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Abstract

The commuting graph of a non-commutative ring R with center Z(R) is a simple undi-
rected graph whose vertex set is R\ Z(R) and two vertices z, y are adjacent if and only if
xy = yx. In this paper, we compute various spectra and energies of commuting graphs of
some classes of finite rings and study their consequences.
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1. Introduction

Let R be a non-commutative ring with center Z(R). The commuting graph of R,
denoted by I'g, is a simple undirected graph whose vertex set is R\ Z(R) and two vertices
x,y are adjacent if and only if xy = yzx. In recent years, many mathematicians have
considered commuting graph of different rings and studied various graph theoretic aspects
(see [1,3,12,13,17,19,20,23]). Some generalizations of I'r are also considered in [2,9].

In Section 2, we compute spectrum, Laplacian spectrum and Signless Laplacian spec-
trum of commuting graphs of some classes of finite rings. Recall that the spectrum of a
graph § denoted by Spec(9) is the set

{2, XY

where A1, Ag, ..., A\, are the eigenvalues of the adjacency matrix of § with multiplicities
k1, ko, ..., ky, respectively. Let A(S) and D(S) denote the adjacency matrix and degree
matrix of a graph G respectively. Then the Laplacian matrix and Signless Laplacian
matrix of G are given by L(G) = D(G) — A(9) and Q(9) = D(9) + A(9) respectively. Let
L-spec(9) and Q-spec(G) be the Laplacian spectrum and Signless Laplacian spectrum of

§G respectively. Then L-spec(G) = { fl, 32, e Bfn’"} and Q-spec(9) = {77",75%, - .75},
where f1,52,...,Bm are the eigenvalues of L(§G) with multiplicities b1,b2, ..., b, and
V1,72, ---,Vn are the eigenvalues of Q(G) with multiplicities c;,ca, ..., c, respectively.
The energy, Laplacian energy and Signless Laplacian energy of a graph G are given by
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EG) = > I,
AeSpec(9)
2|e(9)|
LES)= >  |u-— and (1.1)
pe€L-spec(9) ‘ [v(9)]
wE= 5 -l

veQ-spec(9)

where v(G) and e(9) are the set of vertices and edges of G, respectively.

Throughout the paper R denotes a non-commutative finite ring and p, ¢ denote distinct
primes. % denotes the additive quotient group. Also, K, denotes a complete graph on
n vertices and [ K, denotes the disjoint union of [ copies of K.

2. Various spectra

In [19], various spectra of commuting graphs of some small order finite non-commutative
rings have been computed. In this section we consider more classes of finite non-commu-
tative rings. The following theorem is useful in computing various spectra of commuting
graphs of finite rings.

Theorem 2.1 ([18, Theorem 2.1]). If § = L1 Ky, Ulo Ky, U---UlnK,,,, then
(a) Spec(§) = { (~1) == M (g — 1), (ny — 1), (1 — 1)}
(b) L-spec(9) = {Ozglli,nlll(m*l),nl;(nrl),n#{(nmfl)} )
(c) Q-spec(§) = {(2n1 = 2)!1, (ny — 21011, (205 — 2)2, (ny — 2)l2(2=D)
(20 — 2)17, (1 — 2)l (=D ]
Theorem 2.2. Let |R| = p* and R has unity.
(a) I IZ(R)| = p then Spec(Tg) = {(~) #0091, (2 —p _ 1ptiwit]),
L-spec(T'g) = {0p2+p+1 (p? _p)(p2+p+1)(p27p*1)} and
Q-spec(T'g) = { o2 — 2p — 2PHPHL (p2 —p — 2)P* P p_l)}; or
Spec(T'g) = { (—1)1 0" P D+R0" 0D (2 — p — 1) (pP —p— 1)},
L-spec(I'r) = {Oll+l2 2 _ pyn@®=p=1) (3 —p)l2(p3_p_1)} and Q-spec(I'r) =
{2p? —2p—2), (p? —p = 21" 77D (2p? — 2p - 2)f2, (p — p — 2)20" D),
where Iy +lo(p+1) =p* +p+ 1.
(b) If |Z(R)| = p* then Spec(I'g) = {(~1)E+VE* =D (p? — p2 — 1)pr1,

L-spec(T'r) = {0P+1, (p° — p?)@+DE* ="~V and
Q-spec(I'gr) = {(2p3 —2p? — 2Pt (B — p? — 2)<p+1)(p3—p2_1)}'

Proof. (a) If |Z(R)| = p then, by Theorem 2.5 of [22], we have ' = (p* + p + DK p2_p)
or 1 Kp2_py U2 Ks_py, where Iy +l2(p+1) = p? 4+ p + 1. Hence, the result follows from
Theorem 2.1.

(b) If | Z(R)| = p? then, by Theorem 2.5 of [22], we have I'g = (p + 1) K(p3_p2)- Hence,
the result follows from Theorem 2.1. 0
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Theorem 2.3. Let |R| = p® with unity and Z(R) is not a field.
(a) IF1Z(R)] = p? then Spec(T) = { (~1)@* #0050, (5 _ 2 _ 1p*pe},
L-spec(Tg) = {Op L (P _pQ)(p2+p+1)(p3fp2fl)} and
Q-spec(Tg) {( p —2p? — 2" (P — p? = )P HPEDEI DL oy

Spec(I'g) = {(—1)hE*=#*=DH20"—p=D) (p3 —p2 1)1 (p* —p —1)l2,
L-spec(Tg) = {0z1+z2 (p® — p2)a@*==1) (3 p)lz(p3—p—1)} and
Q-spec(T'r) = { (2p° — 2p* = 2)11, (p* — p? = 2)10° =D (2p% — 2p — )"z,

(p®—p— 2)12(?’3_1’_1)}, where Iy +lo(p+1) =p*+p+1.
(b) If|Z(R)| = p* then Spec(T'r) = { (1) DE =D (i — pp 11},
L-spec(T'g) = {07’+1 (p* — p3)(7’+1)(p4*p3*1)} and
Q-spec(T'g) = {(Qp —2p® = 2)PH (p* — p? — 2)(”1)(”4’?3*1)}.
Proof. (a) If |Z(R)| = p* then, by Theorem 2.7 of [22], we have I'r = (p? +p+1)K,5_,2)
or I1 K (s _p2y Ulo K (y3_p), where g + lo(p+1) = p?> +p+ 1. Hence, the result follows from
Theorem 2.1.

(b) If |Z(R)| = p* then, by Theorem 2.7 of [22], we have I'r = (p + 1) K(,a_,s). Hence,
the result follows from Theorem 2.1. O

Theorem 2.4. Let |R| = pq and Z(R) = {0}.
(pg—1)(p—2)
(@) If (p—1) | (pg— 1) then Spec(T'y) = {(—1)p1 (p—2)5t } L-spec(Tg) =
— (pg—1)(p—2) — (pg—1)(p—2)
0% - 0"} and Qupec(ti) = {20 - 05T, (- 3) ",

(pg—=1)(g—2) pg—1

(0) 1F (4= 1) | (g~ 1) then Spec(Tr) = { (~1) T4, (¢ - 27 |, Lspec(Tn) =
{09 - 0™ FH ] and Qupec(rn) = {(20- 957 (g -3,
(¢) Iflu(p—1)+1a(q = 1) = pg — 1 then Spec(T'g) = {(~1)1F-2+0l-2) (p — 2)h,
(¢ 2)"2}, Lospee(T'g) = {01+, (p — )12, (g = 1)(e-2 ] and
Q-spec(T'g) = {(2p —4)", (p — 3)1 ¥, (2g — 4)"2, (q - 3)/=(=2) }.
Proof. 1t was shown in [23, Theorem 2.8] that

M K1, if (p—1)[(pg—1)
Tp=1{ MK, g, if (¢4 —1) | (pg — 1)
WEKp-1 UKy, iflhp—1)+1l(¢—1)=pg—1
Hence, the result follows from Theorem 2.1. ]

Theorem 2.5. Let |R| = p%*q and Z(R) = {0}.

(p?q—1)(t=2)
(a) Ift € {p,q,p* pa} and (t —1) | (p?q — 1) then Spec(T'r) = {(_1)%,
2oz 2q— (P2q—1)(t—2)
(t— 2)ptqll}, L-spec(T'g) = { ptill?(t — 1)pqz1t} and
> (p2g=1)(t=2)
Q—Spec(FR) — {(2t _ 4)ptq1 (- 3)Pqt_1t}

(b) Ifli(p—1) +12(g = 1) + I3(p* = 1) + la(pg — 1) = p*q — 1 then Spec(T'r)
= {(_1)[1(p72)+l2(q72)+l3(p272)+l4(pq72)’ (p - 2>lla (q - 2)127 (p2 - 2>137 (pq - 2)14}7
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L-spec(T'g) = {011+l2+l3+l4 (p — 1)l1(p—2)’ (q— 1)l2(q—2)’ (pQ _ 1)[3(;02—2)’
(pg— 1)4®=2 ) and Q-spec(Tg) = {(2p — 4)"", (p — 3)1 02, (29 — )",
(g —3)2072), (2p? — a)ls, (p? — 3)!a¥*~D) (2pg — 4)'s, (pg — 3)lape-D |

Proof. (a) By [23, Theorem 2.9], we have I'p = p £ Kt 1ift € {p,q,p?,pq} and (t—1) |
(p?q — 1). Hence, the result follows from Theorem 2 1.

(b) By [23, Theorem 2.9], we also have I'r = 1Ky 1 U 2Ky 1 Ul3K2_q UlgKpgq if
Ii(p—1) +1a(q—1) +13(p> — 1) + lu(pg — 1) = p?>q — 1. Hence, the result follows from
Theorem 2.1. U

Theorem 2.6. Let |R| = p3q and R has unity. If |Z(R)| = pq then
Spec(I'g) = {(—1)(p+1)(p2q—pq—1)’ (p%q — pq — 1)p+1} :
L-spec(Tr) = {07*, (p?g — pg) P+ 9701 and

Q-spec(I'r) = {(2p2q — 2pq — 2)P*L (p*q — pq — 2)(p+1)(p2q—pq—1)} .

Proof. 1f |Z(R)| = pq then, by [23, Theorem 2.12], we have I'r = (p+ 1)K 2,_,,. Hence,
the result follows from Theorem 2.1.
We conclude this section with the following result.
Theorem 2.7. Let |R| = p3q, R has unity and |Z(R)| = p?.
(pg—1) (P> —p*—1) 3 9 pg—1
@ I (0= 1) | (o~ 1) then Spec(Ta) = {(-)™ 7T P =2 = )FT |,

-1 (pa=1) (*—p?-1)
Lspee(Tr) = {057, ° =) 57| ana
(pa—1)(p>—p%—1)
Q—spee<rR>={<2p3—2p2—2>’1f (P - —2) }

(pa—1)(p%q—p%—1) pg—1
(b) If (g = 1) | (pg — 1) then Spec(T'r) = {(—1) L (pPg—p? 1) }

(pg=1)(p%g—p%~1)
L-spec(T'g) = {071 (p2q—p?) e } and
.2

pg—1 (pg—1)(p“g—p~—1)
Q-spec(T'g) = {(2p2q —2p* —2) a1, (p*q—p* —2) a=1 }
(c) If li(p — 1) + l2(q — 1) pq — 1 then
Spec(T'r) = { —1) 0P DGR (g8 p? - 1) (p2g — p? — 112,

{ohtte, (p — pAH =P D) (g — p?)a@?a—r"~D}  and
3_.2_
{(219 —2p? = 2)h, (p® — p? — 2)h PP (2p2g — 2p? — 2)P2,
(p2q — p? — 2)20"P* -V,

Proof. 1f |Z(R)| = p? then, by [23, Theorem 2.12], we have

P Koo 2, if (p—1) | (pg — 1)
Tp= p" 1K g2, if (g—1) | (pg— 1)
lle —p? l_lngp q—p>> if ll(p_ 1) +l2(q— 1) =pq— 1.

Hence, the result follows from Theorem 2.1. O
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3. Various energies

If % is isomorphic to Z, x Z,, then it was shown in Theorem 3.1 of [19] that

E(Tr) = LE(Tg) = LE*(Tg) = 2(»° — )|Z(R)| - 2(p + 1). (3.1)

As a consequence of (3.1), in the following results, we compute various energies of com-
muting graphs of several well-known classes of finite rings.

Theorem 3.1. If |R| = p?, then E(Tg) = LE(I'g) = LET(I'g) = 2(p?> — p — 2).

Proof. If R is a non-commutative ring of order p?, then Z(R) has only one element.

Therefore, the additive group % = Zy % Zy. Hence the result follows from (3.1). O

Theorem 3.2. If |R| = p® and R has unity, then
E(Tg) = LE(Tg) = LE*(Tg) = 2(p° — 2p — 1).

Proof. If R is a non-commutative ring with unity of order p*, then Z(R) has p elements.
Therefore, the additive group % = Zy X Zy. Hence the result follows from (3.1). ]

A ring R is called an n-centralizer ring if | Cent(R)| = n, where Cent(R) = {Cgr(x) : x €
R}. Various properties of n-centralizer rings can be found in [5,10, 11]. In the following
results we compute various energies of some finite n-centralizer rings.

Theorem 3.3. If | Cent(R)| = 4, then E(Tgr) = LE(T'g) = LET(T'g) = 6|Z(R)| — 6.

Proof. 1t was shown in [11, Theorem 3.2] that the additive quotient group % & 7o X Lo
if R is a finite 4-centralizer ring. Hence, the result follows from (3.1) putting p =2. O

Theorem 3.4. If | Cent(R)| =5, then E(Tgr) = LE(T'g) = LET(T'g) = 16|Z(R)| — 8.

Z
if R is a finite 5-centralizer ring. Hence, the result follows from (3.1). g

Theorem 3.5. If R is a finite p-ring and | Cent(R)| = (p + 2), then
E(Tr) = LE(Tr) = LE*(T'r) = 2(p* — D|Z(R)| - 2(p + 1).

Proof. 1t was shown in [11, Theorem 2.12] that the additive quotient group % = Ly XLy

if R is a finite (p + 2)-centralizer p-ring. Hence, the result follows from (3.1). O

Proof. 1t was shown in [11, Theorem 4.3] that the additive quotient group % = 73 X713

In 1976, MacHale [16] initiated the study of commutativity degree of a finite ring R
denoted by Pr(R). Recall that the commutativity degree of R is the probability that a
randomly chosen pair of elements of R commute. Recent results on Pr(R) can be found in
[4,6-8]. In the following theorem we compute various energies of I'g for some given values
of Pr(R).

Theorem 3.6. Let p be the smallest prime dividing |R|. If Pr(R) = ’72—;77;_1 then
E(Tg) = LE(Tr) = LE*(Tr) = 2(p* — 1)|Z(R)| - 2(p +1).

Proof. By Theorem 2 of [16] we have % & Zp X Zyp. Hence, the result follows from
(3.1). O
We have the following corollary to the above theorem.
Corollary 3.7. If Pr(R) = 2 then
E(Rr) = LE(TR) = LE*(T'g) = 6|Z(R)| — 6.
Now we compute various energies of I'p for the rings considered in Section 2. Note that

one can do this using Theorems 2.1 - 2.7 and (1.1). However, using the following theorem
one can also compute various energies.
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Theorem 3.8. If § =1 K,, UlK,,, then E(G) = 2l1(n1 — 1) + 2la(ny — 1). Further, if
n1 = ng = n then

E(IK,) = LE(IK,) = LET(IK,) = 2I(n — 1),
where | =11 + s.
Proof. By Theorem 2.1(a) we have

2

Spec(9) _ {(_1)221._1li(m—1)7 (nl _ 1)117 (712 _ 1)12} )
Therefore, (1.1) gives
—|—1|Zl i — 1)+ lilng — 1| + la|ng — 1

=1li(n1 — 1) +la(ng — 1)+ 1l1(n1 — 1) + la(na — 1)

=2l1(n1 — 1) + 2la(n2 — 1).
Ifny =ng=nandl =10 +1ls then § =1K, and so E(IK,) = 2l(n — 1). In this case, we
also have |[v(IK,)| = In, |e(I1K,)| = w and so Aelinll — 4y 1,

K]~
By Theorem 2.1(b) we have L-spec(IK,,) = {Ol, nl(”*l)}. Therefore
2l ) - 2t
0———=|=n—-—1and
‘ WKy | (K,

Hence, (1.1) gives
LE(K,) = (n—1)l+1(n—1)=2l(n—1).

Again, by Theorem 2.1(c) we also have Q-spec(IK,,) = {(Zn —2)l (n — 2)“"*1)}. There-

fore ole(1K
- ZEI |

2|e<u<n>|‘
m—2— M —
" 0(IK,)]

(LK)

—1 and ‘n

Hence, (1.1) gives
LET(IK,) = (n— 1)l +1(n—1) =2l(n—1).
This completes the proof. ]

Theorem 3.9. Let R have unity and |R| = p*.
(a) If |Z(R)| = p then E(Tr) = LE(T'r) = LE*(Tg) = 2(p* + p+ 1)(p* —p — 1) or
ETR)=2l1(p*> —p—1)+2la(p®> —p—1), where l; +la(p+1) =p*> +p+ 1.

(b) 1f|Z(R)| = p* then E(Tg) = LE(Tr) = LE*(T'g) = 2(p + 1)(p° — %~ 1).
Proof. By Theorem 2.5 of [22], we have T'g = (p? +p+ DK (p2_py or i K2 U Kps_p)
(where l1 +l2(p+1) = p* +p+1) if [Z(R)| = p and (p+ 1)K 3_2) if |Z(R)| = p*. Hence,
the result follows from Theorem 3.8. u
Theorem 3.10. Let R have unity, |R| = p® and Z(R) is not a field.

(a) If|Z(R)| = p? then E(Tr) = LE('g) = LE+(Tg) = 2072 + p+ )(p* — 7 — 1) or

E(TR) =2 (p> —p? = 1) +22(p® —p—1), where ly +la(p+1) =p*> +p+ 1.

(b) 1f|Z(R)| = p* then E(Tg) = LE(Tr) = LE*(Tg) = 2(p + 1)(p" — p* — 1),
Proof. By Theorem 2.7 of [22], we have I'p = (p?+p+ 1)K (p3_p2y or 1 K s _p2y Ul K (s _p)
(where I; +12(p+1) = p* +p+1) if | Z(R)| = p* and (p+1)Kpa_s) if | Z(R)| = p®. Hence,
the result follows from Theorem 3.8. O
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Theorem 3.11. Let |R| = pq and Z(R) = {0}.
(a) I (0 = 1) | (pg — 1) then E(Tg) = LE(Tp) = LE*(Ip) = *P 0=,
(b) If (¢—1) | (pg — 1) then E(Tg) = LE(Tg) = LE* (Tg) = #
(¢) Ifi(p—1)+1l2(¢ — 1) =pg — 1 then E(Tr) = 2l1(p — 2) + 22 (q —2).
Proof. 1t was shown in [23, Theorem 2.8] that

M1, if (p—1) [ (pg—1)
Tr={ B Ky, if (g—1) | (pg—1)
WEp1 UKy, ifli(p—1)+1l(¢—1)=pg—1.
Hence, the result follows from Theorem 3.8. U

Theorem 3.12. Let |R| = p?’q and Z(R) = {0}.
(a) If t € {p,q,p? pa} and (t —1) | (p?q — 1) then

2(p*q —1)(t —2)
t—1 '

(b) Ifli(p—1) +1la(g — 1) + I3(p? — 1) + lu(pg — 1) = p?q — 1 then
E(FR):2(p2q—1—(l1+l2+l3—|—l4>.

E(Tg) = LE(Tg) = LE"(I'g) =

Proof. (a) By [23, Theorem 2.9], we have I'g = p - Kt 1ift € {p,q,p?,pq} and (t—1) |
(p?q — 1). Hence, the result follows from Theorem 3.8.

(b) By [23, Theorem 2.9], we also have I'r = [1 K}, 1 Ul2 Ky 1 UI3K2_q UlyKp, 1 if
liip—1)+12(qg—1) +I3(p?> = 1) + la(pg — 1) = p*q — 1. Hence, the result follows from
Theorem 2.5 and (1.1). O

Theorem 3.13. Let R have unity and |R| = p3q. If |Z(R)| = pq then
E(Tr) = LE(Tg) = LE*(Tgr) = 2(p + 1)(p°q — pg — 1).

Proof. 1f |Z(R)| = pq then, by [23, Theorem 2.12], we have I'p = (p + 1) K2,
the result follows from Theorem 3.8.

Theorem 3.14. Let R have unity, |R| = p*q and |Z(R)| = p?
(a) If (p—1) | (pqg — 1) then E(Tg) = LE(Tg) = LET(Tg) = 2(pg=1)(p"—p”—1)
(b) If (¢ — 1) | (pg — 1) then

E(g) = LE(T'g) = LE*(I'g) =

Hence

2(pg — 1)(p*q —p* — 1)
g—1 '

(c) If i(p—1) +1la(qg — 1) = pg — 1 then
E(Tg) = 2l1(p* — p* — 1) + 2la(p*q — p* — 1).
Proof. 1f | Z(R)| = p? then, by [23, Theorem 2.12], we have

B Ky, if (p—1)| (pg — 1)
FR: pq leqpﬂ if(q—l)|(pq—1)
l1 e UKy, o, ifli(p—1)+1l2(g—1) =pg—1.
Hence, the result follows from Theorem 3.8. U

Note that the rings considered above are CC-rings. Recall that a non-commutative ring
R is called a CC-ring if all the centralizers of its non-central elements are commutative. In
other words, Cr(z) for all z € R\ Z(R) is commutative, where Cg(z) := {y € R : vy = yz}
is the centralizer of z. The study of CC-rings was initiated by Erfanian et al. in [13]. In
the following theorem we compute energy of a CC-ring.
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Theorem 3.15. Let R be a finite CC-ring with distinct centralizers Si,S2, ..., S, of
non-central elements of R. Then E(I'r) = 2(|R| — |Z(R)| — n).

Proof. By Theorem 2.1 of [12] we have
SIS -n(Z(R)+1) 1 1
Spec(I'r) = {(=1)=! (S = 1Z2(B) = 1)7, - (1Sa] = [Z(R)[ = 1)7}

Therefore
E(Tr) =Y _ISil—=n(IZ(R)| + 1)+ (I1S1] = |Z(R)| = 1) + - --
i=1
+ (|Su] = 1Z(R)| = 1)

=2 |8i| - 2n|Z(R)| — 2n.
=1

n
Since Y |S;| = |R| + (n — 1)|Z(R)|, we get the required expression for E(I'g). O
i=1

Corollary 3.16. Let R be a finite CC-ring and A be any finite commutative ring. Then
E(Tgrxa) = 2(|R||A| — |Z(R)||A| — n), where n = |Cent(R)| — 1.

Proof. Follows from Theorem 3.15 noting that Rx A is a CC-ring, | Cent(R)| = | Cent(R x
A)land Z(R x A) = Z(R) x A. O

4. Some consequences

A finite non-commutative ring R is called super integral if spectrum, Laplacian spectrum
and Signless Laplacian spectrum of I'p contain only integers. The notion of super integral
ring was introduced in [19]. It can be seen that all the rings considered in Section 2 are
super integral.

A finite graph § is called hyperenergetic and borderenergetic if F(G) > E(Kyg))
and E(§) = FE(Kjg)) respectively. Similarly, § is called L-hyperenergetic and
L-borderenergetic if LE(G) > LE(K|,q)) and LE(G) = LE(K),g)) respectively; G is
called Q-hyperenergetic and Q-borderenergetic if LE™(G) > LE*(K|,(g)) and LE(§) =
LE* (K, lvo(g)|) Tespectively. The study of hyperenergetic graph was initiated by Walikar et
al. [24] and Gutman [15] in 1999. The concepts of borderenergetic and L-borderenergetic
graphs were introduced by Gong et al. [14] and Tura [21] in the years 2015 and 2017
respectively.

A finite graph § is called super hyperenergetic if it is hyperenergetic, L-hyperenergetic
and Q-hyperenergetic. Similarly, we define super borderenergetic graph. In this section,
we show that the commuting graphs of the rings considered in Section 3 are neither super
hyperenergetic nor super borderenergetic.

Theorem 4.1. If % & Zy X Zy then I'r is neither super hyperenergetic nor super
borderenergetic.

Proof. We have |v(I'g)
Therefore

— |Z(R)|(p—1), since |R| = p*|Z(R)| and [v(T'g)| = |R|—| Z(R)|.

E(Kjyrp)) = LE(Kjyrp)) = LET (Kjyrp) = 2(Z(R)|(p* — 1) — 1).
Since 2(|Z(R)|(p* — 1)) — (p+ 1) < 2(|Z(R)|(p* — 1) — 1), by (3.1) the result follows. [
Corollary 4.2. ' is neither super hyperenergetic nor super borderenergetic if
(a) R is of order p?.

(b) R is of order p> with unity.
(¢) R is a 4-centralizer ring.
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(d) R is a 5-centralizer ring.
(e) R is a (p+ 2)-centralizer p-ring.
)

(f) p is the smallest prime dividing |R| and Pr(R) = %.

(g) Pr(R) = 3.

Proof. In any of the above cases, the additive quotient group % is isomorphic to Z, x Z,
for some prime p. Hence, the result follows from Theorem 4.1. (]

Theorem 4.3. If R is a non-commutative ring with unity of order p* then I'g is neither
super hyperenergetic nor super borderenergetic.

Proof. 1f | Z(G)| = p then |v(T'r)| = p* — p. Therefore
E(Kjyrp)) = LE(Kjyry)) = LET(Kjyrp) = 200" —p—1)
=2(0* +p+1(* —p) - 1).

We have 2(p? +p+1)(p? —p—1) < 2(p* —p —1). Also

20(p* —p—1)+20(p° —p—1) <2((P* +p+ 1)(p* —p) — 1)
if 1, [ are positive integers such that I +lo(p+ 1) = p? + p+ 1. Hence, the result follows
Theorem 3.9.

If |Z(G)| = p? then |v(T'g)| = p* — p?. Therefore

E(Kjyrp)) = LE(Kjyrp)) = LET (Kjyrp) = 200" — p* = 1).

We have
20+ D(° —p* = 1) <2(p" —p* - 1).

Hence, the result follows Theorem 3.9. [l

Theorem 4.4. If R is a non-commutative ring with unity of order p> such that Z(R) is
not a field then I'g is neither super hyperenergetic nor super borderenergetic.

Proof. 1f | Z(R)| = p? then |[v(T'g)| = p°® — p?. Therefore
E(Kjyrp)) = LE(Kjyry)) = LEY (Kjyrg) = 200" —p* = 1)
=2((0° = p)(P* +p+1) - 1).

We have 2(p? +p+ 1)(p® —p* — 1) < 2(p° — p? — 1). Also

20 (p° —p® = 1) +20(p° —p—1) <2((p° = p*)(* +p+1) — 1)
if [1, [ are positive integers such that I +lo(p+ 1) = p? + p+ 1. Hence, the result follows
from Theorem 3.10.

If |Z(R)| = p? then |v(T'r)| = p® — p®. Therefore
5 .3
E(Kyrp)) = LE(Kjyry)) = LET (Kjyry) = 2(0° —p° = 1).

We have 2(p + 1)(p* — p? — 1) < 2(p® — p* — 1). Hence, the result follows from Theorem
3.10. 0

Theorem 4.5. Let R be a non-commutative ring of order pq such that Z(R) = {0}. Then
I'r s neither super hyperenergetic nor super borderenergetic.

Proof. We have |v(I'r)| = pqg — 1. Therefore
E(Kjyrg)) = LE(Kjyrp)|) = LET(Kjyry)) = 2(pg — 2).

Ift € {p,q} and (t—1) | (pg—1) then M < 2(pg—2). Also 2l1(p—2)+2l2(qg—2) <
2(pq — 2) if I3, 1o are positive integers and l1( —1)+12(¢—1) = pg — 1. Hence, the result
follows from Theorem 3.11. O
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Theorem 4.6. Let R be a non-commutative ring of order p*q such that Z(R) = {0}.
Then I'gr is neither super hyperenergetic nor super borderenergetic.

Proof. We have |[v(I'g)| = p*>q — 1. Therefore

E(Kjurp)) = LE(Kyry)) = LET (Kjurp) = 2(0°q — 2).
If t € {p,q,p? pq} and (t — 1) | (p?q¢ — 1) then we have W < 2(p*q — 2). Also,
2(p?q—1—(lh +1l2+13+ 1) < 2(p*q — 2) if I3,z are positive integers such that Iy (p —

1) +la(g — 1) +I3(p* — 1) + la(pg — 1) = p?*q — 1. Hence, the result follows from Theorem
3.12. g

Theorem 4.7. Let R be a non-commutative ring with unity having order p3q. If |Z(R)|
is not a prime then I'r is neither super hyperenergetic nor super borderenergetic.

Proof. 1f | Z(R)| = pq then |v(T'r)| = p®>q — pq. Therefore
E(Kju(rp)) = LE(Kjy(rp) = LET (Kjurp)) = 2(0°q — pg — 1).

We have 2(p +1)(p*q — pg — 1) < 2(p3q — pg — 1). Hence, the result follows from Theorem
3.13.
If |Z(R)| = p? then |v(T'g)| = p*>q — p*. Therefore

E(Kjyrp)) = LE(Kjyrp)) = LET (Kjyrp)) = 200% — p* = 1).

—

3,2 N2 o
# <2(Pq—p®—1), 2(pg 1)((]p_i1 -1 2(pPq—p*—1) and 20 (p° —
p* = 1) +2L(p*q—p*—1) <2(pq—p* - 1)if (p—1) | (pg— 1), (¢g—1) | (pg — 1) and

li(p—1)+12(q—1) = pg— 1 respectively. Hence, the result follows from Theorem 3.14. [J

‘We have 2pg—1

oy

We conclude this paper with the following general result.

Theorem 4.8. If R is finite CC-ring then I'r is neither super hyperenergetic nor super
borderenergetic.

Proof. We have |v(I'g)| = |R| — |Z(R)|. Therefore
E(Kyrp)) = LE(Kjyrp))) = LET(Kjyrp)) = 2(R| — |Z(R)| — 1).

Also, 2(|R|—|Z(R)|—n) < 2(]R|—|Z(R)|—1), where n is the number of distinct centralizers
of non-central elements of R. Hence, the results follows from Theorem 3.15. O
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