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ABSTRACT. A graph G is edge colored if different colors are assigned to its
edges or lines, in the order of neighboring edges are allotted with least diverse
k-colors. If each of k-colors can be partitioned into color sets and differs by
utmost one, then it is equitable. The minimum of k-colors required is known
as equitably edge chromatic number and symbolized by x_(G). Further the
impression of equitable edge coloring was first initiated by Hilton and de Werra
in 1994. In this paper, we ascertain the equitable edge chromatic number of
Py ® Pn, P, ® Cp, and Kl,m®K1,n»

1. INTRODUCTION

In the midst of various coloring concepts of graphs, the motive of equitability
in edge coloring on tensor product of graphs is an inventive approach. Graphs
considered in this paper are of simple finite sets V' and E. Each element of V'
is called its vertices and the elements of E are called its edges, which are the
unordered pair of vertices. Therefore G(V, E) is a graph. We use the standard
notation of graph theory The minimum number of colors needed to color
edges of a graph G is utmost its maximum degree. Since all edges incident to the
same vertex must be alloted with distinct colors. Noticeably x' (G) > A (G). In
1964, Vizing conjectured that for every simple graph x' (G) < A(G) + 1. In
1973, Meyer [4] presented the concept of equitable vertex coloring and its equitable
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chromatic number, which opened the way for introducing equitability in the fields
of edge and total coloring.

The concept of equitable edge coloring was defined by Hilton and de Werra [5]
and the tensor product of graph was defined by P.M.Weichsel [6]. We have merged
both these conception and resolute the equitable edge chromatic number of P, ® Py,
P,,®C,, and K1, ®K; . The combined component of each of these graphs enlarges
as a new structured graph and has wider applications in the areas of networks,
scheduling and assignment domains.

2. PRELIMINARIES

Definition 2.1. An edge coloring of a graph G is a function f : E(G) — C,
where C is a set of distinct colors. For any positive integer k, a k-edge coloring
is an edge coloring that uses exactly k different colors. A proper edge coloring of
a graph 1s an edge coloring such that no two adjacent edges are assigned the same
color. Thus a proper edge coloring f of G is a function f : E(G) — C such that
f(e) # f(e') whenever edges e and €' are adjacent in G.

Definition 2.2. The chromatic index of a graph G, denoted x'(G), is the minimum
number of different colors required for a proper edge coloring of G. The graph G is
k-edge-chromatic if x'(G) = k.
Definition 2.3. For k-proper edge coloring f of graph G, if ||E;| — |E;|| < 1,
i,7 =0,1,2,...,k — 1, where E; (G) is the set of edges of color i in G, then f is
called a k-equitable edge coloring of graph G, and

X_ (G) = min {k : there exists a k-equitable edge-coloring of G}
is called the equitable edge chromatic number of graph G.

Definition 2.4. [0/ The tensor product of G and H is the graph, denoted as GQ H,
whose verter set is V (G) @ V(H) =V (G® H), and for each vertices (g,h) and
(¢',h') are adjacent precisely if g¢' € E(G) and hh' € E (H). Thus

V(GeH) = {(g9,h) /g€ V(G) and he V (H)}

E(GeH) = {(g.h) (4. h)/99" € E(G) and hh' € E(H)}.
Lemma 2.5. [1] For any simple graph G (V, E), x_ > A (G).
Lemma 2.6. [1]] For any simple graph G and H, x_ (G) = X' (G), and if H C G,

then x' (H) < x' (GQ), where x__ (GQ) is the proper edge chromatic number of G. So
Lemma[27] and Lemma[2.8 are obtained.

Lemma 2.7. For any simple graph G and H, if H is a subgraph of G, then
xZ (H) < xZ(G)
Lemma 2.8. For any complete graph K, with order p,

=1( mod 2)
D L ,
X= (Ky) {p—l, p=0( mod 2),
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Lemma 2.9. [7] Let G(V,E) be a connected graph. If there are two adjacent
vertices with mazimum degree, then X', (G) > A(G) + 1.

3. MAIN RESULTS

Theorem 3.1. Form <n, x_ (P, ® PF,) =4.

{v; :1<j<n}. By the

Proof. Let V (Pp,) = {u;:1<i<m} and V(P,) =
1<i<m,1<j<n}and

definiton of tensor product, V (P, ® B,) = {w;v; :

m—1 m—1
E (Pm (9 Pn) = U {uiv]‘,ui_,_lvj_kl 1<5<n—- 1}U U {uivj,ui_klvj_l :2<5< n}
=1 =1

Let eg)(5),(k)@) be the edge of P, ® P, connecting the vertices u;v; and ugv; of

Therefore em G,k € F (P, ® B,) if and only if |k —i| = |l — 4| = 1. Since
P,, ® P, is isomorphic to P, ® P,,. Without loss of generality, we assume m < n
for all cases of m and n. Now let us partition F (P, ® P,) for the following cases.
Case (i) Both m and n are odd

7n2—1 n;l m;l n;l

By = €(24)(2j-1),(2i-1)(24) U{ U €(24)(24),(26+1)(25+1)
i=1 \j=1 i=1 \ j=1
7n2—1 n;l m;l n;l

By = €(2i-1)(25-1),(2i)(24) U U €(20+1)(24),(20)(25+1)
=1 \Jj=1 i=1 \ j=1
nz;l n;l m2—1 n;l

By = U €(20+1)(25-1),(20)(25) U €(2i—1)(24),(2i)(25+1)
i=1 \j=1 i=1 \j=1
7n2—1 n;l m2—1 n;l

By = U €(20)(2j-1),(2i+1)(24) U U €(24)(25),(2i—1)(2j+1)
i=1 \j=1 i=1 \j=1

In this partition |E)| = |Es| = |E3| = |E4| =2 (mT_l
and satisfies || E;| — |E;|| <1 for i # j.
Case (ii) When m is odd and n is even

~—
—
S
||
[
~—

m—1 n m—1 n—2
2 2 2 2
B = U U €(2i)(25—1),(2i—1)(25) U U €(24)(24),(2i+1)(2j+1)
i=1 \j=1 i=1 \ j=1
m—1 n m—1 n—2
2 2 2 2
Ey = U €(2i—1)(25—1),(21)(25) U U €(2i+1)(27),(2i)(25+1)
i=1 \j=1 i=1 \ j=1
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m—1 n m—1 n—2
p) 2 P) =

By = Ue(2i+1)(2j—1)7(2i)(2j) U €(2i—1)(24),(2i)(2j+1)
i=1 \j=1 i=1 \j=1
m—1 n m—1
2 2 2 2

Er = U [Ueeoe-neren | ¢U U €(20)(27), (2i—1)(24+1)
i=1 \j=1 =1 \j=1

In this partition |Ei| = |Eo| = |E3| = |Ea| = (252) (2) + (221) (252)
which infers ||E;| — |E;|| <1 for i # j.
Case (iii) When m is even and n is odd

m n—1 m—2 n—1
2 2 2 2

By = U €(2i)(25—1),(2i—1)(25) U U6(2i)(2‘7'>,(2z'+1)(2j+1) }
i=1 \ j=1 i=1 \ j=1
m n—1 m—2 n—1
2 2 2 2

By = U €(2i—-1)(25-1),(2i)(27) U U€(2z+1)(2j) (2i)(25+1)
i=1 \ j=1 i=1 j=1
m—2 n—1 m n—1
2 2 2 2

Bz = ¢ <U6<2i+1)(2j—1),(2i)(2j) U U [ U eei-veineein }
=1 \j=1 i=1 \ j=1
m—2 n—1 m n—1
2 2 2 2

Es = S U | Ueerei-vemen | tUSU | U eenen.ei-neim }
=1 \j=1 i=1 \ j=1

In this partition |E1| = |Eo| = | B3| = |Ea| = (252) (252) + (2) (252)
which facts that ||E;| — |E;|| < 1 for ¢ # j.
Case (iv)Both m and n are even

2
€(2i)(2j—1),(2i—1)(24) U U

1 i=1

<
3
3
|
M)
3
|
N

By o= €(2i)(2),(2i+1)(25+1)

-

<
Il
[

s
Cw

8
I
A

J

%
U€<2i—1)(2j—1)7<2i)(2j> U

Jj=

g
.- (i
i

3
|
¥
3
|

s
Cw

8
I
i

By = €(2i+1)(2)),(20)(2+1)

,_.
~
Il
—
3 .
Il
[SI-

Q
5
3
i

)
)

2
€(2i+1)(25—1),(20)(25) U U €(2i—1)(25),(2i)(25+1)

Cw

1

<.
m =
-
Il
—
3 <.
Il
m =

L

S
S

NN

2 2
U€(2z‘)(2j—1>,(2i+1)<2j> U U U€(27)(2J) (2i—1)(2j+1)

Jj=1 =1 \ j=1

Ey =

1

<.
I

—_— —— Y—— Y—
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In this partition |Ey| = |Ea| = (2) (2) + ( m=2) (252)
and |E3| = |Es] = (52) (2) + (2) (%2 ) which signifies ||E;| — |E;|| < 1 for
1 7.

In all the cases by observing the suffixes of the edges of E; and E; (i # j), it
is inferred that there is no common edges in E; and E; (4 ;é j). ie, E;NE; = ¢

for i # j. Clearly FE;’s are pair wise mutually disjoint, also U E, =E(P,®P,).

Here P, ® P, is equltably edge colorable with 4 colors. Hence X_ (Pn®P,) <4
Since A = 4, we have x_ (P, ® P,) > X' (Pn®P,) > A = 4. This implies
X_ (P ® Pn) > 4. Therefore x_ (P, ® Pn) =4. ]

Theorem 3.2. Form <n, x_ (P, ®C,) =4

Proof. Let V(Py,) = {u;: 1 <i<m} and V(C,) = {jzlgjgn}. By the
definiton of tensor product V(Pyn®Cy) ={uv;:1<i<m,1<j<n}and

E(P,®C,) = U {uvj, uip1vj41: 1 < j <n-—1}U U {uvj, uip1vj1 : 2 <j <n}

U U {u;v1, wip10n} U U {wivi, ui—1vn}. Let e, be the edge of P, ® C,

connectlng the vertlces uzv ; and ugv; of P, ® C,.

Therefore e;(j),()1) € E (Pm ® Cp) if and only if |k —i| = |l —i| = 1. Since
P, ® C,, is isomorphic to C,, ® P,,. Without loss of generality, we assume m < n
for all cases of m and n. Now let us partition E (P, ® C,,) for the following cases.
Case (i) Both m and n are odd

m—1 n—1
2

U U €(2i)(25-1),(2i-1)(25)

i=1 \ j=1

Ey

2
U U €(24)(24),(2i+1)(2j+1)

s
I
—

-

{e 2i+1)(1),(20)(n):1<i< ’"51}

( €(20-1)(25-1),(29)(24)

{6(21)(1) (2i+1)(n):1gig%}

0 (9

n—1
2

U €(2i+1)(25),(20)(2j+1)

Jj=

-
3
|

m—

.

&
Il
-

5
Il
——
Cm
-

<.
=
—

C

n—1
2

€(2i+1)(25-1),(20)(24) U €(2i-1)(24),(2i)(25+1)

S|

w

I
/—’H

HC

|
|
|
|

~ \_/ ~

~—— N—— N——
ey

~ ~/ ~

~ N~ ~

N—— N—— N——

=1 j=1
U {e 2i)(1), (21 1)(n)1<i<mzt }
m— n— m—1 /n—1
2 2 2 2
Ey = { €(2i)(2j—1),(2i+1)(25) U U €(20)(24),(2i—1)(2j+1)
i=1 j=1 i=1 j=1
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U {e(%*1)(1),(2i)(n):1Si§% }

In this partition |E1| = |Ea| = | B3| = |[Eq| = 2 (252) (251) + (271).
and deduce that ||E;| — |E;|| <1 fori# j
Case (ii) When m is odd and n is even

m—1

n m-1 /n_2
By = U Ue(%)@j—l)v(%—l)@j) U U Ue(2i)(2j),(2i+1)(2j+1)
i=1 \j=1 i=1 \ j=1
U {e<2¢+1)<1>,<2i><n>:193%}
m—1 n m—1 n—2
2 2 2
B = yU (U

<
Il
—
[
—~
®
IS
—
Z
=
®
<
—
=
PN
[
S5
=
=
®
S
=

n
2

Bs = <

U €(2i+1)(27-1),(21)(25)

Jj=1

(24)(1),(2i—1)(n):1<i< ™1 }

3
L_J €(2i)(25—1),(2i+1)(25)

. _om—

=1 Jj=1
U{6(21—1)(1),(21)(n):1<1< }
In this partition |Ey| = |Es| = |E3| = |E4| = (%) (%)—&—(—’1) (”—*2
il = [Ejll <1 fori# j

ase (iii) When m is even and n is odd

m

n—1
2

m—2 n—1
2 2
= (U Ueerci-nenen | (Us U | U eeen e 2g+1)
i=1 \ j=1 i=1 Jj=1
U {e(2z’+1><1),(2z')<n>:1§7¢s m=2 }
C Arn mE2 et
= U U €(2i—1)(2j—1),(2i)(25) U €(2i+1)(2 )(2541)
i=1 \j=1 i=1 \j=1
U {e<2i><1>,<2i+1)<n>:19s%}

-
P T
o
(-
—— /-‘“‘-5 ——
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— — —
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LCH,
g
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s
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n—1 m
‘2 2 2

B = ¢ U | Ueerveneen |  UJU | U eei-neneaci
i=1 j=1 i=1

U{e(2z)(1 (2i— 1)(n):1§i§%}

7n 'n. 1 {

n—1

U €(24)(24),(2i—1)(25+1)
j=1

By = U U%) (25—1),(2i+1)(24)

1=

Tk

—

e(2z 1)(1),(2i)(n):1 ZS%}

In this partition |E1| = [Ep| = () (*57) + ("52) ("37) + ("52),

|Es| = [Ea] = (252) (%57) + (%) (%5%) + (%) and verifies that [|E;| — |Ej|| < 1
for i # j.

Case (iv) Both m and n are even

3
|
M)
3
|
N

m n
2

B = U Ueenei-n.e-ne

i=1 \j=1

U{ €(2i4+1)(1),(2i) (7):195%}

LJe(2Z 1)(25—1),(24)(2)

e |

N‘

-
.

s
Il
=

€(24)(25),(2i4+1)(25+1)

<.
Il
Jan

E,

U €(2i)(1),(2i+1) (n):1<i< 52

B - {U

T

U {e )(1),(2i—1)(n):1<i< 2 }

{6(21 1)(1),(24)(n):1<4 gg}

In this partition |E1| = [Ea| = (%) (
2
2

| =
B3| = |Eal = (252) (3) + (%) (%52
for i # j.
In all the cases by observing the suffixes of the edges of E; and E; (i # j),

it is inferred that there is no common edges in E; and E; (i # j) and implies

<
S
N
N

N

€(2i+1)(27-1),(21)(25) €(20-1)(24),(29)(25+1)

-
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s
Il
—
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—

m

n—2
2

3
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U €(20)(2j—1),(2i+1)(2))

o
-
=,

s
Il
-

U €(2i)(25),(2i—1)(25+1)
j=1

<.
=

I
T
i
RS PR (\ —
Il vl |
= )

)
)
)

3)+ (#52) (%57) + (#52) and
)+ (%) which is evident that || E;| — |E;|| < 1
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4

E;,NE; = ¢ for i # j. Clearly Ejs are pair wise mutually disjoint, also |J E;
i=1

= E (P, ®C,). Here P,, ® C, is equitably edge colorable with 4 colors. Hence

X_(Prn ® Cp) < 4. Since A =4, XL (P, ®C,) > X' (P, ®Cy) > A = 4. This

implies x_ (P, ® Cy,) > 4. Therefore x_ (P, ® C,) = 4. O

Theorem 3.3. For any positive integer m and n, x_ (Kl,m & KLH) =mn.

Proof. Let V (K1) = {uot U{wi: 1 <i<m}landV (Ky,)={vo}{v;:1<j<n}
By the definition of tensor product,
V(Kim®@Kip) ={uv; :0<i<m,0<j<n}and

E(Kl,m & Kl,n) - { U (UOU07uivj) 1 S] < Tl} U{ U {(uivg,uovj) 1 S] < Tl}
e |

= =1
Let e (j),x)(1) be lthe edge of K1, ® K1 conneéting the vertices u;v; and upv;
of the tensor product of star graphs. Since K ,, ® K 5, is isomorphic to K1 5, @K1 m,.
Without loss of generality, we assume m < n for all cases of m and n.
Now we partition the edge set of E (K1, ® K1 ) as

B = {e(oxox(r%])((k—l mod n)+1)} U {‘/’((%mox(ox(k—l mod n>+1>} y1sk<mn

Clearly each of edge classes E1, Es, . .. E}, are independent sets of E (K7, @ K1),
such that |E1| = |Ey| = 2. It satisfies the inequality ||E;| — |E;|| < 1 for every pair
(4,7). This implies

Xl: (Kl,m ® Kl,n) é mn. But XI: (Kl,m & Kl,n) 2 X/ (Kl,m & Kl,n) 2 mn.
Therefore x_ (K1,m ® K1,,) = mn. ]

4. CONCLUSION

The equitable edge coloring of tensor product of graphs is a new inventive ap-
proach and this field of research is wide open. The equitable edge coloration of
Mycielskian of some graphs are obtained by Vivik and Girija [§]. The proofs pro-
vided in this paper establishes an optimal solution for the equitable edge coloring
of tensor product of two different paths, paths with cycles and two star graphs.
It would be further interesting to discern the bounds of equitable edge coloring of
tensor and other product of graphs.
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