,s. If n = Im(g(q)dq) is an ImH-valued
1-form on R*, one can easily check that [4]

dn +n An =Im{dg A dq + g(q)dq A g(q)dq}.
After tedious calculations, curvature 2-form F,.s) of A, is

Fors) = A(dgoAdg, —dq, Adq3)i+ A(dqeAdqy +dqq Adgs)j
A(dqo Ndq; —dqq Ndqy)k + B(dqe Adqy +dq, Adqs)qiq
B(dqo Adq, —dqy Adq3)qjq + B(dqo Adqs + dg, Adq,)qkq

where
K K
A = 2(f@+5lal?) - llal* (f@? +5)
_ @+ +@E+0lalP) gl a + gl z
- s—r 2
2((+ gz +liqlls+2)
and

K
B o= @7+
S
(s +7llql)lIqll*~2(1 + liqlI*) 2

s—r 2
2(@+ gz + liqlis+2)

If similar calculations are done for s, o ¢, %, we get curvature 2-form on H = R* as

Fasy = A(dgoAdqy —dq; Adqs)i+A(dge Adq, +dq; Adgs)j
A(dgo A dgs — dgq Adgy)k + B(dqo A dgy + dq, A dqs)gig

i B(dqo Adqy — dgqy Adq3)gjq + B(dge Adgs + dqy Adqy)gkq
where

1 (@+D+ @+ 9la)lalr a+ llglHz

r=s 2
2(@+ gz +liqlr+2)

and
2 r—2 Pl
(r +sllqlDNqll™ =@ + [iqll*) 2

B = s >
2(@+ g2z +liqlr+)

Note that, if r (or s) is a negative real number,

o — Im lq11I"q1 dg; + llq21I°q2 dq,
) lgalI™2 + llg,ll5+2

can not be a global connection 1-form on S”. But locally, the pullback of the connection 1-form W(r.s)
with respect to sy o ;1 (0r 55 0 2 ), Ay (Arsy) is a connection 1-form on H — {0}.

As a result, the 2-form F ;.. is self-dual if and only if
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(@ + @+nlaDlal G+ gz

s—r z
2(@+1NqI?)z +liqls*?)

and anti-self dual if and only if

S—r
_ (s+rligl®ligl*@ + gl =z "

s=1 2
2(@+Nql?yz +ligls*?)

B =0.

Therefore, we state the theorem below:

Theorem 2 Followings hold for the curvature 2-form F,. g :
1. Fersy isanti-self dual ifand only if r = s = 0.
2. Frs isselfdualifandonly ifr = s = —4.

4. DISCUSSION AND CONCLUSION
Potentials of most interest in physics are those whose field strengths satisfy the Bianchi identity, that is
DyF=dA+ [AF]=0,

for a potential A with associated gauge field F. After tedious calculations, one can show that field
strengths F;, ;) of potentials A, ) satisfy the Bianchi identity. Now, forq # 0 (q € H), we calculate

the squared norm || . (q)||2 of Fers) (@) as
2s 2 S—r—2
IF @] = 312014 45) + @+ Plll?)’ + (s +rllql2)?]
(@+hai®) = +lqlis+2)

If we integrate ||F s (q)||2 over H — {0}, we obtain a global measure of the total field strength. To
integrate, one can choose the standard spherical coordinates on R* as

qo = psingsinvcosd,
q1 = psingsinvsing,
q; = psingcosvy,

4z = pcCcosy,

where p = ||q]| > 0,0 < @,v,0 < m, then

SYM[CA(r,S)] = fRdz_{O}“T(r,s)(CI)”z
s s—r-2
= 62 fooo P +3(1::2) z [((4 +s)+ 4+ r)p2)2 +(s+ rpz)z] dp. (4.1)

(o T 2p?)

Using the result outlined in Theorem 1, one can easily perform integration (4.1) whenr = s. In that
case, the squared norm reduces to the simple expression
llqll***?

2
|1Fso @l =304+ )2+ SZ)W

54



Ozdemir | Anadolu Univ. J. of Sci. and Technology B — Theoretical Sci. 5 (1) - 2017

whose Yang-Mills functional can be exactly integrated as

5 (52 +4s + 8) ,
_, if s>-=2
Sl ool = [ IFeo@I’ = e
e R*-{0} o —2m? sitds+8 if s<-=2
s+ 2 ’
By taking derivative of the Yang-Mills action SYM[c/l(r,S)], we observe that s = 0 and s = —4 are

minimum values of the Yang-Mills action. As a result, potentials A minimize the Yang-Mills
functional. At these extremum values of s, gauge fields F, also satisfies

Dcﬂ *T(s,s) =0.
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ABSTRACT

In this work, 5-(3-methyl-3-phenylcyclobutyl)-N-phenyl-3,6-dihydro-2H-1,3,4-thiadiazin-2-imine (C20H2:N3S), MPDT, was
prepared and characterized by X — ray single crystal diffraction and IR and 3C-NMR spectroscopic techniques. The molecular
geometry, vibrational frequencies, gauge including atomic orbital (GIAO) 13C chemical shift values of MPDT in the ground
state have been calculated by using the Hartree-Fock (HF) and Density Functional Theory (B3LYP) with 6-31G(d) basis set.
The scaled B3LYP/6-31G(d) results shows the best agreement with the experimental values over the other method. B3LYP is
applied to explore the Mulliken atomic charges of the title molecule. In addition to frontier molecular orbital (FMO) and
molecular electrostatic potential (MEP) of the title molecule have been calculated by using the HF and B3LYP with 6-31G(d)
basis set.
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5-(3-METHYL-3-PHENYLCYCLOBUTYL)-N-PHENYL-3,6-DiHYDRO-2H-1,3,4-
THIADIAZIN-2-iIMiNENIN DENEYSEL VE TEORIK METOTLARLA MOLEKULER VE
ELEKTRONIK OZELLIKLERININ iNCELENMESI

OZET

Bu ¢alismada, 5-(3-methyl-3-phenylcyclobutyl)-N-phenyl-3,6-dihydro-2H-1,3,4-thiadiazin-2-imine (C20H2:NsS), MPDT, IR
ve 3C-NMR spektroskopik teknikleriyle ve X-1gi1 tek kristal kirmimu ile karakterize edilip hazirlandi. Temel halde molekiiliin,
molekiiler geometri, titresim frekanslari, GIAO 3C kimyasal degisim degerleri 6-31G(d) baz seti ile HF ve B3LYP metotlar
kullanilarak hesaplandi. B3LYP/6-31G(d) de elde edilen sonuglart diger metoda kiyasla deneysel veriler ile daha uyumlu
sonuglar gosterdi. Bu sebeple molekiiliin Mulliken yiik dagilimlar1 B3LYP ile hesaplandi. Ek olarak molekiiliin molekiiler
orbital ve molekiiler elektrostatik potensiyeli de HF/6-31G(d) ve B3LYP/6-31G(d) kullanilarak hesaplandi.

Anahtar Kelimeler: Siklobiitan, X-15m1 ile yap1 belirleme, IR ve (:3C) NMR spektroskopisi, Hartree-Fock (HF), Yogunluk
Fonksiyoneli Teorisi (DFT)

1. INTRODUCTION

5-(3-methyl-3-phenylcyclobutyl)-N-phenyl-3,6-dihydro-2H-1,3,4-thiadiazin-2-imine  is a novel
compound firstly prepared in our laboratories by us so there is no information about it in the literature.
In order to support the experimental data, various computational techniques have been developed all
over the world. Nowadays structural and electronic properties of atoms, molecules and solids can be
calculated with great accuracy with the Density Functional Theory. The electronic structure and
spectroscopic assignments of a molecule with given molecular geometry, have been calculated with
following methods. DFT provides a variety of methods such as LSDA, BPV86, and B3LYP. B3LYP
stands for Becke 3-Parameter (Exchange), Lee, Yang and Parr (Correlation; density functional theory)
[1, 2].

In this paper, MPDT was described and characterized by 13C-NMR, IR and single-crystal X-ray
diffraction methods as well as theoretical studies in the ground state which have been calculated using
the HF and B3LYP with 6-31G(d) basis set.

2. MATERIALS AND METHODS

2.1. Synthesis

To a stirred solution of 4-phenyl thiosemicarbazide (1.6723 g, 10 mmoL) in 20 mL absolute ethanol, a
solution of 2-chloro-1-(3-methyl-3-phenylcyclobutyl)ethanone (2.2271 g, 10 mmoL) in 10 mL absolute
ethanol was added at 0 °C and stirred for additional fifteen minutes (TLC). Light yellow precipitate
separated by suction, washed with copious water and crystallized from acetone. Yield: 95%, melting
point: 438 K. (see Figure 1).

C=0 HN—NH
HsC | N EtOH, 0 °C
H,C + C=N —_—
i |

SH
Figure 1. Synthetic pathway for the synthesis of the target compound
2.2. General Remarks

All chemicals were of reagent grade and used as in commercially available forms without further
purification. Melting point was determined by Gallenkamp melting point apparatus. The IR spectra of
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the compound were recorded in the range of 4000-400 cm™ using a Mattson 1000 FT-IR spectrometer
with KBr pellets. The *C-NMR spectra were recorded on a Varian-Mercury-Plus 400 MHz
spectrometer using TMS as internal standard and CDClIs (chloroform) as solvent.

2.3. Crystallography

All diffraction measurements were performed at room temperature (293 K) using graphite monochromatic
MoKa radiation (k = 0.71073 A) radiation and STOE IPDS (1l) diffractometer. A suitable sample with the
size 0f 0.62 x 0.42 % 0.13 mm was selected for the crystallographic study. Reflection data was recorded in
the rotation mode using the ® scan technique by using X-AREA software [3]. Intensity parameters were
collected in the 6 range 2.7° < 6 < 27.1°. The structure was solved by direct methods using SHELXS-97
[4] implemented in the WinGX [5] program suite. The refinement was carried out by full-matrix least-
squares method on the positional and anisotropic temperature parameters of the non-hydrogen atoms, or
equivalently corresponding to 222 crystallographic parameters, using SHELXL-97 [6]. Computing data
collection: X-AREA, cell refinement: X-AREA, computing data reduction: X-RED. The general-purpose
crystallographic tool PLATON [7] was used for the structure analysis and presentation of the results. The
structure was refined to Rixx = 0.085 with 1689 observed reflections using | >2c (I) threshold. The
molecular graphic were displayed using ORTEP-3 for Windows [8]. Details of the data collection
conditions and the parameters of the refinement process are given in Table 1.

Table 1. Crystal data and structure refinement parameters for the title compound

CCDC deposition no. 1061682
Chemical formula Ca0H21N3sS
Formula weight 335.46
Temperature (K) 293(2)
Wavelength (A°) 0.71073 Mo Ka
Crystal system Orthorhombic
Shape Plate

Space group Pbca

Unit cell parameters

a,b,c (A”) 8.8028(5), 12.8690(7), 31.1611(16)
B,y () 90.00

Volume A" 3530.0(3)

z 8

Calculated density (Mg/m®) 1.262

p (mm1) 0.189

Fooo 1424

Crystal size (mm) 0.62 x 0.42 x 0.13
hmin, hmax -11, 10

kmin, kmax -16, 16

|min, |max -39, 30

Theta range for data collection (°) 2.7<6<27.1
Measured reflections 15198
Independent reflections 3867

Refinement method Full-matrix least-squares on F?
WR(F?) 0.066

R[F? > 20(F?)] 0.039

Rint 0.085

Apmax, Apmin (e/ A°3) 0.15,-0.16

2.4. Quantum Chemical Calculations

All the calculations were performed without specifying any symmetry for the title molecule by using
Gauss View molecular visualization program [8] and Gaussian 03 program package [9]. For modeling,
the initial guess of the compound was first obtained from the X-ray coordinates and the structure was
optimized by Hartree—Fock (HF) and Density Functional Theory (DFT)/B3LYP methods [10, 1] with
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the 6-31G(d) basis set. *C-NMR chemical shift are calculated within GIAO approach [11, 12] applying
HF and B3LYP method with 6-31G(d) basis set. In addition to frontier molecular orbitals and molecular
electrostatic potential map analysis were investigated by theoretical calculations

3. RESULTS AND DISCUSSION
3.1. Geometrical Structure

An ORTEP view of the title compound and the B3LYP optimized structure of the title compound are
shown in Figure 2, where the compound crystallizes in the orthorhombic space group Pbca with eight
molecules in the unit cell (Z = 8). The unit cell dimensions are a = 8.8028(5) A, b = 12.8690(7) A, ¢ =
31.1611(16) A and V = 3530.0(3) A3. The title molecule is composed of a cyclobutane ring and two
benzene rings.

Pisaga, %

b N C16
f 9 e f
C3 _&c: : 8 11 C15
L C20
AR A
> C

c9

19 ci13 )
®) e

Figure 2. (a) A view of the title compound showing the atom-numbering scheme. Displacement
ellipsoids are drawn at the 30% probability level and H atoms have been omitted for clarity.
(b) The theoretical geometric structure of the title compound (B3LYP/6-31 G(d) level)

The crystal structure could be described as being built from essentially planar fragments, the aromatic
ring A (C1—C6), N1 atom is linking B (C7—S1), the cyclobutane plane C (C10—C13) and the other
aromatic ring D (C15—C20). The dihedral angles between A, B, C and D are 50.16(0.08)° (A/B),
48.88(0.08)° (B/C), 87.82(0.08)° (C/D).

It is well known that 3-substituted cyclobutane carboxylic acid derivatives exhibit anti-inflammatory
and antidepressant activities [13] as well as liquid crystal properties [14]. The popular anticancer drug,
carboplatin, also contains a cyclobutane ring [15]. Cyclobutane ring has adopted a puckered
conformation and although the value for the puckering of the cyclobutane ring found in the literature is
19.8(3)° [16], there is a negligible puckering in the cyclobutane ring (torsion angles; C12—C11—C10—
Cl3and C10—C13—C12—Cl11; 15.07(15)° and 14.90(16)°, respectively). When the bond lengths and
angles of the cyclobutane ring in the title molecule are compared with the previously reported
cyclobutane derivatives [17-20], it is seen that there are no significant differences.

Perspective view of the crystal packing in the unit cell is shown in Figure 3. In the crystal packing, there
is @ C—He+*S hydrogen bonding, and the details of which are given in Table 2. The crystal structure of
MPDT shows an intramolecular bond-interaction. In this hydrogen bonding, atom S1 acts as a donor to
related C1 at (2-x,-y,-2).
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Figure 3. Part of the crystal structure of the title compound, showing the C1-H1---S1 interactions

Table 2. Hydrogen bond geometries in crystal structure (A, °)

D—H--A D—H H---A D---A D—H-A
C1-H1---S1 0.93 2.60 3.045 (2) 110
Symmetry codes: 2-X,-y,-Z.

3.2. Optimized Structures

The optimized parameters (bond lengths, bond angles and torsion angles) of the title compound have
been obtained using HF and B3LYP methods with the 6-31G(d) basis set. Some selected geometrical
parameters which have been experimentally gathered and theoretically calculated are listed in Table 3.
From Table 3, it can be seen that there are some deviations in the computed geometrical parameters
from those data, and these differences are probably due to the intramolecular interaction.

Table 3. Some selected experimental and optimized geometrical parameters of the title compound

Geometric parameters Experimental Calculated [6-31G(d)]

(X-ray) HF B3LYP
Bond lengths (4°)
C1-C6 1.386(3) 1.3897 1.4062
C6-N1 1.408(3) 1.4078 1.4006
S1-C7 1.759(2) 1.7757 1.7933
N2-N3 1.396(2) 1.3854 1.3859
C8-C10 1.489(3) 1.5007 1.5002
C10-C11 1.534(3) 1.5396 1.5469
Cl11-C12 1.543(3) 1.5592 1.5708
C12-C14 1.530(3) 1.5307 1.5332
C15-C16 1.379(3) 1.3972 1.4066
R? 0.9953 0.9889
Bond angles ()
C2—C3—C4 119.5(2) 119.3454 119.3759
C5—C6—N1 117.96(18) 119.3491 117.949
N1—C7—S1 126.66(17) 125.8496 127.0803
C7—N2—N3 125.02(18) 122.8985 126.0701
N2—N3—C8 116.56(18) 117.4256 117.2056
C8—C10—C13 116.50(17) 116.9861 117.2379
C10—C11—C12 90.13(16) 89.7584 90.072
Cl4—C12—C15 113.63(19) 113.4319 113.677
R? 0.9908 0.9989
Torsion angles (°)
Cl1—C2—C3—C4 0.8(4) 0.3333 0.7463
C5—C6—N1—C7 143.0(2) 108.6945 133.419
N1—C6—C5—C4 176.7(2) 177.63 178.62
C10—C11—C12—C14 95.96(19) 95.5586 96.0979
R? 0.9499 0.9954
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We have displayed the correlation graph in Figure 4 based on the correlation calculations. The
correlation values (R?) have been found as 0.9953 and 0.9889 for bond lengths, 0.9908 and 0.9989 for
bond angles, 0.9499 and 0.9954 for torsion angles at HF/6-31G(d) and B3LYP/6-31G(d) levels,
respectively. According to correlations values, the B3LYP/6-31G(d) method gave accurate results for
the bond angles, when torsion angles compared with the HF/6-31G(d) method.

Bond Length (A)
1,8 3
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© o e
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X-ray Structure
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Figure 4. Correlation graphics between the experimental and theoretical geometric parameters of the
title compound
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A global comparison was performed by superimposing the molecular skeletons obtained from the X-ray
diffraction and the theoretical calculations atom by atom (Figure 5), obtaining RMSE values of 0.232
and 0.107 A for HF/6-31G(d) and B3LYP/6-31G(d), respectively. According to these results, the
smallest RMSE value is acquired for B3LYP/6-31G(d) and the geometry obtained from this method
coincides better with the crystalline structure than HF/6-31G(d) method. For that reason, we used the

geometry from B3LYP/6-31G(d) method, to calculate molecular electrostatic potential (MEP) and
frontier molecular orbitals (FMOs).

(b)

Figure 5. Atom-by atom superimposition of the calculated structures calculated (green) (a = HF/6-31
G(d), b = B3LYP/6-31 G(d)) on the X-ray structure (red) of the title compound

3.3. IR Spectroscopy

The experimental IR spectra of the title compound are shown in Figure 6. The vibrational bands have
been assigned using GaussView molecular visualization program and calculated bands with both HF
and B3LYP approach along with selected experimental counterparts which are indicated in Table 4.
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Figure 6. Experimental IR spectra of the title compound
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Table 4. Comparisons of the observed and calculated vibrational spectra of the title compound

Assignment Experimental Calculated [6-31 G(d)]
FT-IR (cm) HE B3LYP

vsN-H 3259 3584 3477
VasC—Haromatic 3067 3026 2868
VasC—HchcIobutane 2961 3036 3015
VC—HcycIobutane 2855 2861 2834
@cyclobutane 1036 946 918
R? 0.9835 0.9784

Vibrational modes v, stretching; s, symmetric; as, asymmetric; ©,ring breathing.
Aromatic C—H vibrations

The C—H asymmetric stretching vibrations are observed at 3105 cm™ in FT-IR spectrum [21]. In the
title compound, the C—H asymmetric stretching vibration is observed at 3067 cm™, which has been
calculated at 3026 cm™ for HF level, 2868 cm™ for B3LYP level. There are no peaks observed in FT-IR
spectrum for C—H symmetric stretching vibrations.

N—H vibrations

The N—H aromatic stretching vibrations were occurred at 3300-3500 cm* [22]. In previous study, N—
H stretching vibration was founded at 3330-3481 cm® [23]. In here, the N—H stretching vibration is
observed at 3259 cm™ as a very strong band in FT-IR spectrum and its corresponding calculated
frequencies are 3584 and 3477 cm* using HF/6-31G(d) and B3LYP/6-31G(d), respectively.

Cyclobutane vibrations

In the title molecule, there are many cyclobutane ring vibrations. The asymmetric stretching of C—H>
was observed at 2939 and 2855 cm [24]. The symmetric and asymmetric stretching are observed at
2855 and 2961 cm™ in FT-IR spectrum. These modes have been calculated at 2861, 2834 cm™ with
HF/6-31G(d) and 3036, 3015 cm* with B3LYP/6-31G(d), respectively.

The correlation values (R?) have been found as 0.9835 and 0.9784 for HF/6-31G(d) and B3LYP/6-
31G(d), respectively. According to the correlations values, the B3LYP/6-31G(d) method gave accurate
results for the vibration modes compared with the HF/6-31G(d) method.

3.4. NMR Spectra

The isotropic chemical shifts are frequently used as an aid in identification of organic compounds and
accurate predictions of molecular geometries that are essential for reliable studies of magnetic properties
[25]. The experimental *C-NMR spectra of the title compound recorded using TMS as an internal
standard and chloroform (CDCls) as solvent are shown in Figure 7. The theoretical *C chemical shifts
are calculated for the optimized geometry obtained from HF/6-31G(d) and B3LYP/6-31G(d) by using
Gaussian program with the standard GIAO approach.
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Figure 7. Experimental *3C chemical shift spectra of the title compound

In the experimental *C-NMR spectrum of MPDT, the signals at 153.6 and 23.79 ppm are assigned to
the atoms C8 and C9, respectively. In the cyclobutane ring the 3C-NMR signals of C12 and C13 carbons
are at 44.21 ppm [26]. In the present work, the experimental results are attained at 37.52 ppm. The other
calculated chemical shifts values can be seen in Table 5.

Table 5. The experimental and calculated *C isotropic chemical shifts (with respect to TMS, all values

in ppm) for title compound

Atom Experimental (ppm) CDCls Calculated/6-31G(d) (ppm)

HF B3LYP

C1 122.02 113.42 118.03
C2 128.88 119.97 122.92
C3 125.64 113.26 117.59
C4 128.88 121.72 124.29
C5 122.02 118.16 121.72
C6 151.54 145.51 151.13
C8 153.6 162.99 159.93
C9 23.79 12.77 25.99
C10 34.31 17.68 32.29
Cil1 37.52 20.79 33.15
C12 38.99 22.74 40.97
C13 37.52 23.74 37.93
Cl4 30.46 3.42 12.55
C15 148 144.14 149.95
C16 124 120.42 123.64
C17 128.38 120.36 123.66
C18 124.61 116.15 119.86
C19 128.38 119.27 122.61
C20 124 116.52 120.28
0.9922 0.9892
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The large difference between the experimental and calculated values of the cyclobutane ring may be due
to the fact that theoretical calculations of the title molecule have been done in gaseous phase.

In order to compare the chemical shifts, correlation graph between the observed and calculated **C-
NMR chemical shifts is shown in Figure 8. Therefore, the experimentally obtained values are in good
agreement with the theoretically computed values by HF/6-31G(d) method when compared to
B3LYP/6-31(G) method.

180 |
160 | : - | A
140
120
100

Calculated
[#a]
(]

y=1,1176x - 21,289 .y_;,1,0163:4 -4,4819
| R*=0,9922 | R*=0,9892

20 40 60 80 100 120 140 160
Experimental

Figure 8. Correlation graphics between the experimental and theoretical NMR chemical shift values of
the title compound

Quantum-Chemical Studies
3.5. Molecular Eectrostatic Potential (MEP)

The molecular electrostatic potential (MEP) is related to the electronic density and is a very useful
descriptor in understanding sites of electrophilic attack and nucleophilic reactions as well as hydrogen
bonding interactions [27, 28]. It is very useful to study the relationship between molecular structures
with its physiochemical property.

Different values of electrostatic potential at the surface are represented by different colors. The color
scheme for the MEP surface is red-electron rich, partially negative charge (electrophilic reactive centre);
blue-electron deficient, partially positive charge; light blue-slightly electron deficient region
(nucleophilic reactive centre); yellow-slightly electron rich region; green-neutral, respectively [29]. In
the present study, MEP maps of MPDT has been found by HF/6-31G(d) and B3LYP/6-31G(d) methods
and shown in Figure 9. The color code of these maps is in the range between -4.834 a.u. to 4.834 a.u.
for HF/6-31G(d) and -4.043 a.u. to 4.043 a.u. for B3LYP/6-31G(d).

65



Ferah et al. / Anadolu Univ. J. of Sci. and Technology B — Theoretical Sci. 5 (1) - 2017

4.834 4.043

HF/6-31 G(d) B3LYP/6-31 G(d)
-4.834 -4.043

Figure 9. Molecular electrostatic potential map (MEP) (in a.u.) calculated at B3LYP/6-31 G(d) level

Areas of low potential (red) are characterized by an abundance of electrons. Areas of high potential
(blue) are characterized by a relative absence of electrons. The region around the nitrogen atom (N1)
linked with carbon (C7) through double bond represents the most negative potential region in MPDT.
Nitrogen has a higher electronegativity value which would consequently have a higher electron density
around them. Thus the spherical region that corresponds to nitrogen atom would have a red portion on
it. The MPDT of the compound clearly indicates the electron rich centers of nitrogen atom.

3.6. Frontier Molecular Orbital Analysis (FMO)

The most important frontier molecular orbital (FMO) such as highest occupied molecular orbital
(HOMO) and lowest unoccupied molecular orbital (LUMO) plays a crucial part in the chemical stability
of the molecule [30]. The HOMO represents the ability to donate an electron and LUMO represents the
ability of accept an electron [31]. The energy gap between HOMO and LUMO also determines the
chemical reactivity, optical polarizability and chemical hardness-softness of a molecule [30]. A
molecule with a small frontier orbital gap is more polarizable and is generally associated with a high
chemical reactivity, low kinetic stability and is also termed as soft molecule [32]. By examining the
frontier orbitals of a molecule the optical properties and the steps to react with other molecules can be
determined. The calculations indicate that the title compound has 89 occupied molecular orbitals. The
plots of highest occupied molecular orbitals (HOMOSs) and lowest unoccupied molecular orbitals
(LUMOs) are shown in Figure 10.

¢

Eqomo =-8.2128 eV

W
J* ‘)

Eqomo =-5.5640 eV
AE= -11.7931 eV
AE= -4.7506 eV
Ewmo = 3.5803 eV

Eiumo = -0.8134 eV

@’

HF/6-31G(d) B3LYP/6-31G(d)

Figure 10. Molecular orbital surfaces and energy levels given for the HOMO and LUMO of the title
compound
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By using HOMO and LUMO energy values for a molecule, the global chemical reactivity descriptors
of molecules such as hardness (1), chemical potential (u), softness (S), electronegativity (y) and
electrophilicity index () have been defined [33, 34]. On the basis of Enomo and ELumo, these are
calculated using the below equations. Using Koopman’s theorem [35] for closed-shell molecules,

The hardness of the molecule isn= (1 —A) / 2,

The chemical potential of the molecule is p=- (1 + A) / 2,

The electronegativity of the molecule is y = (1 + A) / 2,

The electrophilicity index of the molecule is @ = p?/ 2r.

Where A is the ionization potential and | is the electron affinity of the molecule. | and A can be expressed
through HOMO and LUMO orbital energies as | = - Enomo and A = - ELumo. The calculated values of
the hardness, chemical potential, electronegativity and electrophilicity index of our molecule in gas
phase are given in Table 6.

Table 6. The calculated values of the title molecule using both HF/ 6-31G(d) and B3LYP/ 6-31G(d)

levels
HF/ 6-31G(d) B3LYP/ 6-31G(d)
Enomo (eV) -8.2128 -5.5640
ELumo (eV) 3.5803 -0.8134
I (eV) 8.2128 5.5640
A (eV) -3.5803 0.8134
n (eV) 5.8965 2.3753
u(eV) -2.3163 -3.1887
x (eV) 2.3163 3.1887
o (eV) 0.4549 2.1403
. B3LYP/6-31G(d)
o 8 BB e
—_ 1 ;
o -0,5
)
g 5 |
O EC1I ®EC2 HC3 NC4 EC5 HNC6 HEC7 HC8 HCO
mCl10 mCl1 Cl12 mcC13 Cl4 EmCl15 ECl16 NC17 C18
mC19 C20 EMH1 MH2 ®H3 H4 MWHS HN2 MHSA
B HSB ®WH10  H11lA WH11B " H13A W H13B WH14A W H14B H14C
H16 =~ H17 ©H18 MH19 " H20 N1 N2 N3 s1

Figure 11. The charge distribution calculated by the Mulliken method for the title molecule

4. CONCLUSIONS

Crystal structure of MPDT was determined and its geometry was optimized by HF and B3LYP method

with 6-31G(d) basis set. Theoretical IR and NMR spectroscopies for optimized molecular structure were

calculated. Compared to the theoretical and experimental results, compatible results have been observed.

Investigations by B3LYP/6-31G(d) level for both the bond angles and torsion angles are performed
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better. Mulliken atomic charge values are also calculated using same method with basis set. Besides of
these properties of the molecule, we have calculated MEP, HOMO-LUMO, hardness, chemical
potential, electronegativity and electrophilicity index of the molecule with HF and B3LYP.
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ABSTRACT

In many stability problems, the investigation of pure imaginary roots for a polynomial family is very important. Given a pure
imaginary complex number, the set of all images of uncertainty vectors is called the value set corresponding to this pure
imaginary complex number. The question whether these sets contain the origin is very important from robust stability point of
view of a polynomial family. Cutoff frequency guarantees the noninclusion of the origin to the value set for large frequencies.
In this paper, we give a procedure for more strict estimation of cutoff frequency and applications of the obtained result to the
constant inertia problem of a polynomial family.

Keywords: Cutoff frequency, Constant regular inertia, Multilinear polynomial families, Hurwitz stability

POLINOM AILELERI iCIN KESME FREKANSI HESABI

OZET

Kararlilik problemlerinde, polinom ailesinin piir imajiner koklerinin aragtirilmasi olduk¢a 6nemlidir. Piir imajiner bir kompleks
say1 verildiginde, belirsizlik vektorlerinin goriintiilerinin kiimesi bu kompleks sayrya karsilik gelen deger kiimesi olarak
adlandirilir. Deger kiimelerinin orijini kapsayip kapsamadigi sorusu, polinom ailesinin giirbiiz kararliligi agisindan ¢ok
onemlidir. Kesme frekansi, daha biiyiik frekanslar i¢in deger kiimesinin orijini igermemesini garanti eder. Bu ¢aligmada, kesme
frekansini daha iyi belirlemek i¢in bir prosediir verilmistir ve elde edilen sonuglar polinom ailesinin sabit inersiyon problemine
uygulanmustir.

Anahtar Kelimeler: Kesme frekansi, Sabit regiiler inersiyon, Multilineer polinom aileleri, Hurwitz kararlilik

1. INTRODUCTION

The robust stability and root clustering of polynomials have attracted much attention in control theory
(see [1-3] and reference therein). We consider a more general case where the coefficients of a
polynomial depend on uncertainty parameters. A powerful tool for analyzing stability of a polynomial
family in the frequency domain is the value set approach. The value set depends on the chosen frequency
which varies in the positive real axis. In this paper our aim is determine an upper bound for the active
frequencies.
Let

p(s) =a,s" +a,_1s" T+ + a5+ aq (1)

be a fixed polynomial. p(s) is said to be Hurwitz stable if all its roots lie in the open left half plane.

Let polynomial family be defined by

p(s,q) = an(q)s™ + a,_1(q)s™ "t + - + a,(q)s + ao(q) 2)

*Corresponding Author: tbuyukkoroglu@anadolu.edu.tr
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where the uncertainty vector g belongs to a box Q, where

Q={1q .q) ERiq; <q<qf, i=12..01} ®)
and the functions a;: Q - R (i = 1,2, ..., [) are continuous.

Denote the set of all polynomials p(s, q) by P, that is

P={p(s,9):q€Q}. 4)

P is said to be multilinear family if each coefficient function a;(q) is an affine linear with respect to
each component of g € Q. The family P is said to be robust Hurwitz stable if for each g € Q the
polynomial p(s, q) is Hurwitz stable.

Theorem 1 (Zero Exclusion Condition, [1, p. 113]) Suppose that the polynomial family P given by (4)
has invariant degree and at least has one stable member p(s, q°). Then P is robustly stable if and only
if z = 0 is excluded from the value set A(w) = {p(jw, q): q € Q} at all nonnegative frequencies, i.e.,

0¢p(w Q)
for all frequencies w = 0.

Theorem 1 gives a graphical test for robust stability of the family . By watching the value set p(jw, Q)
as w varies from 0 to 400, we can check, by inspection, the condition 0 € p(jw, Q). This raises the
following question: Can we find possible small cutoff frequency w, > 0 such that 0 € p(jw, Q) for all
> we?

One estimation for w. comes from classical bounds on the roots of a polynomial. It is well-known that
the roots of a fixed positive coefficient polynomial p(s) = a,s™ + a,_1s™ 1 + - + a;s + a, lie in the
disc of radius

maxyaog, 1, ..., Ap—
R=1+ {0 1 nl}

an

with center at the origin (see [4, p. 123], Theorem (27.2)). Hence for any w > R, s = jw can not be a
root of the polynomial p(s). From this it follows that for the polynomial family p(s, q) with a,,(q) > 0
for all g € Q, an appropriate cutoff frequency may be given as

max {max ao(q), maxa,(q), ..., max an_l(q)} (5)
q q q

=1
Cem i min a,(q)
q
Calculation of the cutoff frequency by (5) gives large value as usually. Therefore, the
minimization of w, becomes an important problem the consideration of which is the subject of
the next section.

2. MINIMIZATION OF w,

Consider family (2), where a;(q) (i = 0,1,...,n) are continuous in g. Consider pure imaginary root
s = jw. We show that the nonexistence of such a root is equivalent to the nonexistence of a common
solution of two polynomial equations defined on a box. Similar system of two equations for discrete
polynomial families has been obtained in [5].

Suppose that the number s = j w isaroot of P and w # 0. Then s = —j w is also a root, and there exist
ao(q), a1(q), ..., a,_5(q) such that
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ao(q) +a1(@)s + -+ an(@)s™ = (s —jw)(s + jw)(@o(q) + a1 (@)s + -+ + an—2 ()s"7?)

= (s? + ) (@ (@) + a1 (s + -+ + @y (Qs"7?) )

is valid. Taking t = w? in (6), it follows that the equalities

tag(q) = ao(q)

ta (@) = a(q)

ao(q) ttaz(q) = ax(q)

a1(¢l? +tasz(q) = a3(q)

Tea(@) + ta(@) = (@) 7)

ns(@ + tan2(@) = ano(@)
an-3(q) = an_1(q)

an—2(q) = au(q)

are satisfied.

Elimination of @y (q), @, (q), ..., a,—>(q) from (7) reduces the system of equations (7) into the system
fl(t; Q) = 0; (8)
fZ (t, CI) = 0.

If n is odd, this system has the form
n-—1
fi(t,q):=ag(q) —tay(q) + t?a,(q@) + -+t 2 a,_1(q) =0

n-1
f2(t,q) = a;(q) — taz(q) + t?as(q) + -+t 2 a,(q) =0
If n is even, then

Fi(6, @)= 80(0) = ta2(@) + £2a,(@) + = + 2,(q) = 0
f2(t, @) = a1(q) — tas(q) + t?as(q@) + -+t 2 ap_1(q) =0

For example, assume that n = 5. Then the system (8) becomes
ao(q) — tay(q) + t?as(q) =0, ©)
a,(q) — tas(q) + t*as(q) = 0.

Thus we obtain the following result:

Theorem 2 (t,, q.) € (0,0) X Q is a solution of the system (8) if and only if p(j w,, q.) = 0, where
t, = w2. Equivalently, p(j w,q) # 0 for all (t,q) € [w,,w,] X Q if and only if equtaion (8) has no
solution on [ty,t,] X Q where t; = w?, t, = w3.

Proof: Assume that (t,, q.) € (0,) X Q is a solution of (8):
f1(t, Q) = O,

fZ(tl CI) =0.
Then by (6), (7) the polynomial ay(q.) + a;(q.)s + -+ a,(q.)s™ has roots s = +jw,, where
t, = ? thatis p(j w,, q.) = p(—j w., q.) = 0.
Conversely, if p(j w,,q.) = 0 then from (6), (7) it follows that f;(t.,q.) = f2(t.,q.) = 0, where
t, = w?. Consequently, (t,, g,) is a solution of (8).

From now on we consider multilinear polynomial family (see Section 1). The following extremal
property of a scalar multilinear function defined on a box is well-known.

72



Biiyiikkoroglu and Celebi | Anadolu Univ. J. of Sci. and Tech. B — Theoretical Sci. 5 (1) — 2017

Theorem 3 (Extremal property, [1, p. 245]) Suppose Q is a box in R! with the set of extreme points
{qi} and f: Q — R is multilinear. Then both the maximum and minimum of f(q) are attained at extreme
points. That is

max f(q) = max f (q"),
min f(q) = miinf(qi).

qeQ

Let the family (2) be given, where the functions a;(q) are multilinear (i = 0,1, ..., n). In system (8) both
f1 and £, are multilinear on g and polynomially dependent on ¢.
The system (8) is almost multilinear and the variables (t, q) vary on the box [w?, w3] X Q. This system
can be multilinearized by introducing new variables (see [5]). Indeed, if system (8) contains t¥ as the
greatest power of t, we can replace t* by the product t,t, ... t;, where t;, t,, ..., t;, are new variables
and add new equations t, —t; = 0,t; —t; =0, ..., t, — t; = 0 to the system (8) (we set t; = t). This
new extended system will then be multilinear and Theorem 3 will be applicable. For example, assume
that n = 5. Then the system (9) is transformed into

ao(q) — t1a2(q) + t1ta,(q) = 0

a1(q) — tyaz(q) + titzas(q) =0

t2 - tl = 0

where (t1,t,,q) € [w?, w3] X [w?, w3] X Q.

Given a multilinear family p(s, q), our aim is to find possible small w.. To this end we suggest the
following algorithm.

Algorithm 1
i) Given family (2). Write the corresponding system (8) and multilinearize it.
ii) Find w, from (5).

w? w?

iii) Construct the intervals [‘“75,@3], - ] [%g%g]

2
iv) Take the first interval [%,wcz] and check for nonexistence of a root of the obtained multilinear
wg

2
system on the extended box [7, wg] X e X [% wg] X Q by using Theorem 2. If the nonexistence

2 2
%%] and continue.

2 2
W We
2k+1’ 2k

of a root is satisfied then replace [%g wcz] by [

2

2
V) If nonexistence of a root on some box [ ¢ ‘”C] X e X

SRATY ok ] X @Q can not be verified then stop.

2 k
The number @, = /% = w,* 2"z is a new cutoff frequency.

Example 1[1, p. 183] Consider the model of an experimental oblique wing aircraft. The aircraft transfer
function is
64s + 128

s* 4+ 3.7s3 + 65.652 + 325

P(s) =

We replace P(s) by the following interval plant family 2 described by

q1S + qo
st +r3sd3+mns?+ns+r

with uncertainty bounds 90 < q, <166, 54 <q; <74, —-01<1r,<0.1, 30.1<nr <339,
504 <r1r,<808,28<r; <4.6.

P(s,q,7) = (10)

For this interval plant family P, consider the problem of existence of a robustly stabilizing PI controller
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K;
C(S) = K1 + ?.
Assume that 0.8 < K; < 1.24, 0.01 < K, < 0.84. The closed loop characteristic polynomial is

p(s,q,7, K, Ky) = 5% + 135t + 1,53 + (ry + q1K1)s% + (g + oKy + q1K>)s + qoKo. (11)

This polynomial family is multilinear. Calculation w, by (5) gives w, = 269.1. Now apply Algortihm
1 to reduce w,. After 4 steps we arrive at the value w, = 16.81875. The above intervals for the
parameters K; and K, are taken from [1] (see [1], p. 186, Fig. 11.5.2) where by using Routh tables the
set of robust stabilizing parameters are obtained graphically. In the next section, we will prove that the
set of all (K;, K;) satisfying 0.8 < K; < 1.24, 0.01 < K, < 0.84 are stabilizing by using Sixteen Plant
Theorem and the value w, = 16.81875.

3. CONSTANT REGULAR INERTIA PROBLEM FOR A MULTILINEAR FAMILY

Let polynomial (1) with a, # 0 be given. Define the ordered triple (ny,nynz) where
n, + n, + ny = nand n, is the number of roots in the open left half plane, n, is the number of roots on
the imaginary axis and ns is the number of roots in the open right-half plane. The ordered triple
(nq,n,,n3) is called the inertia of polynomial (1). If polynomial (1) is Hurwitz stable then its inertia is
(n,0,0). In the case of n, = 0 the inertia is called regular.

Theorem 4 Let multilinear family (2) be given, assume that the point s = 0 is not a root of P and P has
at least one polynomial with regular inertia («, 0, 8). Then 2 has constant regular inertia («, 0, 8) if and
only if the system (8) has no solution on [0, w?] X Q c R*1,

After finding a suitable w, by using the results from the previous section, we get the following algorithm
for checking the inertia of a multilinear family.

Algorithm 2
i) Let multilinear family (2) be given and the least one polynomial has regular inertia («, 0, 8). Using
Theorem 3, check the nonexistence of the root s = 0. Otherwise P has no constant regular inertia
(a,0,B).
ii) Obtain the equations f;(t,q) = 0, f,(t,q) = 0.
iii) Multilinearize this system by replacing t = t; and introducing new variables t;, t,, ..., t; and new
equation
fity, b2, st @) = 0,
fity, ta, st @) = 0,

tz_t1=0,
t3_t1=0, (12)
tk—t1=0

where (t1,t5, ..., tg, @) € [0, w2] X - X [0, w?] X Q c RF*+L,
iv) Using Theorem 3, calculate the ranges of all functions (12). If at least one range does not contain
zero, then stop. The family P has regular inertia («, 0, ). Otherwise apply the next step.

Example 2 Consider again the characteristic polynomial (11). According to the Sixteen Plant Theorem,
the family (11) is robust stable if and only if all 16 Kharitonov polynomials are stable [1, p. 182]. All
Kharitonov polynomials are affine with respect to (K, K,) and have members with inertia (5,0,0). We
have applied Algorithm 2 to all Kharitonov polynomials. As a result, all 16 families have regular inertia
(5,0,0) and each (K3, K,) from the rectangle 0.8 < K; < 1.24, 0.01 < K, < 0.84 is stabilizing for the
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plant (10) (see Figure 1 and Table 1). Numbers of required steps for each Kharitonov polynomial are
given in Table 1.

4K

1.5

0.5-

K,

ol o5 1 15
Figure 1: The set of robust stabilizing parameters and the rectangle
0.8 <K; <1.24,0.01 <K, < 0.84

Table 1. For Example 2, the numbers of steps are given in the second column

Kharitonov polinomial families correspond to the polynomial family (11) steps
p11(s, Ki, Kp) = s° + 4.65* + 80.8s° + (54K, + 30.1)s? + (90K, + 54K, — 0.1)s + 90K, 62
p12(s, Ky, K;) = s° 4+ 2.8s* 4+ 50.4s> + (54K, + 33.9)s? + (90K, + 54K, + 0.1)s + 90K, 48
pr3(s, Ki, Kp) = s° + 4.65* + 50.4s5° + (54K + 30.1)s? + (90K, + 54K, + 0.1)s + 90K, 44
Pra(s, Ki, Ky) = s° + 2.85* + 80.8s% + (54K, + 33.9)s? + (90K, + 54K, — 0.1)s + 90K, 42

D21(s, Ky, K3) = s° + 4.6s* + 80.8s® + (74K, + 30.1)s? + (166K, + 74K, — 0.1)s + 166K, 44
D22(s, Ky, K3) = s° + 2.8s* + 50.4s3 + (74K, + 33.9)s? + (166K, + 74K, + 0.1)s + 166K, | 116
D23(s, K1, K;) = s° + 4.65* + 50.4s% + (74K, + 30.1)s? + (166K, + 74K, + 0.1)s + 166K, 38
D24(s, K1, K;) = s° + 2.85* + 80.8s% + (74K, + 33.9)s? + (166K, + 74K, — 0.1)s + 166K, 38
p31(s, Ky, Ky) = s° + 4.6s* + 80.8s + (54K, + 30.1)s? + (166K, + 54K, — 0.1)s + 166K, | 110
D32(s, Ky, K3) = s° + 2.8s* + 50.453 + (54K, + 33.9)s? + (166K; + 54K, + 0.1)s + 166K, 50
p33(s, K1, K;) = s° + 4.65* + 50.4s% + (54K, + 30.1)s? + (166K, + 54K, + 0.1)s + 166K, 40
D34(s, K1, K;) = s° + 2.85* + 80.8s% + (54K; + 33.9)s? + (166K, + 54K, — 0.1)s + 166K, 52

Da1(s, K1, K;) = s° + 4.65* + 80.8s% + (74K, + 30.1)s? + (90K, + 74K, — 0.1)s + 90K, 42
Da2(s, K1, K;) = s° + 2.85* + 50.4s% + (74K, + 33.9)s? + (90K, + 74K, + 0.1)s + 90K, 60
Das(s, Ky, Ky) = s° + 4.65* + 50.4s% + (74K, + 30.1)s? 4+ (90K, + 74K, + 0.1)s + 90K, 36
Daa(s, K1, K;) = s° + 2.85* + 80.8s% + (74K, + 33.9)s? + (90K, + 74K, — 0.1)s + 90K, 42

4. CONCLUSIONS

In this work, two procedures are given for strict estimation of cutoff frequency and the constant inertia
problem of a polynomial family. The cutoff frequency for a multilinear polynomial family obtained by
the classical calculations can be minimized by Algorithm 1. After finding a suitable w,, the inertia of
this family can be checked by Algorithm 2. An application of these algorithms to an interval plant family
is also provided.
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ABSTRACT

An analysis of the distributed moving load along the surface of a coated half space is presented. The formulation of the problem
depends on the hyperbolic-elliptic asymptotic model developed earlier by the authors. The integral solution of the longitudinal
and transverse displacements along the surface for the sub and super-Rayleigh cases are obtained by using the uniform
stationary phase method. Numerical comparisons of the exact and asymptotic solutions of the longitudinal displacement are
illustrated for the certain cross-sections of the profile.

Keywords: 3D elasticity, Asymptotic model, Moving load, Surface wave, Thin layer

HAREKETLI DAGILIMLI Yl';'JK"ETKiSi ALTINDA KAPLAMALI BiR ELASTIK YARI
UZAYIN YUZEY YER DEGIiISTIRME ALANI

OZET

Kaplamali elastik bir yar1 uzayin yiizeyi boyunca dagilimli hareketli yiikiin bir analizi sunulmustur. Problemin formiilasyonu
yazarlar tarafindan 6nceden gelistirilmis hiperbolik-eliptik modele dayanmaktadir. Sub ve siiper Rayleigh durumlari i¢in yiizey
boyunca boyuna ve enine yer degistirmelerin integral ¢dziimleri diizgiin duragan faz metodu kullanilarak elde edilmistir.
Boyuna yer degistirmenin tam ve asimptotik ¢dziimlerinin niimerik karsilagtirmalar profilin belirli kesitleri i¢in grafikler ile
gosterilmistir.

Anahtar Kelimeler: 3-Boyutlu elastisite, Asimptotik model, Hareketli yiik, Yiizey dalgasi, ince kaplama

1. INTRODUCTION

The propagation of surface waves in elastic structures under the action of moving loads is an active area
of research. It has received significant attention due to its applicability in modern engineering
application ranging from dynamic response of bridges, [1,2], to the effect of high-speed vehicles to the
surrounding environments (see e.g., [3,4]). Most of these problems are modelled through a two-
dimensional (2D) setting, however real life problems require modelling and analysis of problems in a
three-dimensional (3D) framework. Most of the works dealing with 3D problems either employ a
numerical approach or leave the obtained solutions in integral forms both of which do not immediately
yield to further physical analysis (a very good account of such solutions may be found in the leading
texts by Achenbach [5] and Miklowitz [6]). These considerations necessitate different approaches one
of which, the asymptotic approximation, is the essential theme of the current paper. The method used in
this article, first introduced by Kaplunov et al. [7], relies on the relation of the longitudinal and transverse
wave potentials (see eqgn. (5), also Chadwick [8]) reducing the 3D problem to a pair of 2D plain
problems. The model is also aimed at deriving the contribution arising from the Rayleigh surface wave.
This allows one to analyse the physical parameters of the problem in a more straightforward manner.

*Corresponding Author: onur.sahin@giresun.edu.tr
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In this paper the dynamic response of the surface of a coated elastic half-space to a distributional load
moving with a velocity c is considered. In Section 2, the mathematical model is presented through the
governing equations and boundary conditions. The problem is then scaled with respect to the thickness
of the coating as well as the load speed, being closer to the surface wave speed. In Sections 3 and 4, the
surface dynamics is investigated for super and sub-Rayleigh load speeds respectively. In both sections,
the displacements fields are presented for the different problem parameters. The conclusions and the
discussions of the obtained results are given in Section 5.

2. STATEMENT OF THE PROBLEM

We consider a 3D elastic half-space coated by a thin layer of thickness h, see Figure 1.

I3

Figure 1. Coated half-space under the action of a moving distributional load

The equations of motion in 3D elasticity are adopted in their classical form [5]
0%u
(A + w) grad divu + pAu = p Frek )
where u = (uq, u,, uz) is the displacement vector, A and p are Lamé constants, p is the volume density
and 4 is 3D Laplace operator. Here, the 3D coated elastic half-space is loaded with a distributional force
of amplitude P, moving along the Ox, axis on the surface at a constant speed c. The boundary conditions
on the surface may hence be written as

Ju; Odus 0 L
O =—+—=10, = —h,
BT 0x,  0x; X3
—A(au1+au2)+(l+2)au3— P ? 5(x,) = —h
33 = ox, 0x, # dx;  m[(x; — ct)? + a?] X2), 3=

where g;3 and o33;are components of the Cauchy stress tensor, i = 1,2, §(+) is Dirac delta function and
a is a parameter describing the Gaussian profile of the load. Employing Helmholtz decomposition of a
vector field (see, [9])

u = grade + curly, 2
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and approximate hyperbolic-elliptic formulation presented in [7] and [10], we obtain pseudo-elliptic
equations from equation (1) in the interior —h < x5 of the half-space

azqé) + ki, =0, % k3A,¢ = 0, =12, (3)
with boundary equation at x23 =0
b~ 8 ~ Ty 7y o) = AP g 0 “
and relations between the potentials
0¢ 20w i=1,2. (5)

- T+ IE %,

In the above formulae, the vector potential 3 is defined as ¥ = (—,,14,0), k; = 1 — c3/c? are the
wave numbers, A, = 6,261 + 6,%2 is the 2D Laplacian, A and b are constants first defined in [10], and cg,

c¢; and c, are the Rayleigh, longitudinal and transverse wave speeds respectively.
Solution of equation (3) may be written in symbolic form as

P (x1, %2, %3, 1) = exp(—kq/—Azx3) P (x1,%,0,0), (6)

where /—A, is a pseudo differential operator (for further details see [10]). Straightforward
differentiation of (6) gives

¢
(')_x3 lxs=0 = —k1y/—D20(x1, x7,0,8),

and equation (4) can be written as

a
Ayp — 26t2 — bh\|=A,A,¢ = AP e l—ct)2+a2]6(x2)' )

It is a common practice that since the determination of the displacement field over the entire half-space
is very difficult, if not impossible, throughout the paper we will focus on the surface displacements, i.e.,
displacements over x; = 0, which can be expressed through equations (2) and (5) in terms of one single
potential as

CR ¢

= RZP 92 8
W= 2c2 0x;’ ' ®)

We now restrict ourselves to steady-state regime with introducing moving coordinate y = x; — c t.
Rewriting equation (7) in terms of the new coordinate we get for the super-Rayleigh (¢ > cg) and the
sub-Rayleigh (¢ < cg) regimes

¢ 0% 2 02\ (0% 0% a
99 _ 299 4pl- _ap—2 5 9
axZ 5 9y <ax§ + a;ﬂ) <ax§ + a;ﬂ) g LICOVRNS
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0%¢ 0% 92 02\ (0% 0% a
. —_r_ — = S 10
sl (axf )( + 20 _ap 50, (10)

and

0x?)\oxs = 0x? [x? + a?]

1 —CZ
€= - —.
2

Cr

The small parameter ¢ signifies the fact that the speed of the applied load is close to the Rayleigh wave
speed for which the approximate model is based on, so that € « 1. Furthermore, thickness of the coating
is taken smaller than a typical wave length (see, [11,12]). Here, it is also appropriate to expect that the
distributions occur along the x, axis due to the direction of the movement of the load. Making use of
the arguments mentioned above, it is reasonable to introduce the scaled variables

respectively, where

ébh nbh
x = — X, = -5 (12)

On employing the scaling (11), equations (9) and (10) become, respectively,

0%¢p 09%¢p 02 0°¢p AP a

.2 pez | agzpEz - o 25 276@m), (12)

an* 08 952 0¢ e m[§? + ag]
and

02 92 92 02 AP a

_gf-l__dz)_ T 322 (f:_ zs 279(m), (13)

an? 0§ 952 0¢ e m[§? + ag]

where a; = a €2/ (b h). It is the object of next two sections to obtain the solutions of equations (12)
and (13).

3. THE SUPER-RAYLEIGH REGIME

Consider first the super-Rayleigh regime. On applying the Fourier transform to equation (12) in the
variable &, we obtain
d2¢F
dn?

+k*(1+ kD" = A?Pe_“s'k'fg(n), (14)

where

@ 0,0 = [ ¢(En 06 de.

Similarly, employing the two-sided Laplace transform, defined as

7 (k,s,0) = j Bk, 0)e~" dn,
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to equation (14) we get
AP
SZ¢FL + k2(1 + |k|)¢FL — Te—a5|k|’

which results in
_ AP 1

T e s2+k2(1+ |k

FL —ag|k|

The symmetry of the transformed potential with respect to s enables the immediate use of Laplace
transform tables (see, [13]) leading to

oF = AP SnUkIVTH TR g1
£ |kl 1+ |k|

The related inverse Fourier transform is then given by

o

Ap [ sin (IkI\/l + Ikllnl)

$(£n,0) = emaslil etk tdk
2me |kl 1+ |k|
_ ﬁ sin(k\/1 + k|77|) cos(k$) e—skdf.
e kvl +k

0

The longitudinal and the transverse displacements, u; and u,, may be expressed, through the new
variables, on the surface x; = 0 as (cf. eqn (8))

_ &%cg 0¢ _ &k 0¢
M= obhe2 98 " T 2bheZ on

(16)

Let us first evaluate the longitudinal displacement u,, which may be written through straightforward
differentiation of (15) as

_APsc,%sgn(E) sin(kv1 + k|n|)sin(k|&]) -0k
2mbhcs Vi+tEk

u1=

0
co

_ APec3sgn(é) | cos(kvV1 + k|n| + k|&]) — cos(kvV1 + k|n| — k|&]) o—ask g (17)
~ 4mbhc? Vi+k
0
APsc2 {E1(kVI1+kp.+k) {E1(kVI+kp.—k)
_ APecksen@@) ) | & e-askqy _ | ¢ e-askgp L
4mbhcy Vi+k vVi+k
0 0

where p, = [n/§].
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Integrals appearing in eqn. (17) are frequently encountered in the dynamic surface wave propagation
problems and in most cases, they are notoriously difficult to calculate if not impossible. We will
therefore investigate the far-field asymptotic behaviour of the integrals as |¢] > 1 and u, ~ 1. It may
be shown that while the first integral in (17) does not have any stationary points in the integration
interval, i.e., any points for which the derivative vanishes, the second integral has one, which is obtained
by taking the derivative of the exponent with respect to k, given by

2(1 —3u2+.J1+ 3,11*)

ou?

Consequently, the asymptotic contribution of the first integral in (17) is negligible in comparison to the
second integral. It should also be noted that the stationary point k. coincides with the lower limit of the
integral on the line of Mach cone u, = 1 (see, [11]). Therefore, we must use the uniform stationary
phase method to obtain a uniform asymptotic expansion of the considered integral, (see [14,15]).
Applying the uniform stationary phase method, we get at the leading order

[ eiltioivint | €1hy (k)
We skdk~f (k) m cos([§|hy (k. ))l\/:_ T T

—sin(l¢lh; (k.)) lf— - w
where
—agk
h(k) = kVT+ku, —k,  f(k) =TT
and C(x) and S(x) are the Fresnel functions, defined by
x x
C(x) = jcos(tz) dt, S(x) = fsin(tz) dt,
0 0

(see, [16]). Thus, the displacement u, is given by

APecksgn(§) 2 £l (k) |
R AR [T ML ))[\f I
hi(k _
—sinhy (k.)) lf . [

Following a similar approach for u, as in the preceding process, the far-field asymptotic expansion for
the transverse displacement may be written as

(18)
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APgZCI%sgn(n) 2 = € 1R (k)
Y T T bk g(k.) 1€ (k) cos([¢]hy (k.)) [\/%—C k. |25

h” k* )
-sm(mhl(k*»[jg_s g TS

where
g(k) = e %k,

In order to illustrate the accuracy of the approximate displacements we present below graphs of the
comparisons of u; given by (18), and the exact solution (17), both of which are scaled as

__ 4mbhci
17 APcie t

In Figure 2, the longitudinal cross-sectional profile of the exact and asymptotic solutions of U; for
different values of ag are presented. In this figure, solid lines correspond to exact solutions whereas the
dashed lines correspond to asymptotic solutions. It is clearly seen in these graphs that the greater values
of the parameter ay reduces the magnitude of the displacement resulting in a more uniform distributed
profile, which is an expected result (cf. [17,18]). It should be noted that the values of the parameter a
either corresponds to the amplitude of the profile of the load for fixed values of the material parameter
b and the coating thickness h; or, to the coating thickness h for fixed values of a, and b. This allows us
to arbitrarily change either the profile of the load or the coating thickness according to the desired
displacement outcome.

U

1.5 T T T T T T

0.5

Figure 2. Super-Rayleigh displacement U, versusn at & = 5.
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Figure 3 compares the transverse cross-sectional profile of U; for exact and approximate solutions for
different values of ag;. Once again the displacement amplitude reduces for larger values of ag
demonstrating a smoothened displacement profile. We also would like to draw attention to the peculiar
fact that, in both Figures 2 and 3 for increasing values of a, particularly for values greater than unity,
the agreement between the exact and approximate solutions start to fail. This is not an inconsistency
since the asymptotic solution is valid in the Mach cone u, =1 (|¢| = |n|) (for further details see,
[11,12]), and the argument of the exponential factor appearing in egn. (18) becomes positive for certain
particular values, making the displacement unbounded. However, these particular values are out of the
Mach cone and therefore do not violate the validity of the obtained approximate displacement.

Uy

1 T T T T T T

Figure 3. Super-Rayleigh displacement U; versus é atn = 5.

3. THE SUB-RAYLEIGH REGIME

We now proceed to the sub-Rayleigh regime. Taking the Fourier and Laplace transforms of equation
(13) we obtain

PFL = A_P 1 e~ aslkl

e s2 —k2(1— [k|)

As before, the Laplace transform may easily be written using the symmetry of the potential in s, giving

AP o~ KI(VI=TKIInI+ay)

- , k| < 1;
- 3 € 2lklJ1— |k
¢ (klnlo) -
AP e~ %Klsin(|k|/ k] — 1|n])
L_ , k| > 1.
€ lk|/1k| — 1

Employing the inverse Fourier transform we arrive at

84



Sahin and Ege | Anadolu Univ. J. of Sci. and Tech. B — Theoretical Sci. 5 (1) — 2017

o

AP je‘asksin(k\/k— D)
1
1

¢k, 0) = — PN cos(k|&])dk

cos(ké)dk ;.

e~ K(/T=kln|+as)
B 26V —k

0

The longitudinal surface displacement u, can be written from equation (16) in the following form

1
2 ~k(Vi=klnl+as)
W (Em,0) = APecgsgn(€) IJ e — sin(k|€]) dk
0

2mc2bh Vi—k
% (19)
e % sin(kvk — 11¢|p.)
N sin(k|&]|) dk|.

1

Considering the far-field approximation as |£]| > 1, it may be shown that the leading order asymptotic
behaviour of u, arises from the stationary point of the second integral in equation (19), which can be
written as

(o] [ee]

sin(k|&])sin(kvk — 1]&|w.) a5k gk — lRe o HIEI(RVE=Tp,— k) J-ask g _
— 2 VE—1
1 1
eilfl(k\/k—lu*ﬂc)
- e~ %kdk
vk -1

1

A change of variable t = vk — 1 transforms the integrals above to

[oe]

j sin(kIEDSInGVE = TIEIL) o an { [ etbtnrr-sinnomac g
k-1

1 0 (20)

oo}

_f eilfl(u*t3+t2+t,u*+1)e—astz dt}.
0

If we analyse the stationary points of the integrals in egn. (20), we immediately observe that only the
first integral in (19) has stationary points which are given by

141 —3u2 1—./1—3u2

, 0<upu, <1/V3.
3L 3L H AL

tl == and tz ==
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It should be emphasized that the two stationary points converge to each other along the line u, =

1/+/3 which imposes the use of the stationary phase method. Thus, we are concerned with the
approximate value of an integral of the form

f ell§Ih2(ti) g (1) dt, (21)
0

where, in our specific problem,

ho(t) = pwt® =2+t —1 and  g(t) = e,
A change of variable of the form

u3
ho(t, ) = = — au+ B, (22)

introduced by Chester et al. [19], provides a means of obtaining a uniform asymptotic expansion when
two stationary points coincide. Here a and S are determined as

1—3u? 2( 1)
a :

= —-— =—_9 —_—
Gy P\t e

Substituting (22) into the integral in equation (21), we get
eilflﬁe—asf €16 3-awy (1) i, (23)
0

where
dt
— ,—ast? 7
p(u) =e™®" -,
and t = t(u) is a single valued analytic function and derivation of t(u) is given by

dt u? —a
du hZI(t’ .u*)t ’

for more details see [15]. Following Bleistein [20], p(u) can be written as

p(w) = ag + bou + (u* — Hr(w),

where
a1/4[ o~ ast3 e~ ast? ]
aO - + ]
V2 [Vhy(t) R (t)
and
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—1/4 asts —ast1
[Jh"(tz) Jh"(m]

Thus, (23) is written as

ellélBe=as(q, J.ei|f|(“3/3_““)p(u)du+b0 fuei|5|(u3/3_“u)du+1(|§|,a)}, (24)

where

I(|¢], @) = f(u2 — ) e1W?B=awp ) gy,

After applying the same process for I (|_E |, @) it may be seen that the asymptotic contribution of I(|¢|, @)
is negligible in comparison to the integrals in (24). Therefore, the asymptotic expansion of the integral
given in (20) takes the form

f SlIl(klfl)Sln(ka - 1|f|ﬂ*) e‘askdk~e‘“SRe{e”f|ﬁ(Znao|f|‘1/3Ai(—|E|2/3a) _

k—1
1
—i2mho|§| 2/ Al (— €12 a))}.

where Ai(x) is the Airy function, for more details see [16].

The resulting longitudinal displacement wu, is then given by

APecgsgn(§)e % . e
o Re{e™1F (ao ¢ A= [ a)
2

— tho[§17*3A1 (= [§17a))}.

Obtaining the asymptotic expansion for the transverse displacement follows the same lines presented in
detail for the longitudinal displacement, and therefore it is found as

u1~_

AP&?c2sgn(n)e % . _
Rb;zgczzn Re {e"wg (a1|€|‘1/3A1(—|E|2/3a)

— b, [§] 72341 (- [§17a) )},

u2~_

where

allt [t ,e —agst? t e—ast1]
1=
V2 [JR3(t) \/ h,(84)

and

- _ 2 _ 2
(04 1/4 tz e asts tl e asti
b1 —

NEACY A
The longitudinal displacement U; is scaled, similar as in Section 2, and written as
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_ bhcj
Y APcRe’

Figures 4 and 5 illustrate the comparisons of the exact and asymptotic displacements U; for the
longitudinal and transverse cross sectional profiles, respectively. As before, the solid lines correspond
to exact solutions and the dashed lines are the corresponding approximate solutions. Similar
observations considered in the case of super Rayleigh regime apply here too, in that the smoothened
displacement profiles require the values of the parameter a, to be large. However, care must be taken
in the choice of the mentioned parameter taking into account the validity region (Mach cones) of the
obtained asymptotic solutions. Therefore, in the graphs, although we see a diminished displacement
profile in U, for the particular value ag = 1, the exponential factor in the asymptotic solution as well as
the domain of validity of the approximation causes a discrepancy for smaller values of the variable .

U, 0.2 . . ; .

0.15

0.1

0.05

n
Figure 4. Sub-Rayleigh displacement U, versus n at ¢ = 10.
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U

0.15

0.1

0.05

-0.05

-0.1

-0.15 1 | I N 1 | | |

Figure 5. Sub-Rayleigh displacement U, versus ¢ atn = 5.
4. CONCLUSION

In the present paper, the response of a 3D coated elastic half-space under the action of a distributed
moving load is investigated. The displacement field is obtained through the application of an asymptotic
model developed earlier by the authors. This approach reduces the 3D problem to a pair of 2D plain
problems in the wave potentials, and therefore enables a convenient physical analysis of the original
problem. The obtained approximate solutions for the displacement fields are expressed in terms of
elementary functions differing from the known numerical solutions or solutions in terms of implicit
integrals. This fact makes it possible to further examine the required elastic fields of the considered
problem. The accuracy of the approximate solutions is presented by means of graphs giving comparisons
of the asymptotic and exact solutions. It is clearly seen in the Figures that the effect of the coating and/or
the width of the distributed load play a similar role reducing the singularity under the load encountered
generally in point load problems. The parameter as has a two-fold role: depending on the desired
smoothness of the displacement field, either the thickness of the coating or the width of the distributed
load may be altered, i.e. for a very thin layer, a larger width of the load might be chosen; if the layer
thickness is large, even a point load may give smoothened results. Obviously, such choices are dictated
by real-life applications and adjustments might be made according to the needs of the industry.
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A MECHANISTIC STUDY ON THE REACTIONS OF VINYL CARBENE WITH
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FURTHER MANIPULATIONS
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ABSTRACT

Density Functional calculations have been used to explore the potential energy profiles of Hz, CO, and CO: activation reactions
by vinyl carbene structure 1. The reactions of vinyl carbene 1 with CO2 was proposed to yield a variety of possible products
(3-5) depending on its selectivity. The density functional calculations established that the proposed reactions of 1 with CO2
proceed in a concerted or stepwise manners to form 3 and 5. However, that of CO reaction occur in only concerted fashion for
the proposed products 15 and 16. Furthermore, the compound 1 is found to be most reactive than 5 and 16 towards Hz with the
required lower energy barrier. Finally, the more dominant routes are determined to be formation processes of 3, 4, and 10.

Keywords: Vinyl carbene, Small molecule activation, DFT, CO, CO2

VINIiL KARBEN YAPISININ HiDRpJEN, KARBON MONOKSIT VE KARBON DiOKSIiT
ILE TEPKIMELERI UZERINE MEKANISTIiK BiR CALISMA:
ILERI CALISMALARA BIR ISIK

OZET

Yogunluk fonksiyoneli teorisi Hz, CO ve CO2 molekiillerinin vinil karben 1 bilesigi ile aktivasyonu sonucu olusan enerji
yiizeylerini incelemek igin kullanilmigtir. Segicilige bagl olarak vinil karben 1 bilesiginin CO2 molekiilii ile tepkimesi ¢esitli
muhtemel iiriinlerin (3—5) olusabilecegini 6nermektedir. Yogunluk fonksiyoneli teorisi hesaplamalar1 3 ve 5 numarali iiriinlerin
olusum tepkimelerinin tek basamak veya basamak basamak mekanizmalar {izerinden yiiriiyebilecegini gostermektedir. Buna
kargin, 1 numarali yapinin CO ile tepkimesi sonucunda olasi {irlinler 15 ve 16 yalnizca tek basmak igermektedir. Dahasi, Hz
aktivasyon tepkimeleri degerlendirildiginde 1 numarali yapinin 5 ve 16 numarali yapilara nazaran daha reaktif oldugu elde
edilen enerji bariyerleri ile tespit edilmistir. Sonug olarak, en uygun mekanizmalar 3, 4 ve 10 numarali yapilarin olusumlari
icin tespit edilmistir.

Anahtar Kelimeler: Vinil karben, Kii¢iik molekiil aktivasyonu, DFT, CO, CO2

1. INTRODUCTION

Alkylidene carbenes, alkenylidenes, have been known as highly reactive intermediates in organic
chemistry [1-5]. Several methods have been improved to generate these highly reactive intermediates
[6—13]. In the past few decades, the alkenylidenes have attracted considerable attention due to their role
in many organic reactions. They play obvious roles in many organic synthesis with high levels of
selectivity [14—25]. Furthermore, the cycloaddition of unsaturated carbenes can provide the synthesis of
small ring, highly strained compounds by conventional ways. The 3—dimensional selectivity of
substitute groups from the addition reactions of alkylidene carbene to olefins was exemplified in a
collaboration of Apeloig and Fox [26,27]. As it can be seen from the literature, there are many reports
and discussions on theoretical studies of alkylidene carbenes [28—32]. However, no scientific study has
been reported on the activation of small molecules by alkylidene carbenes so far.

*Corresponding Author: cemburakyildiz@aksaray.edu.tr
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In the present computational study, we would like to distil a general message for the behavior of heavier
vinyl carbenes towards hydrogen (H,), carbon monoxide (CO), and carbon dioxide (CO,). With this
incentive, we started by calculations of the energy profiles for the oxidative addition reactions of the
considered small molecules with vinyl carbene 1 on the basis of proposed mechanisms: The reactions
may proceed in either concerted or stepwise fashion to yield variety of different possible products. As
we show here, the ketene + CO complex 4 and a kind of cyclic carbene 5 can be generated from the
proposed reaction of 1 with CO,. Although formation process of 4 is determined to be exergonic, that of
constitutional isomer 5 has an endergonic nature with nonspontaneous character. On the other hand, the
proposed reaction of 1 with CO depict that the formation of proposed products 17 and 18 are strongly
endergonic at the level of theories used herein. Furthermore, the H, activation by 1 is found to be more
favored than 5 and 18 with the lower energy barriers.

2. COMPUTATIONAL DETAILS

Initially, all manipulations were performed using the Gaussian 09 suite of programs [33]. In order to
optimize the structures on their potential energy surface in gas phase, Becke’s three—hybrid method and
the exchange functional of Lee, Yang, and Parr (B3LYP) theory was employed with the 6-311++G(d,p)
basis set [34,35]. Further, the calculations were repeated with full geometry optimizations at newer
theory level of WB97XD/6-311++G(d,p) [36]. The stationary points were characterized as minima or
transition structures by vibrational frequency calculations, and all relative energies reported here are
Gibbs free energies in kcal mol™'. The intrinsic reaction coordinates (IRC) were also followed to verify
the energy profiles connecting each transition state to the correct local minima, by using the second—
order Gonzalez—Schlegel method [37,38]. The computed structures were visualized by using the
GaussView 5.0 program [39].

3. RESULTS and DISCUSSION

From the theoretical calculations, vinylidene carbene 1 is known to be singlet ground state (As-t = 48
kcal mol ") [40]. Due to the high singlet—triplet energy separations, we consider only singlet state of 1
for oxidative addition of H», CO, and CO,. Several conceptually different pathways have been proposed
to explain the ability of vinylidene 1 to activate the related small molecules.

The reaction mechanisms of 1 with carbon dioxide (CO,) was investigated in this part. The reaction can
take place via TS1, TS6, and TS7 which lead to diverse products such as 3, 5, and 4, respectively. The
[1+2] addition of 1 to CO; is found to be slightly exergonic to form proposed product 3 via TS1 in a
concerted manner by AG = 2.4 kcal mol™! and 5.6 kcal mol™" at the B3LYP/6-311++G(d,p) and
WB97XD/6-311++G(d,p) level of theories, respectively (Table 1 and Figure 1, black arrows). Then, the
intramolecular rearrangement of 3 can be considered to form another possible products of 4 (ketene +
CO) by the required energy barrier of AG* = +5.9 kcal mol ™!, so that the overall pathway for 4 starting
from 1 is decidedly exergonic by AG = —36.1 kcal mol ™" at the B3LYP/6-311++G(d,p) level of theory
(Table 1 and Figure 1, red arrows). Moreover, the calculation at the WB97XD/6-311++G(d,p) level is
very similar by AG = —35.4 kcal mol!. Based on the theoretical results, the formation of 4 can also be
evaluated with direct attack of 1 to oxygen atom of CO, via TS7 by the required very high energy barrier
of AG* = +47.5 kcal mol™!, the overall pathway of concerted mechanism is determined to be also
strongly exergonic by AG = —36.1 kcal mol ™! (Table 1 and Figure 1, blue arrows). Next, we considered
how to incorporate the product 5 from the reaction of 1 with CO, and intermolecular rearrangement of
4. The [2+2] cycloaddition of 1 to CO; can also yield the product 5 by considerably high energy barrier
of AG” = +47.4 kcal mol™! (Table 1 and Figure 1, green arrows). In this case, the nature of the proposed
reaction for 5 via TS6 is found to be endergonic by AG = +18.2 kcal mol'. The related energy barrier
and overall pathway at the WB97XD/6-311++G(d,p) level are determined to be relatively lower by AG*
= +43.6 kcal mol ! and AG = +11.7 kcal mol ™!, respectively. Similarly, the formation of 5 is also to be
existed endergonic from intermolecular rearrangement of 4 (Table 1 and Figure 1, pink arrows).
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Collectively, the dominant reaction route for the reaction 1 with CO, is determined to be formation
process of 4 via TS1 and TS2 with the observed lower energy barriers. Another interesting point is that
inclusion of dispersion by WB97XD, which uses a version of Grimme’s D2, leads to negligible
differences in terms of the energetics and nature of the proposed pathways. For this reason, the following
discussions will be based on the results at the B3LYP/6-311++G(d,p) level of theory.

H
+47.5 H)QC\: -87.9
(+51.7) \‘o (-92.4)
OQC/
TS7
+4.3 +145 H 212 H_. _H| +59 H __H
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Figure 1. The proposed reaction mechanisms and energy channel for the reaction of vinyl carbene 1
with CO; and further H» activation at the B3LYP/6-311++G(d,p) and WB97XD/6—
311++G(d,p) (in parentheses) level of theories (AG energies given in kcal mol™)

We believe that it is possible to generate 5 from 1 + CO; at sufficiently high temperature. In this case, it
can be designed the formation of ethylene from the hydrogenation of 5. The addition of H; to the
resulting product 5 begins with the formation of van der Waals complex 6 which is determined to be of
higher in energy than the 5 + H, by AG = 3.5 kcal mol'. Then, the required energy barrier to form 8 is
to be existed AG”* = +19.8 kcal mol ™! with strongly exergonic nature. The DFT calculations indicate that
the liberation of CO; from the optimized structure 7 leads to the formation of 8 (ethylene + CO.) by the
considerably high energy barrier of AG” = +34.6 kcal mol !, so that the overall pathway for 8 starting
from 6 is decidedly exergonic by AG = —96.5 kcal mol™! (Figure 1, purple arrows).
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Table 1. Calculated energy channel for the activation of CO, and H, by 1 and 5 at the
B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level of theories
(AG energies given in kcal mol™)

CO: activation by 1 Energy Channel H2 Activation by 5 Energy Channel
1-2 +4.3 (+5.2) 56 +3.5 (+5.3)
2—TS1 +14.5 (+13.8) 6—TS4 +19.8 (+17.3)
TS1-3 —21.2 (-24.6) TS4—7 -90.4 (-93.8)
3-TS2 +5.9 (+9.0) 7—>TS5 +34.6 (+40.7)
TS2—4 —39.6 (—38.8) TS5—8 —60.5 (—58.3)
4—TS3 +58.5 (63.1)
TS3—-5 4.7 (—10.9)
2—TS6 +47.4 (+43.6)
TS6—5 -29.2 (-31.9)
2-TS7 +47.5 (+51.7)
TS7—4 —87.9 (-92.4)

Additionally, the activation of H» by 1 is also considered in the presented theoretical study. The modelled
mechanism for the direct addition of H» to 1 occurs in a concerted manner to yield ethylene 10 by the
relatively lower energy barrier of AG* = +12.6 kcal mol ! as compared to that of 5 (Table 2 and Figure
2, black arrows). Overall, the reaction is determined to be strongly exergonic by AG = —79.0 kcal mol .
The activation of H, by 1 to generate an ethylene molecule is found to be slightly favorable than that of
5 with the lower energy barrier although the exergonic character of the pathway for 5§ + H» is stronger.
Furthermore, the mechanistic scenario for the activations of CO and CO, by ethylene molecule 10 were
examined. As it can be seen from Figure 2, all the proposed mechanisms were determined to be strongly
endergonic, showing that the reactions are nonspontaneous and not favorable (Table 2 and Figure 2, red,

blue, and green arrows).
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Figure 2. The proposed reaction mechanism for the reaction of vinyl carbene 1 with H, and further CO
and CO; activations at the B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in
parentheses) level of theories (AG energies given in kcal mol ™)
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Table 2. Calculated energy channel for the activation of H,, CO, and CO; by 1 and 10 at the

B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level of theories
(AG energies given in kcal mol™)

H: activation by 1 Energy Channel CO and CO2 Activation by 10 Energy Channel
1-9 +3.7 (+5.7) 10—8 +4.7 (+6.2)
9TS8 +12.6 (+10.2) 8—TS5 +60.5 (+58.3)
TS8—10 —-91.6 (—94.0) TS5—7 —34.6 (—40.7)
10—11 +2.7 (+6.2)
11-TS9 +60.1 (+56.5)
TS9—12 —35.0(=39.7)
11-TS10 +101.6 (+96.4)
TS10—13 —31.3 (-35.4)

In order to test the possibility of the CO activation by vinyl carbene 1, the DFT calculations were carried
out for the modelled system. Two competitive concerted pathways can be considered from
intermolecular rearrangement of 1 and CO to form the possible products of 15 and 16. In accordance
with the activation mechanism of CO,, the CO included trends follow almost same order to form related
proposed products with [1+2] and [2+2] cycloaddition steps via TS11 and TS12, respectively. Although
the possible [1+2] addition step of 1 to CO, for 3 needs lower energy barrier with exergonic nature, the
overall pathway for 15 is determined to be strongly endergonic by AG = 17.1 kcal mol ! in the case of
CO, indicating that the reaction cannot occur spontaneously (Table 3 and Figure 3, black arrows). Based
on the theoretical results, the formation of 16 is also plausible from the reaction of 1 with CO. For this
reason, the formation mechanism of 16 was also designed. By this way, we can reach a dicarbene
compound 16. However, the calculations show that the formation of 16 is strongly endergonic and the
required energy barrier is too high for a reaction at room temperature (Table 3 and Figure 3, blue arrows).
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Figure 3. The proposed reaction mechanisms for the reaction of vinyl carbene 1 with CO and further H»
activation at the B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level
of theories (AG energies given in kcal mol ™).
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In case of any possible synthesis of 15 and 16 at sufficiently high temperature, we also designed their
H; activation mechanisms to generate 11 (ethylene + CO) and 20 (Vinylidene carbene + formaldehyde).
The direct addition of H; to the proposed product 15 can form the related van der Waals complex of 18
which is more stable than 15 + H, by AG = 2.1 kcal mol ! (Table 3 and Figure 3, red arrows). Clearly,
the hydrogenation of the 15 can proceed by direct addition of H» to the carbenic center of 15 via TS14.
This process requires 26.9 kcal mol™! energy barrier to overcome for the formation of 19. Then, the
decomposition of 19 to form 20 can be activated with the cleavage of C—C and C—O bonds in a concerted
manner by the very high energy barrier of AG* = +53.4 kcal mol™! (Table 3 and Figure 3, red arrows).
Separately, the calculations indicate that the addition of H, can be feasibly binded to the one of the
carbenic centers in 16, forming possible compound 13 by the required relatively lower energy barrier of
AG” = +16.0 kcal mol ! (Table 3 and Figure 3, green arrows). We found that the formation processes of
13 from the van der Waals complex of 17 is strongly exergonic by AG = —74.9 kcal mol™'. Additionally,
the subsequent CO elimination from the structure 13 was also investigated. In the following
rearrangement, it is possible to yield the ethylene + CO mixture 11 via the transition state of TS10 and
the process is exergonic by AG = —70.5 kcal mol ™. (Figure 3). Overall, the reaction starting from 17 is
determined to be strongly exergonic by AG = —145.4 kcal mol .

Table 3. Calculated energy channel for the activation of CO and H, by 1, 15 and 16 at the
B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level of theories
(AG energies given in kcal mol ™).

CO activation by 1 Energy Channel Hz Activation by 15 and 16 Energy Channel
114 +4.0 (+4.8) 15—18 +2.1 (+5.0)
14—TS11 +29.6 (27.2) 18—TS14 +26.9 (+23.5)
TS11-15 —-9.8 (—12.6) TS14—19 —87.6 (—90.1)
14—TS12 +66.8 (+62.4) 19—-TS15 +53.4 (+58.6)
TS12—16 -1.8 (-2.7) TS15-20 =7.0 (-9.1)

16—17 +3.6 (+5.0)
17-TS13 +16.0 (+14.3)
TS13—13 —90.9 (-94.6)
13—TS110 +31.3 (+35.4)
TS10—11 —101.6 (—96.4)

4. CONCLUSION

Using B3LYP theory with 6-311++G(d,p) basis set, the activation reaction mechanism of H,, CO, and
CO; by 1,5,10, 15, and 16 were studied. The calculations depict that the reactions may proceed in either
concerted or stepwise fashion to yield a variety of different possible products. The proposed reactions
can occur in concerted and stepwise manners to generate 3, 4, or 5 from 1 + CO,. The nature of the
formation process of 4 is strongly exergonic, whereas that of constitutional isomer 5 is determined to be
endergonic with the proposed mechanisms. Additionally, the activation of H, by 5 was also considered
in the presented theoretical study. The computed relative AG energies indicated that the formation of 8
(ethylene + CO») is exergonic with energy of —96.5 kcal mol™! at the B3LYP/6-311++G(d,p) level of
theory. In the case of CO activation by 1, the proposed reactions is strongly endergonic for both products
15 and 16. In spite of this, however, the required energy for the activation of H, by 16 is relatively lower
with AG” = +16.0 kcal mol™". Overall, the formation process of 11 starting from 17 is determined to be
strongly exergonic by AG = —145.4 kcal mol™". Collectively, the formation processes of 3, 4, and 10 are
found to be favorable with the obtained facile energy values.
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ABSTRACT

Density Functional calculations have been used to explore the potential energy profiles of Hz, CO, and CO: activation reactions
by vinyl carbene structure 1. The reactions of vinyl carbene 1 with CO2 was proposed to yield a variety of possible products
(3-5) depending on its selectivity. The density functional calculations established that the proposed reactions of 1 with CO2
proceed in a concerted or stepwise manners to form 3 and 5. However, that of CO reaction occur in only concerted fashion for
the proposed products 15 and 16. Furthermore, the compound 1 is found to be most reactive than 5 and 16 towards Hz with the
required lower energy barrier. Finally, the more dominant routes are determined to be formation processes of 3, 4, and 10.

Keywords: Vinyl carbene, Small molecule activation, DFT, CO, CO2

VINIiL KARBEN YAPISININ HiDRpJEN, KARBON MONOKSIT VE KARBON DiOKSIiT
ILE TEPKIMELERI UZERINE MEKANISTIiK BiR CALISMA:
ILERI CALISMALARA BIR ISIK

OZET

Yogunluk fonksiyoneli teorisi Hz, CO ve CO2 molekiillerinin vinil karben 1 bilesigi ile aktivasyonu sonucu olusan enerji
yiizeylerini incelemek igin kullanilmigtir. Segicilige bagl olarak vinil karben 1 bilesiginin CO2 molekiilii ile tepkimesi ¢esitli
muhtemel iiriinlerin (3—5) olusabilecegini 6nermektedir. Yogunluk fonksiyoneli teorisi hesaplamalar1 3 ve 5 numarali iiriinlerin
olusum tepkimelerinin tek basamak veya basamak basamak mekanizmalar {izerinden yiiriiyebilecegini gostermektedir. Buna
kargin, 1 numarali yapinin CO ile tepkimesi sonucunda olasi {irlinler 15 ve 16 yalnizca tek basmak igermektedir. Dahasi, Hz
aktivasyon tepkimeleri degerlendirildiginde 1 numarali yapinin 5 ve 16 numarali yapilara nazaran daha reaktif oldugu elde
edilen enerji bariyerleri ile tespit edilmistir. Sonug olarak, en uygun mekanizmalar 3, 4 ve 10 numarali yapilarin olusumlari
icin tespit edilmistir.

Anahtar Kelimeler: Vinil karben, Kii¢iik molekiil aktivasyonu, DFT, CO, CO2

1. INTRODUCTION

Alkylidene carbenes, alkenylidenes, have been known as highly reactive intermediates in organic
chemistry [1-5]. Several methods have been improved to generate these highly reactive intermediates
[6—13]. In the past few decades, the alkenylidenes have attracted considerable attention due to their role
in many organic reactions. They play obvious roles in many organic synthesis with high levels of
selectivity [14—25]. Furthermore, the cycloaddition of unsaturated carbenes can provide the synthesis of
small ring, highly strained compounds by conventional ways. The 3—dimensional selectivity of
substitute groups from the addition reactions of alkylidene carbene to olefins was exemplified in a
collaboration of Apeloig and Fox [26,27]. As it can be seen from the literature, there are many reports
and discussions on theoretical studies of alkylidene carbenes [28—32]. However, no scientific study has
been reported on the activation of small molecules by alkylidene carbenes so far.
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In the present computational study, we would like to distil a general message for the behavior of heavier
vinyl carbenes towards hydrogen (H,), carbon monoxide (CO), and carbon dioxide (CO,). With this
incentive, we started by calculations of the energy profiles for the oxidative addition reactions of the
considered small molecules with vinyl carbene 1 on the basis of proposed mechanisms: The reactions
may proceed in either concerted or stepwise fashion to yield variety of different possible products. As
we show here, the ketene + CO complex 4 and a kind of cyclic carbene 5 can be generated from the
proposed reaction of 1 with CO,. Although formation process of 4 is determined to be exergonic, that of
constitutional isomer 5 has an endergonic nature with nonspontaneous character. On the other hand, the
proposed reaction of 1 with CO depict that the formation of proposed products 17 and 18 are strongly
endergonic at the level of theories used herein. Furthermore, the H, activation by 1 is found to be more
favored than 5 and 18 with the lower energy barriers.

2. COMPUTATIONAL DETAILS

Initially, all manipulations were performed using the Gaussian 09 suite of programs [33]. In order to
optimize the structures on their potential energy surface in gas phase, Becke’s three—hybrid method and
the exchange functional of Lee, Yang, and Parr (B3LYP) theory was employed with the 6-311++G(d,p)
basis set [34,35]. Further, the calculations were repeated with full geometry optimizations at newer
theory level of WB97XD/6-311++G(d,p) [36]. The stationary points were characterized as minima or
transition structures by vibrational frequency calculations, and all relative energies reported here are
Gibbs free energies in kcal mol™'. The intrinsic reaction coordinates (IRC) were also followed to verify
the energy profiles connecting each transition state to the correct local minima, by using the second—
order Gonzalez—Schlegel method [37,38]. The computed structures were visualized by using the
GaussView 5.0 program [39].

3. RESULTS and DISCUSSION

From the theoretical calculations, vinylidene carbene 1 is known to be singlet ground state (As-t = 48
kcal mol ") [40]. Due to the high singlet—triplet energy separations, we consider only singlet state of 1
for oxidative addition of H», CO, and CO,. Several conceptually different pathways have been proposed
to explain the ability of vinylidene 1 to activate the related small molecules.

The reaction mechanisms of 1 with carbon dioxide (CO,) was investigated in this part. The reaction can
take place via TS1, TS6, and TS7 which lead to diverse products such as 3, 5, and 4, respectively. The
[1+2] addition of 1 to CO; is found to be slightly exergonic to form proposed product 3 via TS1 in a
concerted manner by AG = 2.4 kcal mol™! and 5.6 kcal mol™" at the B3LYP/6-311++G(d,p) and
WB97XD/6-311++G(d,p) level of theories, respectively (Table 1 and Figure 1, black arrows). Then, the
intramolecular rearrangement of 3 can be considered to form another possible products of 4 (ketene +
CO) by the required energy barrier of AG* = +5.9 kcal mol ™!, so that the overall pathway for 4 starting
from 1 is decidedly exergonic by AG = —36.1 kcal mol ™" at the B3LYP/6-311++G(d,p) level of theory
(Table 1 and Figure 1, red arrows). Moreover, the calculation at the WB97XD/6-311++G(d,p) level is
very similar by AG = —35.4 kcal mol!. Based on the theoretical results, the formation of 4 can also be
evaluated with direct attack of 1 to oxygen atom of CO, via TS7 by the required very high energy barrier
of AG* = +47.5 kcal mol™!, the overall pathway of concerted mechanism is determined to be also
strongly exergonic by AG = —36.1 kcal mol ™! (Table 1 and Figure 1, blue arrows). Next, we considered
how to incorporate the product 5 from the reaction of 1 with CO, and intermolecular rearrangement of
4. The [2+2] cycloaddition of 1 to CO; can also yield the product 5 by considerably high energy barrier
of AG” = +47.4 kcal mol™! (Table 1 and Figure 1, green arrows). In this case, the nature of the proposed
reaction for 5 via TS6 is found to be endergonic by AG = +18.2 kcal mol'. The related energy barrier
and overall pathway at the WB97XD/6-311++G(d,p) level are determined to be relatively lower by AG*
= +43.6 kcal mol ! and AG = +11.7 kcal mol ™!, respectively. Similarly, the formation of 5 is also to be
existed endergonic from intermolecular rearrangement of 4 (Table 1 and Figure 1, pink arrows).
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Collectively, the dominant reaction route for the reaction 1 with CO, is determined to be formation
process of 4 via TS1 and TS2 with the observed lower energy barriers. Another interesting point is that
inclusion of dispersion by WB97XD, which uses a version of Grimme’s D2, leads to negligible
differences in terms of the energetics and nature of the proposed pathways. For this reason, the following
discussions will be based on the results at the B3LYP/6-311++G(d,p) level of theory.

H
+47.5 H)QC\: -87.9
(+51.7) \‘o (-92.4)
OQC/
TS7
+4.3 +145 H 212 H_. _H| +59 H __H
H +52) H (+H138)  J(.  (-24.6) | 9.0 g
>:C . B >:(T T — H E"‘: B — /C\ —_— /C\
H H _C-0 0?0 _C=-0
0=C=0 0=C=0 0 0
1 2 H TS1 3 TS2
+47.4 >§C:
(+43.6) Hiy 29.2 39.6
/C O : )
0”7 (-31.9) (-38.8)
TS6
H +3.5 H H 4.7 H 1585
| C :
c—c-H (+53) "c—c-H 4, |‘c-c-H| (1090 H o (+63.1) H
| ~— 11 ~=|1] ~ ~—— |o=C=<_| ~—
O_C\\o o;c\\O O_C‘\o I H
H-H H-H C=0
6 5 TS3 3
+19.8
(+17.3)
H 04w H o asae  HO 0
wh 1y (<93.8) Hol_A—H (+40.7) H~c—c-H (83| H H
c-C C Do =
R e U e N N B
0-C 0-C 0-C H H
0 *0 ~0 0=C=0
TS4 7 TS5 8

Figure 1. The proposed reaction mechanisms and energy channel for the reaction of vinyl carbene 1
with CO; and further H» activation at the B3LYP/6-311++G(d,p) and WB97XD/6—
311++G(d,p) (in parentheses) level of theories (AG energies given in kcal mol™)

We believe that it is possible to generate 5 from 1 + CO; at sufficiently high temperature. In this case, it
can be designed the formation of ethylene from the hydrogenation of 5. The addition of H; to the
resulting product 5 begins with the formation of van der Waals complex 6 which is determined to be of
higher in energy than the 5 + H, by AG = 3.5 kcal mol'. Then, the required energy barrier to form 8 is
to be existed AG”* = +19.8 kcal mol ™! with strongly exergonic nature. The DFT calculations indicate that
the liberation of CO; from the optimized structure 7 leads to the formation of 8 (ethylene + CO.) by the
considerably high energy barrier of AG” = +34.6 kcal mol !, so that the overall pathway for 8 starting
from 6 is decidedly exergonic by AG = —96.5 kcal mol™! (Figure 1, purple arrows).
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Table 1. Calculated energy channel for the activation of CO, and H, by 1 and 5 at the
B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level of theories
(AG energies given in kcal mol™)

CO: activation by 1 Energy Channel H2 Activation by 5 Energy Channel
1-2 +4.3 (+5.2) 56 +3.5 (+5.3)
2—TS1 +14.5 (+13.8) 6—TS4 +19.8 (+17.3)
TS1-3 —21.2 (-24.6) TS4—7 -90.4 (-93.8)
3-TS2 +5.9 (+9.0) 7—>TS5 +34.6 (+40.7)
TS2—4 —39.6 (—38.8) TS5—8 —60.5 (—58.3)
4—TS3 +58.5 (63.1)
TS3—-5 4.7 (—10.9)
2—TS6 +47.4 (+43.6)
TS6—5 -29.2 (-31.9)
2-TS7 +47.5 (+51.7)
TS7—4 —87.9 (-92.4)

Additionally, the activation of H» by 1 is also considered in the presented theoretical study. The modelled
mechanism for the direct addition of H» to 1 occurs in a concerted manner to yield ethylene 10 by the
relatively lower energy barrier of AG* = +12.6 kcal mol ! as compared to that of 5 (Table 2 and Figure
2, black arrows). Overall, the reaction is determined to be strongly exergonic by AG = —79.0 kcal mol .
The activation of H, by 1 to generate an ethylene molecule is found to be slightly favorable than that of
5 with the lower energy barrier although the exergonic character of the pathway for 5§ + H» is stronger.
Furthermore, the mechanistic scenario for the activations of CO and CO, by ethylene molecule 10 were
examined. As it can be seen from Figure 2, all the proposed mechanisms were determined to be strongly
endergonic, showing that the reactions are nonspontaneous and not favorable (Table 2 and Figure 2, red,

blue, and green arrows).
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Figure 2. The proposed reaction mechanism for the reaction of vinyl carbene 1 with H, and further CO
and CO; activations at the B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in
parentheses) level of theories (AG energies given in kcal mol ™)
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Table 2. Calculated energy channel for the activation of H,, CO, and CO; by 1 and 10 at the

B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level of theories
(AG energies given in kcal mol™)

H: activation by 1 Energy Channel CO and CO2 Activation by 10 Energy Channel
1-9 +3.7 (+5.7) 10—8 +4.7 (+6.2)
9TS8 +12.6 (+10.2) 8—TS5 +60.5 (+58.3)
TS8—10 —-91.6 (—94.0) TS5—7 —34.6 (—40.7)
10—11 +2.7 (+6.2)
11-TS9 +60.1 (+56.5)
TS9—12 —35.0(=39.7)
11-TS10 +101.6 (+96.4)
TS10—13 —31.3 (-35.4)

In order to test the possibility of the CO activation by vinyl carbene 1, the DFT calculations were carried
out for the modelled system. Two competitive concerted pathways can be considered from
intermolecular rearrangement of 1 and CO to form the possible products of 15 and 16. In accordance
with the activation mechanism of CO,, the CO included trends follow almost same order to form related
proposed products with [1+2] and [2+2] cycloaddition steps via TS11 and TS12, respectively. Although
the possible [1+2] addition step of 1 to CO, for 3 needs lower energy barrier with exergonic nature, the
overall pathway for 15 is determined to be strongly endergonic by AG = 17.1 kcal mol ! in the case of
CO, indicating that the reaction cannot occur spontaneously (Table 3 and Figure 3, black arrows). Based
on the theoretical results, the formation of 16 is also plausible from the reaction of 1 with CO. For this
reason, the formation mechanism of 16 was also designed. By this way, we can reach a dicarbene
compound 16. However, the calculations show that the formation of 16 is strongly endergonic and the
required energy barrier is too high for a reaction at room temperature (Table 3 and Figure 3, blue arrows).
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Figure 3. The proposed reaction mechanisms for the reaction of vinyl carbene 1 with CO and further H»
activation at the B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level
of theories (AG energies given in kcal mol ™).
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In case of any possible synthesis of 15 and 16 at sufficiently high temperature, we also designed their
H; activation mechanisms to generate 11 (ethylene + CO) and 20 (Vinylidene carbene + formaldehyde).
The direct addition of H; to the proposed product 15 can form the related van der Waals complex of 18
which is more stable than 15 + H, by AG = 2.1 kcal mol ! (Table 3 and Figure 3, red arrows). Clearly,
the hydrogenation of the 15 can proceed by direct addition of H» to the carbenic center of 15 via TS14.
This process requires 26.9 kcal mol™! energy barrier to overcome for the formation of 19. Then, the
decomposition of 19 to form 20 can be activated with the cleavage of C—C and C—O bonds in a concerted
manner by the very high energy barrier of AG* = +53.4 kcal mol™! (Table 3 and Figure 3, red arrows).
Separately, the calculations indicate that the addition of H, can be feasibly binded to the one of the
carbenic centers in 16, forming possible compound 13 by the required relatively lower energy barrier of
AG” = +16.0 kcal mol ! (Table 3 and Figure 3, green arrows). We found that the formation processes of
13 from the van der Waals complex of 17 is strongly exergonic by AG = —74.9 kcal mol™'. Additionally,
the subsequent CO elimination from the structure 13 was also investigated. In the following
rearrangement, it is possible to yield the ethylene + CO mixture 11 via the transition state of TS10 and
the process is exergonic by AG = —70.5 kcal mol ™. (Figure 3). Overall, the reaction starting from 17 is
determined to be strongly exergonic by AG = —145.4 kcal mol .

Table 3. Calculated energy channel for the activation of CO and H, by 1, 15 and 16 at the
B3LYP/6-311++G(d,p) and WB97XD/6-311++G(d,p) (in parentheses) level of theories
(AG energies given in kcal mol ™).

CO activation by 1 Energy Channel Hz Activation by 15 and 16 Energy Channel
114 +4.0 (+4.8) 15—18 +2.1 (+5.0)
14—TS11 +29.6 (27.2) 18—TS14 +26.9 (+23.5)
TS11-15 —-9.8 (—12.6) TS14—19 —87.6 (—90.1)
14—TS12 +66.8 (+62.4) 19—-TS15 +53.4 (+58.6)
TS12—16 -1.8 (-2.7) TS15-20 =7.0 (-9.1)

16—17 +3.6 (+5.0)
17-TS13 +16.0 (+14.3)
TS13—13 —90.9 (-94.6)
13—TS110 +31.3 (+35.4)
TS10—11 —101.6 (—96.4)

4. CONCLUSION

Using B3LYP theory with 6-311++G(d,p) basis set, the activation reaction mechanism of H,, CO, and
CO; by 1,5,10, 15, and 16 were studied. The calculations depict that the reactions may proceed in either
concerted or stepwise fashion to yield a variety of different possible products. The proposed reactions
can occur in concerted and stepwise manners to generate 3, 4, or 5 from 1 + CO,. The nature of the
formation process of 4 is strongly exergonic, whereas that of constitutional isomer 5 is determined to be
endergonic with the proposed mechanisms. Additionally, the activation of H, by 5 was also considered
in the presented theoretical study. The computed relative AG energies indicated that the formation of 8
(ethylene + CO») is exergonic with energy of —96.5 kcal mol™! at the B3LYP/6-311++G(d,p) level of
theory. In the case of CO activation by 1, the proposed reactions is strongly endergonic for both products
15 and 16. In spite of this, however, the required energy for the activation of H, by 16 is relatively lower
with AG” = +16.0 kcal mol™". Overall, the formation process of 11 starting from 17 is determined to be
strongly exergonic by AG = —145.4 kcal mol™". Collectively, the formation processes of 3, 4, and 10 are
found to be favorable with the obtained facile energy values.
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OZET

Bu ¢alismada, ¢ift tarafli Tip II sansiirlenmis (doubly Type Il censored) 6rneklemler igin Jones ve Faddy’ nin ¢arpik t (Jones
and Faddy’ s Skew t - JEST) dagilimmin konum ve 6lgek parametrelerinin en ¢ok olabilirlik (maximum likelihood - ML) ve
uyarlanmis en ¢ok olabilirlik (modified maximum likelihood - MML) tahmin edicileri elde edilmistir. Monte Carlo (MC)
simiilasyon calismasi kullanilarak ML ve MML tahmin edicilerinin etkinlikleri karsilastirilmigtir. MC simiilasyon c¢alismasi,
MML tahmin edicilerinin ML tahmin edicileri ile hemen hemen ayni etkinlige sahip oldugunu gdstermistir. Caligma sonucunda,
odaklanilan nokta tahmin edicilerin etkinlikleri ise ML tahmin edicilerinin, etkinlikle beraber hesaplama zorluklar1 ele
alindiginda ise MML tahmin edicilerinin tercih edilmesi gerektigi belirlenmistir.

Anahtar Kelimeler: JEST dagilimi, Tip II sansiirleme, Uyarlanmus olabilirlik, Etkinlik, Monte Carlo simiilasyonu

ESTIMATION FOR THE LOCATION AND THE SCALE PARAMETERS OF THE JONES
AND FADDY’S SKEW t DISTRIBUTION UNDER THE DOUBLY TYPE Il CENSORED
SAMPLES

ABSTRACT

In this study, we obtain the maximum likelihood (ML) and the modified maximum likelihood (MML) estimators for the
location and the scale parameters of the Jones and Faddy’s Skew t (JFST) distribution based on the doubly Type 1l censored
samples. Then, we use the Monte Carlo (MC) simulation study to compare the efficiencies of the ML and the MML estimators.
The MC simulation study shows that, MML estimators have more or less same efficiency with the corresponding ML
estimators. At the end of the study, it can be concluded that if we focus on the efficiencies of the estimators, we prefer to use
ML estimators. However, if we focus on the computational difficulties together with the efficiencies of the estimators, we
prefer to use MML estimators.

Keywords: JFST distribution, Type Il censoring, Modified likelihood, Efficiency, Monte Carlo simulation

1. GIRIS

[statistiksel ¢ikarimlar genellikle tam rneklemler (complete samples) kullanilarak yapilmaktadir. Fakat
orneklemin elde edilis sekline bagli olarak bazi durumlarda sansiirlenmis 6rneklemlerin (censored
samples) kullanilmasi s6z konusu olmaktadir. Sansiirlenmis 6rneklemler genel olarak Tip I (Type I) ve
Tip Il (Type 1) sansiirlenmis 6rneklemler olarak isimlendirilir. Literatiirde sansiirlenmis 6rneklemin
kullanildig1r birgok c¢alisma mevcuttur. Bu c¢alismalarin ¢ogunlugu birimlerin yasam siirelerinin
incelendigi uygulamali ¢aligmalardan olugturmaktadir.

Ustel, Normal, Lojistik, Log-normal dagilimlar1 igin farkli sansiirleme tiirleri altinda dagilim
parametrelerin tahmin edicileri Tiku [1-6] tarafindan elde edilmistir. Ayrica, Tiku [7,8] deney
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tasariminda Tip I ve Tip II sansiirlenmis 6érneklemlerin Normal dagilimdan geldigi varsayimi altinda
deneme etkilerinin tahmin edicileri ve bu tahmin edicilere dayal: test istatistiklerinin gii¢leri iizerinde
caligmigtir. Balakrishnan ve Mi [9] genellestirilmis ilerleyen tiir Tip Il (progressively Type 1)
sansilirlenmis Orneklemler i¢cin Normal dagilima iligkin konum ve 6l¢ek parametrelerinin en ¢ok
olabilirlik (ML) tahmin edicilerinin var ve tek olduklarini gostermistir. Senoglu ve Tiku [10] Normal
dagilimdan gelmeyen sansiirlenmis orneklemler i¢in deney tasarimi model parametrelerinin tahmin
edicileri ve bu tahmin edicilere dayali test istatistigi tizerinde ¢aligmistir. Wu, Lee ve Shen [11] ¢oklu
Tip Il (Multiply Type II) sansiirlenmis 6rneklemler igin Pareto dagiliminin 6lgek parametresinin tahmin
edicisi olarak agirliklandirilmis moment (Weighted moment-WM) tahmin edicisini kullanmistir.

Cristan [12] Tip I sansiirlenmis 6rneklemlerin karma dagilimdan geldigi varsayimi altinda dagilim
parametrelerinin ML tahmin edicilerini EM (Expectation Maximization) algoritmasini kullanarak elde
etmistir. Vaughan ve Tiku [13] Ustel dagilima sahip sansiirlenmis iki 6rneklemin konum
parametrelerinin esitliginin testi i¢in istatistiksel bir test Onermistir. Balakrishnan ve Kateri [14] tam ve
sansiirlenmis orneklemler i¢in Weibull dagiliminin parametrelerinin ML tahmin edicilerinin var ve tek
olduklarin1 gostermistir. Sun, Zhou ve Wang [15] cift tarafli Tip II (doubly Type II) sansiirlenmis
orneklemler icin iki parametreli Ustel dagilimin lgek parametresinin aralik tahminini elde etmistir.
Balakrishnan ve Dembinska [16] kesikli dagilima sahip sagdan sansiirlenmis ilerleyen tiir Tip Il
orneklemler i¢in istatistiksel ¢ikarimlar yapmistir. Deng ve Pandey [17] sansiirlenmis 6rneklemler i¢in
negatif degerler almayan dagilimlarin kantil fonksiyonunun tahmininde parametrik olmayan yeni bir
yontem kullanmugtir,

Saffari, Adnan ve Greene [18] sansiirlenmis Orneklemler i¢in Hurdle Poisson regresyon model
parametrelerinin ML tahmin edicilerini elde etmistir. He ve Nagaraja [19], Tip II sansiirlenmig
orneklemler i¢cin Downton’ 1n iki degiskenli iistel dagilimimin parametrelerinin Fisher bilgi matrisini
elde etmistir. Ortega, Cordeiro ve Lemonte [20] sansiirlenmis 6rneklemler i¢in hata terimlerinin Beta
Birnbaum-Saunders dagilimima sahip oldugu regresyon model parametrelerinin ML tahmin edicilerini
elde etmistir. Lopez ve Saint-Pierre [21] iki degiskenli rasgele sansiirlenmis 6rneklemler igin regresyon
model parametrelerinin M tahmin edicilerini elde etmistir. Basak ve Balakrishnan [22] ilerleyen tiir Tip
II sansiirlenmis 6rneklemler icin ii¢ parametreli Gamma dagiliminin parametrelerini ML yontemini
kullanarak tahmin etmistir. Saffari, Adnan ve Greene [23] sagdan sansiirlenmis 6rneklemler i¢in Hurdle
Genellestirilmis Poisson Regresyon model parametrelerinin ML tahmin edicilerini elde etmistir.
Balakrishnan ve Davies [24] Ustel dagilima sahip Tip I sansiirlenmis drneklemlere dayali Pitman
yakinlik sonuglarini karsilastirmustir. Rastogi ve Tripathi [25] hibrit (hybrid) sansiirlenmis 6rneklemler
i¢in dagilim parametrelerinin ML tahmin edicilerini elde etmistir. Pradhan ve Kundu [26] ilerleyen tiir
Tip II sansiirlenmis drneklemler i¢in Brinbaum-Saunders dagiliminin parametrelerini ML yontemi
kullanarak tahmin etmistir. Cramer ve Balakrishnan [27] ilerleyen tiir hibrit Tip | (Type | progressively
hybrid) sansiirlenmis &rneklemler icin iki parametreli Ustel dagilimimn parametrelerini ML ydntemini
kullanarak tahmin etmistir. Matos, Lachos, Balakrishnan ve Labra [28] sansiirlenmis 6rneklemler i¢in
dogrusal ve dogrusal olmayan karma etkili modellerin parametrelerini ML yontemini kullanarak tahmin
etmistir.

Literatlir taramasindan goriilecegi lizere drneklemlerin modellenmesinde bir¢ok istatistiksel dagilim
kullanilmustir. Ornegin, simetrik verilerin dagilimlarinin modellenmesinde Normal dagilim, simetrik ve
kalin kuyruklu verilerin dagilimlarinin modellenmesinde Normal dagilima alternatif olarak t dagilimi
ve carpik verilerin dagilimlarimin modellenmesinde ise ¢arpik Normal dagilim ya da carpik t dagilim
gibi dagilimlar kullanilmistir. Normal dagilima alternatif olarak Basso, Lachos, Cabral, ve Ghosh [29],
Flecher, Naveau ve Allard [30], Garcia, Gomez-Deniz ve Vazquez-Polo [31], Mameli [32], Mudholkar
ve Hutson [33] carpik Normal dagilimin degisik tiirlerini verilerin modellemesinde kullanmistir. Jones
ve Faddy [34] t dagilimina alternatif olarak farkli bir ¢arpik t (JEST) dagilimi 6nermistir. Acitas, Senoglu
ve Arslan [35], Acitas, Kasap, Senoglu ve Arslan [36], Acitas, Kasap, Senoglu ve Arslan [37], Arslan
[38], Arslan ve Senoglu [39] c¢arpik t dagiliminin farkli tiirlerini verilerin modellenmesinde
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kullanmiglardir. Acitas, Kasap, Senoglu ve Arslan [36] tam 6rneklem durumunda JFST dagilimi igin bir
adim M tahmin edicisini ele almistir.

Literatiirdeki ¢aligmalardan farkli olarak bu ¢alismada JFST dagilimimin tercih edilmesinin nedeni
simetrik veya carpik bir¢ok farkli verinin dagilimmin modellenmesinde kullanilabilecek esnek bir
dagilim olmasidir. Bu ¢alismada, Tip II sansiirlenmis 6rneklemler i¢in JFST dagiliminin konum ve 6lgek
parametrelerinin ML ve uyarlanmis en ¢ok olabilirlik (modified maximum likelihood — MML) tahmin
edicileri elde edilmistir. JFST dagilimina iligkin elde edilen olabilirlik denklemlerinde konum ve 6lgek
parametreleri dogrusal olmayan ifadeler igerisinde yer almaktadir. Dolayisiyla konum ve olgek
parametrelerinin tahmin edicileri kapali formda elde edilememektedir. Konum ve 6l¢ek parametresinin
tahmin edicileri kapali formda elde edilemedigi i¢in olabilirlik denklemlerinin ¢6ziimiinde Newton-
Raphson (NR) yontemi kullanilmistir, ayrica bkz. Arslan [38] ve Arslan ve Senoglu [39]. Olabilirlik
denklemlerinin NR yardimiyla elde edilen ¢6ziim degerleri konum ve 6l¢ek parametrelerinin ML tahmin
degerleri olarak adlandirilmaktadir.

JFST dagiliminin ¢arpik ve simetrik durumlar i¢in sirasiyla Tip II (tek tarafli) ve ¢ift tarafli Tip 11
sansiirleme uygulanmustir. Cift tarafli Tip II sansiirleme semasi1 Tip II sansiirlemenin genel hali olarak
goriilmektedir. Cift tarafli Tip II sansiirleme altinda elde edilen ¢ikarimlarda soldan sansiir sayist (r1)
veya sagdan sansiir sayisi (rz) sifir olarak alindiginda Tip II sansiirleme igin ¢ikarimlar elde
edilebilmektedir.

Bu calismanin geri kalani su sekilde diizenlenmistir. Oncelikle, JEST dagilimi tanitilmus ve dagilim ile
ilgili betimleyici bilgiler verilmistir. Daha sonra, ¢ift tarafli Tip II sansiirlii 6rneklemler i¢in JFST
dagiliminin konum ve 6lgek parametrelerinin ML ve MML tahmin edicileri elde edilmistir. Ayrica, MC
simiilasyon ¢aligmasi kullanilarak elde edilen tahmin edicilerin etkinlikleri karsilagtirilmistir. Son
olarak, bu ¢alismada elde edilen bulgular sonug ve tartisma kisminda verilmistir.

2. JFST DAGILIMI

JFST dagilimi Jones ve Faddy [34] tarafindan t dagilimina alternatif olarak Onerilmistir. Konum
parametresi p, 6lgek parametresi o ve sekil parametreleri a, b olan JFST (i, o, a, b) dagilimina iligskin
olasilik yogunluk fonksiyonu (0.y.f.) (1)’ de verildigi gibidir:

— o111 z a+0.5 1— z b+0.5 R b R+ 1
f}FST(Z) =0 a,b + / 2 / 2 y LU ER, a,b,0E ' ( )
v+z v+z

Burada, i} =2""'B(a,b)}vv, v=a+b ve z="" olarak ifade edilir. Ayrica, B () beta
fonksiyonunu gostermektedir.

JFST dagilimu sekil parametrelerinin aldig1 degerlere bagh olarak saga carpik, sola carpik veya simetrik
olabilmektedir. a>b i¢in JFST dagilimi saga carpik, a<b i¢in JFST dagilimi sola ¢arpiktir. Ayrica, sekil
parametrelerinin esit (a=b) olmasi halinde JFST dagilimi 2a serbestlik dereceli t dagilimina
doniismektedir. Bunun ile birlikte, a - oo ve b - oo durumunda JFST dagilimi Normal dagilima
yakinsamaktadir, bkz. [36]. Sekil 1° de farkli sekil parametreleri degerleri i¢in JEST dagiliminin o.y.f.
nun grafikleri verilmistir.
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f2)

0.35
a=73. b= 6-——, —m a=06, h=3

a=3,b=9

-10 s ' ' 5
Sekil 1. Farkli sekil parametreleri i¢in JFST dagiliminin o.y.f.” nun grafikleri

JFST(0, 1, a, b) dagiliminin birinci ve ikinci momentleri sirasiyla,

_ (a-b) @by T(@-Hro—3)
Elz] = 2 T'(a)l(b) )

ve

__(a+b) (a=b)*+a-1+b-1

4 (a—D(-1) (3

E[Z?]

olarak verilir. Ayrica, farkli sekil parametreleri i¢in JFST dagiliminin garpiklik ve basiklik degerleri i¢in
bkz. Acitas, Kasap, Senoglu ve Arslan [36].

3. CiFT TARAFLI TiP II SANSURLENMiS ORNEKLEMLER iCiN JFST DAGILIMININ
KONUM VE OLCEK PARAMETRELERININ TAHMINI

Bu boéliimde, cift tarafli Tip II sansiirlenmis Orneklemler icin JFST dagiliminin konum ve 6l¢ek
parametrelerinin ML ve MML tahmin edicileri elde edilmigtir. Cift tarafli Tip II sansiirlenmis
orneklemler i¢in olabilirlik fonksiyonu (likelihood function-L):

L= [F(zr40)] " Moy £z [1 = F(zne,)] @)

seklinde genel formda yazilabilir. Burada, r; soldan (alttan) sansiirleme sayisini ve r, sagdan (iistten)
sansiirleme sayisini géstermektedir. Ayrica, F(+) dagilim fonksiyonu ve zi=(yi- u)/o, i=ri+1,... ,n-ro dir.
r1=0 veya r,=0 olarak alindiginda Tip II sansiirlenmis 6rneklemler i¢in olabilirlik fonksiyonu elde edilir.
Bu calismada JFST dagiliminin g¢arpik ve simetrik durumlart igin ¢ift tarafli Tip II sansiirlenmis
orneklemler altinda konum ve 6l¢ek parametrelerinin ML ve MML tahmin edicileri elde edilmistir.

3.1. Konum ve Ol¢ek Parametrelerinin ML Tahmini

Esitlik (4)’ te verilen olabilirlik fonksiyonunun logaritmas: alinarak log-olabilirlik (log likelihood—InL )
fonksiyonu elde edilir. InL fonksiyonunun p ve o parametrelerine gore tiirevleri alinarak sifira esitlenir.
Elde edilen denklemler olabilirlik denklemleri olarak adlandirilir. Olabilirlik denklemleri y ve ¢ igin
goziilerek (i ve & tahmin degerleri elde edilir. InL fonksiyonunun u ve ¢ igin tiirevleri alindiginda
sirasiyla (5) ve (6)’ da verilen olabilirlik denklemleri elde edilir:
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olnL _  (a+0.5) on-r, v (b+0.5) <n-1, v
ow o i=r;+1 + e i=ry+1

, : ( : (v+zi2)%—zi(v+zi2)
rnf Zri+1 r2 f Zn-r, —
0 F(zry41) O (1-F(2n-r,)) 0 ®)

3
(v+22)2+z;(v+2?)

ve
olnL. _  n-r-r, (a+0.5) on-n, v
a6 o o Zi:rﬁ'lzi T3
(v+z?)2+z;(v+z?)
(b+0.5) «n-7, v 7 f(Zr1+1) s f(Zn—rz)
N s |~ Zr1 o 2y, 2T =, ()
7 ! (v+22)2-z;(v+2?) 1 0 F(zria) 2o (1_F(Zn—r2))

Olabilirlik denklemleri dogrusal olmayan ifadeler icerdiginden konum ve 6l¢ek parametrelerin ML
tahmin degerleri elde edilirken iteratif yontemlere ihtiya¢ duyulmaktadir. Dolayisiyla, (5) ve (6)
denklemlerinin ¢6ziimleri NR yontemi yardimi ile bulunabilir. Burada, NR yontemi ile (5) ve (6)’ da
verilen denklemlerin kokleri bulunurken iterasyonun baslangi¢ degerlerinin belirlemesi gerekmektedir.
Bu caligmada baslangi¢ degerleri olarak konum ve 06l¢ek parametrelerinin MML tahmin degerleri
kullanilmistir. Ayrica, durdurma kriteri olarak, € =1x10* olarak alinmustr.

Iteratif yontemler kullanilirken bazen kdke yakinsamama, yanls koke yakinsama ya da birden fazla
kokiin olmasi gibi problemler ile karsilagilimaktadir. Bu tiir problemler olabilirlik denklemlerinin
¢Oziimiinde zorluklar ¢ikarmaktadir.

3.2. Konum ve Ol¢ek Parametrelerinin MML Tahmini
ML tahminleri elde edilirken iteratif yontemlerden kaynakli olugan problemler ile karsilagmamak i¢in

Tiku [2, 3] MML yo6ntemini 6nermistir. MML tahmin edicileri elde edilirken ilk olarak; olabilirlik
denklemleri sira istatistikleri cinsinden yeniden (7) ve (8) seklinde yazilir:

dinL (a+0.5) on-r, v (b+0.5) «n-7, v
ant _ _ v + Yo
o e i=r;+1 3 o i=r;+1 3
(vtzty )P +zilvezty) (w428 )20 (v+25)
_nfle) n flern) _ %
0 F(z(ry+n) 0 (1-F(z(n-ry))
ve
dlnL _ _n-m-1, _ (a+0.5) Zn—rz 7. v _, r_lf(z(rlﬂ))
o o o i=ry+14@ 3 (r+1) 5 F(2ry41))

17+z(2i)) +z(p) (17+z(2i))

(b+0.5) wn—r. v r_ fEn-ry)  _
+ o Zi=r12+1 Z@) 3 + Z(n-ry) ;2 (1—F(z(n_2r ))) =0. ®
(v+z(2i)) —Z(i)(U+Z(2i)) 2

Dogrusal olmayan terimler belirlenir. (7) ve (8)’ de yer alan dogrusal olmayan ifadeler;

v v

91(zw) = 3 ' 92(z;) = 3 ,

v+z(2i))2+zi(v+z(2i)) (v+z(2i))2—z(i) (v+z(2i))
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f(zary+1)
F(Z(T1+1))

f(Z(n—rz))

Ve 94(Zn_r2) - 1-F(z(n-r,))

g3(Z(r1+1)) =

olarak tanimlanmustir. Dogrusal olmayan terimler sira istatistiklerinin beklenen degerleri etrafinda
Taylor serisine agilir ve serinin ilk iki terimi kullanilarak dogrusal formda (9)’ da verilen sekilde yazilir:

91(zw) = a1 — Buzwy, 92(2) = @i — Baizy,s
93 (Z(r1+1)) = Agp41 .B3r1+lz(r1+1) ve 94(Z(n—r2)) = Un-r, — ﬁ4n—rzz(n—r2)- (9)
Burada;
v[3t(i) /v+t(2i)+v+3t(2i)] v[3t(i) v+t(2i)—v—3t(2i)]
ﬁli: 3/2 Z’ﬂ'_ 3/2 2
|(ve2) ™" +eo (v+e3)] |(v+e2) " o (v+e)]

20 —
’ 2 ’ 2
_ f(teyvn)  (Fte+n) _ Sfta—ry)  ( Sf(tnory)
Bar+1 = » Ban—r, )

F(t(T1+1)) F(t(r1+1)) - 1_F(t(n—r2)) 1_F(t(n—r2))
tn)+t ten) +t _ fey+n)
a1i=91(tpy) + tayBui » A2i=92(tw)) + tiyBzi » Azrya1 = Fltoyen) + try+1)B3r+1
ve
_ f(tam-ry)
an—r, = m + t(n—rz)ﬁzl-n—rz

olarak bulunur. (9)’ da verilen dogrusal ifadeler kullanilarak olabilirlik denklemleri yeniden diizenlenir.

Yeni denklemler uyarlanmis olabilirlik denklemleri olarak adlandirilir. Uyarlanmig olabilirlik
denklemleri (10) ve (11)’ de verildigi sekilde yazilir:

BZLL* =- (at,o'S) Yicrti (@ — Buz) + (btro's) Yicrti (@2 = Baizgpy)

B %1 (@sry41 = Bary+1Zery+m) + %2 (@an-r, = Ban-r,Z(n-ry)) =0 (10)
ve
6::* - n_ré_rz - (at,o'S) Z?z_r:2+1zi(a1i - ﬁu’Z(i)) + (b:)'s) Z?z_r:2+1 Zi(azi — B2iz(s) )

- %Zr1+1(a3r1+1 — Bar+1Z(r+1) + %Zn—rz (@an—r, = Ban-r,Z(n-rp) = 0 . (11)

Uyarlanmis olabilirlik denklemleri (10) ve (11)’ in ¢6ziilmesi ile MML tahmin edicileri (12)’ de verildigi
sekilde elde edilir:

B+VB2+4AC

Aumr = K + Dbypyy, V& GymL = 7

(12)
Burada,

A=n—r — 1y,

105



Arslan ve Senoglu | Anadolu Univ. Bil. Tek. Der. B — Teorik Bil. 5 (1) - 2017
m= Z?:_rrlzﬂ[(a +0.5)B1; — (b + 0.5)B5;] + 11837, 41 + T2 Pan—r,

n-r
K = z:i=r12+1[(a+0'5)'81i_(b"'O'S)BZi]y(i) + T1B3r 1 +1Y (r1+1) TT2Ban—r,Y(n-ry)

m m !

n-—r
D= Zi=r12+1[(b+0-5)a2i_(a+0-5)a1i] T1Q3r, 4172 0anry

m m
B = Z?:_r:2+1[(b +0.5)ay; — (a+ 05)“11‘](3’(1‘) - K) - 7’1053r1+1(3’(r1+1) —-K)+ T2Q4n—r, (y(n—rz) -K)

ve

_ 2
C= Z?:TZZH[(@ +0.5)p;; — (b + O-S)ﬁzi](}’(i) - K) + 7'133r1+1(}’(r1+1) - K)Z + 7’2.34n—r2 (y(n—rz) - K)Z

olarak tanimlanmustir. Gy, in paydasindaki 24 ifadesi 2,/A(A — 1) ile degistirilerek yan diizeltmesi
yapilmistir.

Dikkat edilmelidir ki, ¢ift tarafli Tip II sansiirlenmis 6rneklem durumunda elde edilen ML ve MML
tahmin edicilerinde r; = 0 ve r, = 0 olarak alindiginda tam 6rneklem i¢in ML ve MML tahmin edicileri
elde edilir.

4. MONTE CARLO SIMULASYONU

Bu boliimde, MC simiillasyonu kullanilarak ML ve MML tahmin edicilerinin etkinlikleri
karsilastirilmigtir. Simiilasyon ¢aligmasi boyunca g = 0 ve ¢ = 1 olarak alinmistir. Simiilasyonda farkli
orneklem hacimleri (n = 10, 15, 20) kullanilmustir. JFST dagiliminin simetrik oldugua=b=3vea=
b =15 durumlarda sagdan ve soldan [|0.5+n(0.1)|] degerinde sansiirleme yapilmstir. JFST dagiliminin
carpik oldugu a=3, b=6 ve a=3, b=9 durumlarda soldan [|0.5+n(0.1)|] degerinde sansiirleme yapilmustir.
Bagka bir ifade ile; JFST dagiliminin ¢arpik ve simetrik durumlari i¢in sirasiyla Tip II ve ¢ift tarafli Tip
II sansiirleme uygulanmistir. Tiim simiilasyonlar N=[|100,000/n|] tekrar ile gerceklestirilmistir. Burada,
[| - [] tam deger fonksiyonu olarak tanimlanmustir.

Tahmin edicilerin oransal etkinlikleri (relative efficiency-RE) (13) esitligi kullanilarak

RE = % (13)

seklinde hesaplanmistir. Ayrica, hata kareler ortalamasi (Mean Square Error-MSE) degerleri (14)° de
verilen

MSE(8) = Var(0) + [Bias(8)]” (14)

esitligi kullanilarak hesaplanmustir. Burada; Bias(+) ilgilenilen parametre igin simiilasyon sonucunda
elde edilen tahmin degerlerinin ortalamas1 ile parametrenin ger¢ek degeri arasindaki fark
gostermektedir. Var(-) ise simiilasyon sonucunda ilgilenilen parametre igin elde edilen tahmin
degerlerinin varyansini  gostermektedir. Tip II sansiirlenmis O6rneklemler i¢in JFST(u,o,a,b)
dagiliminin u ve ¢ parametrelerinin ML ve MML tahmin edicilerinin simiilasyon ile elde edilmis yan
(bias) ve MSE degerleri Tablo 1’ de verilmistir.
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Tablo 1. i ve 6’ nin MC simiilasyonu yardimiyla elde edilmis yan ve MSE degerleri

J7i o
MML ML MML ML
rr. n Yan MSE Yan MSE RE Yan MSE Yan MSE RE

—_
N

o 1 110 0003 0.132 -0.003 0.131 1.008 -0.085 0.131 0.088 0.093 1.409
< 1 115 0003 0.090 -0.002 0.090 1.000 -0.049 0.079 0.071 0.064 1.234
® 2220 0002 0.064 -0.002 0.064 1.000 -0.042 0.052 0.038 0.044 1.182
v 1 110 0007 0.108 0.007 0.108 1.000 -0.037 0.094 0.078 0.072 1.301
4:# 1 115 0001 0.077 -0.002 0.077 1.000 -0.020 0.065 0.061 0.054 1.204
® 2 2 20 0001 0.053 0.001 0.053 1.000 -0.014 0.041 0.021 0.035 1.171
o 1 010 0008 0.191 0.097 0.187 1.021 -0.077 0.105 0.049 0.076 1.382
& 1015 0005 0127 0064 0125 1.016 -0.050 0.063 0.032 0.051 1.235
Té 2 0 20 0007 0.098 0.042 0.095 1.011 -0.043 0.045 0.011 0.037 1.216

5 0 50 0002 0.036 0.022 0.036 1.000 -0.017 0.016 0.010 0.015 1.067
o L 010 0009 0.376 0153 0.354 1.062 -0.071 0.104 0.025 0.078 1.333
& 1015 0006 0246 0.096 0.235 1.047 -0.040 0.061 0.020 0.050 1.220
Té 2 0 20 0001 0.182 0.062 0.176 1.034 -0.036 0.041 0.001 0.037 1.108

5 0 50 0001 0.068 0.025 0.067 1.015 -0.018 0.016 0.002 0.015 1.067

Tablo 1 incelendiginde,

Konum parametresi icin;

JFST dagiliminin simetrik ya da ¢arpik oldugu durumlarda, ML ve MML tahmin edicilerinin neredeyse
yansiz ¢iktig1 sdylenebilir. Ayrica 6rneklem hacmi arttikg¢a her iki tahmin edici i¢inde MSE degerlerinin
azaldig1 goriilmektedir.

JFST dagilimmin simetrik oldugu a=b=3 igin kii¢iik 6rneklem hacimlerinde, ML tahmin edicisinin
MML’ e gore ¢cok az da olsa etkin oldugu fakat drneklem hacminin artmasi ile ML ve MML tahmin
edicilerinin etkinliklerinin esit oldugu sdylenebilir. JFST dagilimmin Normal dagilima yakinsadig
degerler a=b=15 igin tiim 6rneklem hacimlerinde, ML ve MML tahmin edicilerinin etkinliklerinin egit
oldugu Tablo 1° den goriilmektedir.

JFST dagiliminin ¢arpik oldugu a=3 ve b=6,9 i¢in kii¢iik 6rneklem hacimlerinde, ML tahmin edicisinin
MML’ e gore daha etkin oldugu fakat 6rneklem hacminin artmasi ile ML ve MML tahmin edicilerinin
etkinlikleri arasindaki farkin azaldigi sdylenebilir. JFST dagilimi c¢arpiklagtikca kiiclik drneklem
hacimlerinde MML tahmin edicinin yansizlik 6zelligini korudugu fakat ¢ok azda olsa etkinliginin
azaldig1 Tablo 1’ den goriilmektedir.

Olcek parametresi icin;

JEST dagiliminin simetrik ya da g¢arpik oldugu durumlarda, ML ve MML tahmin edicilerinin kiigiik
orneklem hacimlerinde az da olsa yanli ¢iktiklar1 fakat 6meklem hacmi arttikga yan miktarlarinin
azaldig1 sdylenebilir. Ayrica 6rneklem hacmi arttikca her iki tahmin edici igcinde MSE degerlerinin
azaldig1 goriilmektedir.

JFST dagiliminin simetrik oldugu a=b=3 ve a=b=15 i¢in kii¢iik 6rneklem hacimlerinde, ML tahmin
edicisinin MML’ e gore daha etkin oldugu fakat 6rneklem hacminin artmasi ile ML ve MML tahmin
edicilerinin etkinlikleri arasindaki farkin azaldigi Tablo 1’ den goriilmektedir.
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JFST dagiliminin ¢arpik oldugu a=3 ve b=6,9 i¢in kii¢iik 6rneklem hacimlerinde, ML tahmin edicisinin
MML’ e gore daha etkin oldugu fakat 6rneklem hacminin artmasi ile ML ve MML tahmin edicilerinin
etkinlikleri arasindaki farkin azaldig1 sdylenebilir.

Ayrica, JFST dagilimmin carpik oldugu biiyiik 6rneklem hacimleri (n>100) i¢in gerceklestirilen MC
simiilasyonu sonucunda konum ve 6l¢ek parametresinin ML ve MML tahmin edicilerinin etkinliklerinin
esit oldugu goriilmiis fakat Tablo1’ de verilmemistir.

5. SONUC VE TARTISMA

Bu galigmada ¢ift tarafli Tip II sansiirlenmis 6rneklemler i¢in JFST dagilimmin konum ve dlgek
parametrelerinin ML ve MML tahmin edicileri elde edilmistir. Ayrica, MC simiilasyonu kullanilarak
ML ve MML tahmin edicilerinin etkinlikleri karsilastirilmis ve kii¢iik 6rneklem hacimlerinde MML
tahmin edicisinin neredeyse ML tahmin edicisi kadar etkin ¢iktig1 ve biiylik 6rneklem hacimlerinde ise
ML ve MML tahmin edicilerinin etkinliklerinin esit oldugu goriilmistiir.

Bu ¢alisma sonucunda, ML tahmin degerleri elde edilirken karsilagilabilecek hesaplama zorluklarindan
kaginmak igin iteratif yontemlere ihtiyag duymayan ve drneklem hacmi arttikca ML ile ayn1 sonuglar
veren MML tahmin edicilerinin kullanilabilecegi gosterilmistir.
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