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Abstract - In this paper, we defined difference of two gen- Keywords -  Generalised
eralised fuzzy soft sets, generalised fuzzy soft exterior, gener- fuzzy soft set, Generalised fuzzy
alised fuzzy soft boundary and studied some of their basic prop- soft topology, Generalised fuzzy
erties. Finally, we introduced the notion of generalised soft quasi- soft exterior, Generalised fuzzy
coincidence for generalised fuzzy soft sets and studied some basic soft boundary, Generalised soft

properties of this concept. quasi-coincidence.

1 Introduction

In many complicated problems of the fields of engineering, social sciences, economics,
computer science, medical science, environmental science etc, the associated data are
not necessarily crisp, precise and deterministic because of their vague nature. To handle
such vagueness, L.A. Zadeh [10] in 1965, was the first to come up with his remarkable
theory of fuzzy set. Zadeh’s theory brought a grand paradigmatic change in mathe-
matics but this theory has its inherent difficulties possibly due to the inadequacy of
parameterization tool of the theories as pointed out by Molodtsov in [6]. To deal with
uncertainties and imprecisions, in 1999, Molodtsov [6] introduced a new mathematical
tool called "soft set theory”. This new concept is free from the above mentioned diffi-
culties.

In recent times, the process of fuzzification of soft set theory is rapidly progressed.
In 2001, Maji et al.[3] introduced the fuzzy soft set. Topological structure of fuzzy
soft sets was started by Tanay and Burc kandemir [8]. The study was pursued by
some others [2, 7]. In 2010, Majumdar and Samanta [4] introduced generalised fuzzy
soft sets and successfully applied their notion in a decision making problem. Yang [9]
pointed out that some results of Majumdar and Samanta [4] which are not valid in
general. Chakraborty and Mukherjee [1] introduced the generalised fuzzy soft union,
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generalised fuzzy soft intersection and several other properties of generalised fuzzy soft
sets. In the same paper they introduced ” generalised fuzzy soft topological spaces” over
some soft universe with a fixed set of parameters. In our present article, we introduced
difference of two generalised fuzzy soft sets, some operators like generalized fuzzy soft
exterior, generalised fuzzy soft boundary and studied some of their basic properties.
Finally, we introduced the notion of generalised soft quasi-coincidence for generalised
fuzzy soft sets and studied some of its basic properties.

2 Preliminaries

Throughout this paper X denotes the initial universe, £ denotes the set of all possible
parameters for X. P(X) denotes the power set of X, I* denotes the set of all fuzzy
sets on X, IF denotes the collection of all fuzzy sets on E, (X, E) denotes the soft
universe and I stands for [0, 1].

Definition 2.1 [10] A fuzzy set A in X is defined by a membership function g4 :

X — [0, 1] whose value 4 () represents the ” grade of membership” of z in A for z € X.
If A, B € I then from [10] we have the following:
(i) A< B & pa(z) < pplx), Vo e X;
(i) A= B < pa(z) = pp(z), Vo e X;
(iii) C = AV B & uc(x) = max(pua(z), pp(z)), Vo e X;
(iv) D=AAB < up(z) =min(ua(z), up(x)), vz € X;
(V) E=A°<s pug(x) =1—pa(z), Ve X.

Definition 2.2 [5] For two fuzzy sets A and B in X, we write A¢B to mean that
A is quasi-coincident with B, i.e., there exists at least one point € X such that
pa(z) + pp(x) > 1. If A is not quasi-coincident with B, then we write AgB.

Definition 2.3 [6] Let A C E. A pair (f, A) is called a soft set over X if f is a
mapping from A into P(X), i.e., f: A — P(X).

In other words, a soft set is a parameterized family of subsets of the set X. For
e € A, f(e) may be considered as the set of e—approximate elements of the soft set
(f. A).

Definition 2.4 [3] Let A C E. A pair (F,A) is called a fuzzy soft set over X if
F: A — I is a function, i.e., for each a € A, F(a) = F, : X — [0, 1] is a fuzzy set on
X.

Definition 2.5 [4] Let X be the universal set of elements and E be the universal
set of parameters for X. Let F' : E — I* and i be a fuzzy subset of E, ie., pu: £ —
I =[0,1]. Let F, be the mapping Fu : B — IX x I be a function defined as follows:
E,(e) = (F(e), u(e)), where F(e) € IX and p(e) € IP. Then F), is called a generalised
fuzzy soft set (GF'SS in short) over (X, E).

Here for each parameter ¢ € E, F,(e) = (F(e), u(e)) indicates not only the degree
of belongingness of the elements of X in F(e) but also the degree of possibility of such
belongingness which is represented by pu(e).

Definition 2.6 [4] Let F, and G5 be two GFSS over (X, E). Now F, is said to be
a GF'S subset of C~7'5 or Gy is said to be a GFS super set of 15/L if

(1) p is a fuzzy subset of 0;
(ii) F(e) is also a fuzzy subset of G(e), Ve € E.
In this case we write Fu cC é(g.
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Definition 2.7 [4] Let F,, be a GFSS over (X, E). Then the complement of F,, is
denoted by F,* and is defined by F,” = Gy, where §(e) = pu‘(e) and G(e) = F¢(e),Ve €
E.

Obviously (F,)¢ = F,.

Definition 2.8 [1] Union of two GFSS E, and G, denoted by F, U Gy, is a

GFSS H,, defined as H, : E — I* x I such that H,(e) = (H(e),v(e)), Where H(e) =
F(e) vV G(e) and v(e) = p(e) Vi(e), Ve € E.
Let {(F.)a A € A}, where A is an index set, be a family of GF'SSs. The union of

these family is denoted by |_| (F.)x, is a GFSS H,, defined as H, : E — IX x I such

that H,(e) = (H(e),v(e)), Where H(e)= V (F(e))r and v(e) = V (u(e))r, Ve€ E.

AEA AEA

Definition 2.9 [1] Intersection of two GFSS F, and Gj, denoted by F, M Gy, is
a GFSS M,, defined as M, : E — IX x I such that M,(e) = (M(e),a(e)), where
M(e) = F(e) ANG(e) and o(e) = u(e) Ad(e), Ve € E.

Definition 2.10 [4] A GFSS is said to be a generalised null fuzzy soft set, denoted
by @y, if By : E — IX x I such that ®y(e) = (F(e),(e)), where F(e) =0 Ve € E and
f(e) = 0 Ve € E (where 0 denotes the null fuzzy set).

Definition 2.11 [4] A GFSS is said to be a generalised absolute fuzzy soft set,
denoted by 14, if 1a : B — I x I such that 1a(e) = (1(e), A(e)), where 1(e) = 1 Ve €
F and A(e) =1 Ve € E (where 1(z) =1 Vo € X).

Proposition 2.12 [1] Let £, G5 and H, be any three GFSS over (X, E), then the
following holds:

(1) F,n(GsuH,) = (F,NGs) U (F, N H,);

(2) F U (Gs N H,) = (F,UGs) N (F, UH,).

Proposnzlon 2.13 [1] Let F), and G are two GF'SS over (X, E). Then the following
holds: ) ) ) )

(1) (BN Gy = Fsu G
(2) (FLUGs) = FiMGs.

Definition 2.14 [1] Let T be a collection of generalised fuzzy soft sets over (X, E).
Then T is said to be a generalised fuzzy soft topology(GF'S topology, in short) over
(X, E) if the following conditions are satisfied:

(i) @y and 1 are in T}
(ii) Arbitrary unions of members of 7" belong to T’
(iii) Finite intersections of members of T belong to 7.

The triplet (X, T, E) is called a generalised fuzzy soft topological space(GFST-
space, in short) over (X, E).

Definition 2.15 [1] Let (X, 7, E) be a GF'ST-space over (X, E), then the members
of T are said to be a GF'S open sets in (X, T, E).

Definition 2.16 [1] Let (X, T, E) be a GFST-space over (X, E). A GFSS F, over
(X, E) is said to be a GF'S closed in (X, T, E), if its complement Fﬁ belongs to T

Definition 2.17 [1] Let (X, T, E) be a GF ST-space and F, be a GFSS over (X, E).

Then the generalised fuzzy soft closure of F, 1, denoted by F, u, 1s the intersection of all
GFS closed supper sets of F,.

Clearly, F is the smallest GF'S closed set over (X, E) which contains F
Deﬁnltron 2.18 [1] Let F, be a GFSS over (X, E). We say that (e eA)EF read
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as (e2, ex) belongs to the GFSS F, if F(e)(x) = a (0 < a < 1) and F(e)(y) = 0, Vy €
X\ {z} ule) > A ~

Definition 2.19 [1] A GF'SS F), in a GF'ST-space (X, T, E) is called a generalised
fuzzy soft neighbourhood of the generahsed fuzzy soft point (eg ,ex)E1n if there exists
a GFS open set G such that (e2,e))EG; C F.

Definition 2.20 [1] Let (X,7,E) be a GFST—Space. Let F, be a GFSS over
(X,E). The generalised fuzzy soft interior of F ., denoted by F 0 is the union of all
GFS open subsets of Fu.

Clearly, F S is the largest GF'S open set over (X, F) which contained in F, -

Theorem 2.21 [1] Let (X, T, E) be a GFST-space. Let F,, and G are GFSS over
(X, E). Then

) (@ D
(2) (FM)O Fy; ) )
(3) F, is GF'S open if and only if (F,)° = F};
() ED=(F);
(5) F, © Gs = (Fu)" £ (Gs)"
(6) (F,MGs)* = FIT1GY;
(7) FOUGY T (F, UGy

3 Generalised Fuzzy Soft Exterior, Generalised Fuzzy
Soft Boundary

In this section the concept of difference of two generalised fuzzy soft sets, generalised
fuzzy soft exterior and generalised fuzzy soft boundary are introduced and some of its
basic properties are studied.

Definition 3.1 Difference of two GF'SS Fu and Gy, denoted by F#\CNJC;, isa GFSS
H, = F, NG, defined as H(e) = F(e) A G°(e) and v(e) = pu(e) A d%(e), Ve € E.

Example 3.2 Let X = {x1, 20,23} and F = {e1, ey}
Let us consider the following GF'SS over (X, E)
F = {F,.(e1) = ({21/0.5,22/0.4,25/0.3},0.6), F,,(e2) = ({21/0.7,22/0.2,25/0.3},0.7) }
GC_{G5 (61) ({ZE1/07 ZL‘Q/OE) ZL‘3/06} 03) G5 (62) ({%1/04 132/06 133/09} 06)}
F, \G(; F, nGs = = {H,(e1) = ({21/0.5,22/0.4,23/0.3},0.3), H,(e2) = ({71/0.4,22/0.2, 23/0.3

Deﬁnltlon 3.3 Let (X,T,E) be a GFST-space. Let F, be a GF'SS over (X, E).
The generalised fuzzy soft exterior of F,, denoted by e:ct(F ), is defined as ext(F),) =
(F)°

Thus (e, ey) is called a generalised fuzzy soft exterior point of F if there exists a
GFS open set G; such that (e2,e))EGs C (F),)°.

Clearly, ext(E),) is the largest GE'S open set contained in (F),)°.
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Example 3.4 Let X = {x1, 20,23} and F = {e1, ey}
Let us consider the following GF'SS over (X, E)
Fy={F.(e1) = ({xl/O 5 xg/O 4 xg/O 3} 0. 6) (62) = ({ajl/O 7 x2/0 2 3:3/0 3} 0. 7)}
J = {J (61) ({xl/O 3 xz/O 4 x3/0 3} O 6) (~62) = ({x1/0.6,x2/0.2,x3/0.1},0 4)}
Let us consider the GEST T = {®y, 1, F, ', Gs, H,, J,} over (X, E).
Let us consider the following GF'SS over (X E).

= {M,(e1) = ({21/0.6,22/0.5,23/0.4},0.2), M, (e2) = ({71/0.2,22/0.4,23/0.6},0.5) }

Then My = {M, (e1) = ({71/0.4,25/0.5,23/0.6},0.8), M, (e2) = ({x1/0.8,22/0.6,23/0.4},0.5)}
Then (Mg)o, is the union of all fuzzy soft open sets contained in Mﬁ
That is ext(M,) = (Mﬁ)o = Oy UGs U J, = Gs.

Theorem 3.5 Let (X, T, E) be a GFST-space. Let ]:L and Gy are GFSS over
(X, E). Then

F,UGs) = ext(F,) M ext(G(;)
F ) Ueat(Gs) C ext(F, MGy).
proof: (1) Obvious.
(2) Let £, C Gs =
implies ext(Gy) C ext(
(3) Since ext(F,) = (Ff)° C ﬁ (by theorem 2.21(2))
By (2), ext(FC) C ext(e:pt(ﬁ' ). But (F,)° = ext(F[,f).
Hence (F,)° C ext(ext(F),)).
(4) It follows from the respective definitions.
(5) ext(E, U Gs) = ((F, UG5))° = (Fﬁ M G$)°, by proposition 2.13
= (F9)° 1 (G5)°, by theorem 2.21(6)
= ext(F ) ext(Gg)
(6) ext(F,) Uext(Gs) = (F )0 U (GS)° & (FC LI G$)°, by theorem 2.21(7)
= ((F, M G5) ) by proposition 2.13
= ext(F, N Gs).
Definition 3.6 Let (X, T, E) be a GFST-space. Let F, be a GFSS over (X, E).
The generalised fuzzy soft boundary of F),, denoted by (F), ) is defined as
(F,)b = F, M Fe.
Clearly, (E},)" is the smallest GF'S closed set over (X, F) which contains F),.
Remark 3.7 It follows from the above definition that the GF'SS F’“ and F 5 will
have same generalised fuzzy soft boundary.
Example 3.8 Let X = {x1, 29,23} and F = {e1, ey}
Iiet us consider the following GFSS over (X , E)
1, = {H (61) ({xl/O 7 x2/04 x3/0 5} O 5) ( 2) ({x1/06 :702/03 ZL‘3/O 4} O 5)}
J(7 ={J,(e1) = ({21/0.6,22/0.3,23/0.2},0.4), J,(e2) = ({1/0.5,25/0.1,23/0.1},0.3)}

™

8

~+~
A~~~

5)¢ C (F)° = (G5)° T (F9)° (by theorem 2.21(5)). This

(G
n):
Fe
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Let us consider the GF'ST T = {i)g, iA,FM, Gs, H,, jg} over (X, F).

Now FC:{F c( 1) = ({x1/0.3,22/0.7, 23 /0.8}, 06) C( 9) = ({£1/0.4,22/0.9,23/0.6},0.5) }

ffﬁ:{H “(e ) ({%/03 $2/06 $3/05}05) (e ) ({%/04 $2/07$3/06}05)}
={Jo°(e1) = ({71/0.4,25/0.7,23/0.8},0.6), ch(eg) = ({21/0.5,25/0.9,23/0.9},0.7) }

Clearly, F;, G§, Hy;, J; are GF'S closed sets.

vy Yo

Let us consider the following GF'SS over (X, E).
M, = {My(e) = ({21/0.6,22/0.5,23/0.6},0.4), M,,(e2) = ({21/0.7,22/0.4,25/0.3},0.7)}
My = {M,"(e1) = ({71/0.4, I2/0.5,I3/0.4},_0.6),Mnc(62) = ({71/0.3,22/0.6,23/0.7},0.3)}
Then the GF'S closure of Mm denoted by Mn, is the intersection of all GF'S closed sets
contamlng M
That is, M = 1.
Again, the GF'S closure of J\;[;;, denoted by Mﬁ, is the intersection of all GF'S closed
sets containing M.
That is, Mg = Jem 1 = J2.
Then the generalised fuzzy soft boundary of ]\Zln, denoted by (]\Zln)b is given by
(M) = M, Mg =TaNJS = JC.

Theorem 3.9 Let (X, T, E) be a GFST-space. Let F, be a GFSS over (X, E).
Then .

(1) ((Fu)")°

~_( Nﬁ)_oz S ext(ﬁ );
= \ B ~ ~ ~
) U((FD))) = [FD)T((F)°)], {by proposition

@ () =B\ 1 Szﬁm 0)° = E,n E.

Theorem 3.10 Let (X, T, E) be a GFST space. Let F, be a GFSS over (X, E).
Then

(1) (B) C By

(2) (F)" = F,\ F).

proof: (1) It follows from the definition of generalised fuzzy soft boundary.
(2) Obvious.

Theorem 3.11 Let (X, T, E) be a GFST-space. Let Fu and G5 are GFSS over
(X, E). Then

(1) (FuUGy)' T ((F)* 1 G5) U [(Ga) 1 Fyl
(2) (B 11 Gs) E[(F)° 1 Gol U[(Gs) 1 E. -
proof: (1) (F, UGs)® = (F,UGs) N (F, uG(;)C—(F U Gys) M [Fen G
C (£, uGs)N[Fn Gy
= (B, En Gy UGy N B Gyl
= [(F, N Fg) N Gslu[(Gs N G5) N Fg)
= ()" 1G5 L [(Gy)P N Fel.
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= [F,NGs N EJU[E, NG NG
= [(F)" NG U[(Gs) 1 E,]. i

Theorem 3.12 Let (X, T, E) be a GFST-space. Let F,, be a GF'SS over (X, E).
Then )

(F)" E (F)"

proof: (Fg)b = (Fu)o M ((Fu>0)c L (Fu)o M (ﬁ )e C F (Fu)c = (ﬁu)b~

4 Generalised Soft Quasi-Coincidence

In this section, we introduce the notion of generalised soft quasi-coincidence for gener-
alised fuzzy soft set and some of its basic properties are established.

Definition 4.1 For any two GF'SS F and Gj over (X, E). Fu is said to be
generalised soft quasi-coincident with Gy, denoted by F, QG(;, if there exist e € E and
x € X such that F(e)(z) + G(e)(x) > 1 and p(e) + d(e) >

If F is not generalised soft quasi-coincident with G(;, then we write FMqG(; &
Foreverye € E andeveryx € X, F(e)(x)+ G(e)(x) <1 or foreverye € E and everyx €
X, ple) +d(e) <1

Definition 4.2 Let (e$,e)) be a generalised fuzzy soft point and FM be a GF'SS
over (X, E). (e2,ey) is said to be generalised soft quasi-coincident with F,, denoted
by (e2,ex)GE,, if and only if there exists an e € E such that a + F(e)(x) > 1 and
A+ p(e) > 1.

Proposition 4.3 Let Fu and G are GFSS over (X, E). Then the followings are
holds:

= FMQ(G(;)C.
(2) Let F,gGs. Then there exist an e € E and x € X such that F'(e)(z) + G(e)(x) > 1
and p(e) +6(e) > 1. This implies that F'(e)(x) # 0, u(e) # 0 and G(e)(x
foree F and x € X. HenceF I_IG57é<I>9

(3) (€2, ex)GF, @foralleEEandXEX a+Fe)(x) <1, A+pue) <1
& forallee Eandx € X, a <1—F(e)(x),A <1—pu(e)
& foralle € E andx € X, a < F°(e)(x), A < puf(e)

& (2, e )E(R)

(4) Suppose that F,G(F),)¢. Then there exist e € £ and # € X such that F(e)(z) +
Fe(e)(z) > 1, u(e) + p(e) > 1. Then F(e)(z) +1— F(e)(x) > 1, ule) + 1 — p(e) > 1.
So, F(e)(x) > F(e)(x), u(e) > p(e), which is contradiction.

Theorem 4.4 Let (X, T, E) be a GFST-space. Let F, be a GFSS over (X, E).
Then )
(1) (E)VG(E)
(2) (F)Geat(E,).
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proof: Straightforward. .

Theorem 4.5 Let (X, T, E) be a GFST-space. Let F, be a GFSS over (X, E).
Then _

(1) F,, is a GFS open set over (X, E) if and only if Fuq(F#)b7~

(2) F is a GFS closed set over (X, E) if and only if (F},)°q(F},)°.

proof (1) Let F, be a GFS open set over (X, E). Then ( )0 = E,
By theorem 4.4, (F, ) Y4(F,)° = (F,)"qF,

Conversely, let Fu~ (F,)’. Then Fuq(FMI_I(FM)C). That is E,G(F,)e. So (F,)C (E,)°
which implies that (F},)¢ is a GF'S closed set and hence F), is a GF'S open set.
(2) Let F, be a GFS closed set over (X, E). Then F, = F,. Now (F,)* = F,11(F,)c C
F, = F,. That is, (F},)*q(F},)". i i o

Conversely, let (F,)"q(F,)". Since (F,)" = (F%)*. We have (Ff)*q(F,)°
Then by (1), (F,)¢ is a GFS open set and hence F), is a GFS closed set (X, E).

5 Conclusion

In the present work, we have introduced difference of two generalised fuzzy soft sets,
generalised fuzzy soft exterior, generalised fuzzy soft boundary and have established
several interesting properties. Finally, we introduced the notion of generalised soft
quasi-coincidence for generalised fuzzy soft sets and studied some basic properties of
this concept. We hope that this study will be useful for research in theoretical as well
as in a applicable directions.
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