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Abstract

In this paper, we establish the general summability factor theorems related to generalized absolute
Cesaro summability |C, a, 8|, and absolute factorable matrix summability |Af, <Pn|k methods for k > 1,

a + B > —1, where (¢,,) is arbitrary sequence of positive real constants and A = (ay,,) is a factorable
matrix such that a,,, = d,a, for 0 < v <n, a,, =0 for v >n, (a,) and (a,,) are any sequences of
real numbers. Also, absolute factorable summability method includes all absolute Riesz summability
and absolute weighted summability methods in the special cases. Therefore, not only some well known
results but also several new results for absolute Cesaro and weighted means are obtained as corollaries.

Keywords: Absolute Cesaro summability, Factorable matrix, Matrix methods, Sequence spaces,

Summability factors.

1. Introduction

Let ) x,, be a given infinite series with sequence of
partial sums (s,) and A = (a,,) be an infinite matrix
of complex numbers. By A(s) = (A4,(s)), we denote
the A-transform of the sequence s = (s,,), i.e.,

o]

An($) = ) anysy

v=0

which converges for n = 0.
The nth (N, p,,) weighted mean of the sequence (s,,) is

given by
n
1
T, = EZ PvSvs
v=0

where (p,,) is a sequence of positive real constants such
that B, = Yy-opy 2> © a8 n—->w (P_y=p_,=0).
Let (¢,) be any sequence of positive real constants.
Then the series Y x, is said to be summable
IN, D, @nlic, k = 1, if (see [1])

D@ T =Tl <o (D)

n=1

Note that IIV,pn, Pn/pnlk = |Nlpn|k and |1V'pn'n|k =
|R, pp |1, which are defined by Bor and Sarigél in [2,3].

89

Taking account of
n
o
T,—Th1 =—— P,_
n n-1 PP, Z v=1%Xy

the relation (1.1) can be stated as

© n
E _ p z
(‘pn)k ! P Pn Py_1xy
ntn-1
n=1 v=1

An appropriate extension of (1.2) to a factorable matrix
would be as follows [4]. Let Ar = (a,,) denote the
factorable matrix defined by

k
<. (1.2)

a ={dnav, 0<v<n,
nv 0, v>n,

where (@,) and (a,,) are any sequences of real numbers.
Then the series ¥ x,, is said to be summable |Af, @,
k > 1,if (see [4])

i ()

Pn
nPn-1

summability is equivalent to |N, p,,, @, |, summability.

k,

n k

an 2 a'lixli

v=1

< oo,

If we take a,

and a, = P,_,, then |4, <pn|k
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Borwein [5] has introduced the nth generalized Cesaro
mean (C, a, B) of order (a, §) with @ + § > —1, of the
sequence (s,) by

ZA(I IAESV,

where A2 = 0(ne*F), a + B > -1, AT =1,

A% = —("‘“)(“jj) @ ond A%F =0,n > 1.

a+ﬁ

a+p _

Obviously, (C, «, 0) is the same as (C, «) whereas

(C,0,8)is (C,0).

We write r,‘f’ﬁ as the (C,a,B) transform of the

sequence (nx,), i.e.,
n
Z AL APy,

v=1

Q,
Tnﬁ =

+B
Ay

Then, the series Y, x,, is said to be summable |C, a, Bk,
k>=1,fora+ p > —1,if (see [6])

=1

e

Z |Tn'
n=1

The summability |C, a, B|, includes all Cesaro methods
in the special cases. For example, if we take § =0,
a=0 and a =1, then the summability |C,a,B|x
reduces to |C, a|, defined by Flett in [7], to |C, 0], and

the absolute Riesz summability |R,p,|, with p, = Aﬁ
for 8 = 0 [3].

Throughout this paper, k* denotes the conjugate of
k>1,ie,1/k+1/k*=1,and1/k*=0fork =1.
Let X and Y be two summability methods. If ) €,x,, is
summable by the method Y whenever Y. x,, is summable
by the method X, then we say that the sequence
e = (&,) is a summability factor of type (X,Y) and we
write € € (X,Y). Also, note that if e =1, then 1€
(X,Y) means the comparisons of these methods, where
1=(1,...),ie, Xcv.

Absolute summability factors and comparison of the
methods related to |N,p,|, and |C,a|, were widely
studied by many authors [8-12]. We refer the reader to
[11-13] for the most recent work in this topic. Also the
Cesaro series spaces have been defined as the set of all
series summable by absolute Cesaro summability
methods in [14-16].

2. Results and Discussion

The aim of this paper is to characterize the sets
(lC’ alﬁll |Af’(pn|k)| k 2 1 and

(|Af,(pn|k,|C,a,ﬁ|),k>1 for a+p>-1. As a
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direct consequence of these results, we also obtain
various new results as corollaries.

We use the following lemmas to prove our results.
Lemma 2.1. Let 1 < k < oo. Then, A(x) € ¢ whenever
x €y ifand only if

where £ = {x = (x,) * Tolx,|* < o0}, £ = £, [17].
Lemma 2.2. Let 1 < k < . Then, A(x) € ¢, whenever
x € Cifand only if

0
supZIanvlk < o0,
v n=0

Lemma2.3. Letu>—-1,1<k <owand 1 < u. Then,
fork =1,

[18].

£ - {O(U““l), A<-1
v lo(wH), A> -1
and
o(wv™ 1, A< -1/k
o(w *tlogv), A1=-1/k
O(v=kutkd) 1> —1/k

E, =

2 k
for1 < k < oo, where E,, = Z;‘;;,,W;"lk forv>1,[9].
n(ak)

n

Now, we are ready to prove the main theorems.

Theorem 2.4. Let k> 1 and @+ > —1. Then the

necessary and sufficient condition for
e € (IC,a, B, |Ar, ) is that
a,s,A
sup Z oK a,rart? Z s ‘;r <w. (2.1)
" n=r UA

Proof. Let t™* be the nth (C,a, ) mean of the
sequence (nx,) and define the sequence (y,) by

- 1 4B
i nAwZA%vA

v=1
n=1

and Yy, = Xg- (2.2)
So, Y x,, is summable |C,a, 8] iff y = (y,) € £. Also,
by inversion of (2. 2) We have for n > 1

e Z A7 WA Py, 2.3)
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Using definition of factorable matrix A, we define the
sequence (3,) by

n

Z aUxUSU )

v=1

1/k*

In = @n Yo = €oXo-

This gives us that ¥ &,x, is summable |Ay, <Pn|k iff
= (yn) € .

Hence, in view of (2.3), we get for n > 1,
n

1/k* »
y = @n an Z Ay€y Xy
v=1
n 1 v
= (p‘rll/k an Z ay&y —Z A;ar_ercH—Byr
— vA
n
a,&,A
= a2, ) (TAMZ — ;T )yr
r=1 VA
n
= Z dnr Yr
r=1
where
1/ka a+ﬁzav€v ;r 1<r<n
dnr = 'UA'B

0,r > n.
Then, ¥ &,x, is summable |4, (pn|k whenever ¥ x,, is
summable |C, a, 8| if and only if § € £, whenever y €

¢. Hence using Lemma 2.2, we obtain that €€
(IC,a Bl |47, @nl,) ifand only if

sup z 1/k* A a a+[3’zav€v v— r
. Dn nT vAﬁ

n=r
which completes the proof.

Theorem 2.5. Let k> 1, a+f>-1 and > —1.
Then the necessary and sufficient condition for

e € (|4, onl,,1C, @ Bl) is that

22

where Q = (Q,,,) is defined by

A%Z,%Ag Ve,
Qpy =

Kt
Qmj ) < o, 2.4

nAa+ﬁ 1/k*

A%Z%—1A5+1 (+Deypyq

,1<v<n

’
ay Ay+1

0,v>n.

Proof. Let (¥,) denote the sequence defined by
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n

anz a,x,,n =1,and y, = xy. (2.5)

v=1

k*
=g,/

Yn

So, we can write that X x, is summable |4, ¢, iff

V= () € €. By inversion of (2.5), we obtain for
n=>1,
1 y Vn-1
xn=—< 1/: — T ) (2.6)
§0n n-1 An-1

Also let (u%*) be the nth (C,a,B) mean of the
sequence (nx,&,), i.e.,

apB _

n

z A% ,ﬁABvsvxv

v=1

u Aa+ﬁ

n
If we define y = (y,,) by

ap

n
n

u

n
1
Y = = W Z AL Afvs,,x,,,

v=1

then, we say that ) e,x, is summable |C,a,p]| iff
vy = (y,) € £. Hence, by virtue of the (2.6), we get for
n=>1,

_ 148
Vp = nA'”BZAa A, veyx,
1 ﬁ }717
a+ﬁZA% VAVUEV ( 1/k* A
Tl (pli
Azt Al ve, 3,

ay
1
y At

+
nAa A ~ a0,

VAL AP (v + 1)ev+1yv>

Yv-1
1/k* A
(py 1 a‘l) 1

)

av

1/k*
Ay 1Py

A%Z 1A 1 €150

nAle;algo;/k a,

1 Ae=1AB e,
+ a+p
nA,

a
v=1 v

AgT 1Al (v + Dy 4
- 1/k* wiy
17

Ay+1

v=0 Ay

where D = (d,,,) is defined by

=
nAZwal(p;/k*ao‘
1
nA“F ! a,
0, v>n,
and Q = (Q,,) is as in Theorem 2.5.

v=0,n=1,

dnv
O, 1<v<n
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Then, Y. ,x, is summable |C,a,B| whenever Y. x,, is
summable |Af,<pn|k if and only if y € ¢ whenever
¥ € €. Hence in view of Lemma 2.1, we obtain that
e € (|4, <pn|k,|C, a,B]) ifand only if

v=1 \n=v
© K*
(Z A%z }Aﬁel >
T /K"
4 [nA;, ﬁal 0¥ a,

0

+Z i 1 A=14B pe,
L\& nAa+ﬁ(p1/k*a\v a,
Kt
Atrzl 111 1Av+1(v + 1)€v+1
Ayi1
< 00,

An1

Since Y- A

< oo from Lemma 2.3 , we get that

(2.4) holds, which completes the proof.

3. Conclusion

Our results have several consequences depending on
a, B, (@,) and (a,) .

If we consider the special case € = 1 in the Theorem 2.4
and Theorem 2.5, we have following results dealing
with comparison of summability fields of methods
IC,a, Bl and |4y, ¢n] -

Corollary 3.1. Let k=1 and a+ B > —1. Then,
IC,a, Bl c |4, (pnlk if and only if

1/k a+f av 17
sup E a,rA, E
T " UAB

Corollary 3.2. Let k>1, a+8>—-1 and g > —1.
Then |4, (pn|k c |C,a,B| if and only if

92

1

a+p

<A;§:§A{j v
v

ay
K"
) < "
Pn

Taking a@, = " P,_; in the Theorem 2.4 and
nn-1
Theorem 2.5, we get the following results, respectively.

22 e
v=1 <n a

v Py
_ A AP v+ 1))

Ay+1

na,

y Ay =

Corollary 3.3. Let k=1 and a+ 8 > —1. Then the
necessary and sufficient condition for
e € (IC,a, B, IN,py, @nli) isthat

d n —a-1|"
Pn erz+ﬁ Z Pv—lgvAv—r
PnPn—l " et UAf

sup E
r
< o0,

1/k*
o

n=r

Corollary 3.4. Let k> 1, a4+ >—-1 and g > —1.
Then the necessary and sufficient condition for ¢ €

(lNi pnt (pnlk; |C; a,,BD iS that

0

Pvpv 1
Ay

A 1A,,+1(v+1>sv+1>

A=14B e,
Py Pv—l

F,

i

If we take f = 0, Theorem 2.4 and Theorem 2.5 reduce
to the next results, respectively.

< o0,

Corollary 35. Let k>1 and a > —1. Then the

necessary and sufficient condition for
g€ (|C,al, |Af, <pn|k) is that
0 n
a,e,A;%1
sup Z Qe anrA“Z% <
T n=r v=r

Corollary 3.6. Let k>1 and a > —1. Then the

necessary and sufficient condition for
€€ (|Af, <pn|k, |C, al) is that
i zoo: A%Zlye,
- — nAg e, 1/k ay ay
o
A%—v—l(v+1)5v+1)
- < 0.
Ay+1
Also, taking @, = —"—  a, = P,_, in the Corollary
PpPn—q

3.5. and Corollary 3.6, we have:
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Corollary 3.7. Let k=1 and a > —1. Then the

necessary ~ and sufficient condition for
€ € (IC,al, IN,pp, @uly) is that
N Py e, Aye ]
1/k*_Pn az v—1€py_r
su — 714 —| <
rp Z Pn PP, 4 v
n=r v=r

Corollary 3.8. Let k>1 and a > —1. Then the

necessary and sufficient condition for
& € (IN,ppn, @nlk, |C, al) is that
Z Z PP,y <A% V€
k*
= nAfe, 1/ Dy P,y
A%:%—l(v+1)gv+l)
- < 0.
P,
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