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Abstract

We study the structure of nilpotent elements in relation with a ring property that is near
to one-sided duo rings. Such a property is said to be one-sided nilpotent-duo. We prove
the following for a one-sided nilpotent-duo ring R: (i) The set of nilpotents in R forms a
subring; (ii) Köthe’s conjecture holds for R; (iii) the subring generated by the identity and
the set of nilpotents in R is a one-sided duo ring; (iv) if the polynomial ring R[x] over R
is one-sided nilpotent-duo then the set of nilpotents in R forms a commutative ring, and
R[x] is an NI ring. Several connections between one-sided nilpotent-duo and one-sided
duo are given. The structure of one-sided nilpotent-duo rings is also studied in various
situations in ring theory. Especially we investigate several kinds of conditions under which
one-sided nilpotent-duo rings are NI.
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Throughout this paper all rings are associative with identity unless otherwise specified.
Let R be a ring. We use N(R), J(R), N∗(R), and N∗(R) to denote the set of all nilpotent
elements, Jacobson radical, lower nilradical (i.e., prime radical), and upper nilradical (i.e.,
the sum of all nil ideals) of R, respectively. A nilpotent element is also called a nilpotent
for simplicity. It is well-known that N∗(R) ⊆ N∗(R) ⊆ N(R) and N∗(R) ⊆ J(R). U(R)
denotes the group of all units in R. Denote the n by n full (resp., upper triangular) matrix
ring over R by Matn(R) (resp., Tn(R)). Write Dn(R) = {(aij) ∈ Tn(R) | a11 = · · · = ann}
and use Eij for the matrix with (i, j)-entry 1 and elsewhere 0. Z (Zn) denotes the ring of
integers (modulo n).
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1. Right (left) nilpotent-duo rings
In this section, we observe basic properties and examples of right nilpotent-duo rings.

We also analyze the connections between right nilpotent-duo rings and related rings.
A ring R is usually called reduced if N(R) = 0. Due to Bell [1], a right (or left) ideal I

of a ring R is said to have the insertion of factors property (simply, IFP) if ab ∈ I implies
aRb ⊆ I for a, b ∈ R. A ring R is called IFP if the zero ideal of R has the IFP. A ring
is usually called abelian if every idempotent is central. Reduced rings are IFP, and IFP
rings are abelian.

Following Feller [8], a ring is called right (resp., left) duo if every right (resp., left) ideal
is an ideal; a ring is called duo if it is both right and left duo. It is easily shown that right
(left) duo rings are IFP. For any IFP ring R, it is well-known that N(R) = N∗(R). There
are very useful results for one-sided duo rings in [3, 25].

We now consider the right duo property on the set of nilpotent elements in a ring. A
ring R (possibly without identity) will be called right nilpotent-duo if N(R)a ⊆ aN(R) for
every a ∈ R. Left nilpotent-duo rings are defined similarly. A ring will be called nilpotent-
duo if it is both left and right nilpotent-duo. Note that a ring R is nilpotent-duo if and
only if N(R)a = aN(R) for each a ∈ R. It is easily checked that both commutative rings
and reduced rings are nilpotent-duo. Recall that a ring R satisfies Köthe’s conjecture if
the sum of two nil left ideals of R is also nil.

Theorem 1.1. Let R be a right (resp., left) nilpotent-duo ring. Then we have the follow-
ing.

(1) N(R) forms a subring of R.
(2) Köthe’s conjecture holds.
(3) N(R) is a right (resp., left) duo ring without identity.
(4) The subring of R generated by N(R) and the identity 1 of R is a right (resp., left)

duo ring.

Proof. (1) Let a, b ∈ N(R). Say am = 0 and bn = 0 for m, n ≥ 1. First consider (ab)m.
We use the right nilpotent-duo property of R freely. There exists b1 ∈ N(R) such that
ba = ab1. Next b1a = ab2 for some b2 ∈ N(R), and similarly b2a = ab3 for some b2 ∈ N(R).
Inductively, we can take bi+1 ∈ N(R) such that bia = abi+1 for all i ≥ 1. Then

(ba)m = (ab1)m

= (ab1)(ab1)(ab1)m−2 = a(b1a)b1(ab1)m−2 = a(ab2)b1(ab1)m−2 = a2b2b1(ab1)m−2

= a2b2[b1(ab1)](ab1)m−3 = a2b2(ab2)b1(ab1)m−3

= a2(ab3)b2b1(ab1)m−3 = a3b3b2b1(ab1)m−3

= · · ·
= ambmbm−1 · · · b2b1 = 0.

Thus ba, ab ∈ N(R). As a consequence, we obtain that

e1e2 · · · es+t = asc and e1e2 · · · es+t = btd with c, d ∈ N(R),

where s, t ≥ 1, ei is either a or b, and |{ei | ei = a}| = s, |{ei | ei = b}| = t, where |S|
denotes the cardinality of given a set S.

Next we shall prove a + b ∈ N(R). Let l = max{m, n}, and consider (a + b)2l. Then
every term of the expansion of (a + b)2l is of the form

alf or blg with f, g ∈ N(R).

But al = 0 and bl = 0; hence (a+ b)2l = 0. This implies a+ b ∈ N(R), and therefore N(R)
forms a subring of R. The proof for the left case is similar.
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(2) This is an immediate consequence of (1).
(3) Note that N(R)a ⊆ aN(R) for all a ∈ N(R). Moreover N(R) forms a subring of R

by (1); hence both N(R)a and aN(R) are contained in N(R). Thus N(R) is a right duo
ring. The left case is similarly proved.

(4) Let S be the subring of R generated by 1 and N(R). Since Z · 1 is contained in the
center of R, S = Z · 1 + N(R) by (1), where Z · 1 = {n1 | n ∈ Z}. Note N(Z · 1) ⊆ N(R)
and N(S) = N(Z · 1) + N(R) = N(R). Let a ∈ S and d = m1 + c ∈ S with m ∈ Z and
c ∈ N(R). Since R is right nilpotent-duo, ca = ac1 for some c1 ∈ N(R). Thus we get

da = (m1 + c)a = (m1)a + ca = a(m1) + ac1 = a(m1 + c1).

But c1 ∈ N(R) = N(S) and m1 + c1 ∈ S follows. Therefore S is right duo. The proof for
the left case is similar. �

In the following we see a connection between right duo rings and right nilpotent-duo
rings via a sort of matrix ring. C(R) denotes the monoid of all regular elements (i.e.,
non-zero-divisors) in a ring R.

Theorem 1.2. Let R be a ring. Then we have the following.
(1) If D2(R) is right duo (resp., right nilpotent-duo), then for any a ∈ R (resp., a ∈

N(R)) and b ∈ R we have ab − ba ∈ b2R.
(2) (i) Let R be a right (resp., left) duo ring such that R\C(R) = N(R). Then R is

right (resp., left) nilpotent-duo.
(ii) Let R be a right (resp., left) duo ring that is local and J(R) = N(R). Then R is

right (resp., left) nilpotent-duo.
(iii) Let R be a right (resp., left) duo ring. Then N(R)a ⊆ aN(R) (resp., aN(R) ⊆

N(R)a) for a ∈ C(R).
(3) If D2(R) is right (resp., left) nilpotent-duo, then R is right (resp. left) nilpotent-duo

and right (resp., left) duo.
(4) If every nilpotent of R is central and R is right (resp., left) duo, then D2(R) is right

(resp.,left) nilpotent-duo.
(5) Let R be a reduced ring. Then R is right (resp., left) duo if and only if D2(R) is

right (resp., left) nilpotent-duo.

Proof. (1) For any a ∈ R (resp., a ∈ N(R)) and b ∈ R, there exist c ∈ R (resp., c ∈ N(R))

and d ∈ R such that
(

a 0
0 a

) (
b 1
0 b

)
=

(
b 1
0 b

) (
c d
0 c

)
, i.e., ab = bc and a = bd+c. Hence

ab − ba = bc − b(bd + c) = −b2d ∈ b2R.
(2) (i) Let b ∈ N(R) with bn = 0 for n ≥ 2 and 0 ̸= a ∈ R. Since R is right duo, ba = ac

for some c ∈ R. Then 0 = bna = bn−1ac = bn−2bac = bn−2ac2 = · · · = acn. Assume
c ∈ C(R), then a = 0, contrary to a ̸= 0. So c /∈ C(R), so that c ∈ N(R) by hypothesis.
Thus R is right nilpotent-duo. The proof for the left case is done by symmetry.

(ii) This is clear from (i).
(iii) Let b ∈ N(R) with bn = 0 for n ≥ 2 and a ∈ C(R). Then, by the proof of (i), we

get ba = ac and acn = 0 for some c ∈ R. Since a ∈ C(R), we have cn = 0. This concludes
N(R)a ⊆ aN(R). The proof for the left case is done by symmetry.

(3) Let E = D2(R). First note that N(E) =
{(

a b
0 a

)
| a ∈ N(R), b ∈ R

}
. Suppose

that E is right nilpotent-duo and let x, y ∈ R. Since
(

0 x
0 0

)
∈ N(E),

(
0 x
0 0

) (
y 0
0 y

)
=(

y 0
0 y

) (
z u
0 z

)
for some

(
z u
0 z

)
∈ N(E). This yields xy = yu, hence R is right duo.
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Next let a ∈ N(R) to show R being right nilpotent duo. Then c ∈ N(R) by the proof
of (1). Since R is right duo, we have N(R) = N∗(R). So bd = a − c ∈ N(R) and then
ab = ba − b2d = b(a − bd) ∈ bN(R). Hence R is right nilpotent-duo. The proof for the left
case can be done similarly.

(4) Suppose that every nilpotent of R is central and R is right duo. Let A =
(

a b
0 a

)
, B =(

c d
0 c

)
∈ E with A ∈ N(E). Then a ∈ N(R) and so a is central by hypothesis. Since R

is right duo, bc = cb′ for some b′ ∈ R. Now letting A′ =
(

a b′

0 a

)
, we get A′ ∈ N(E) and

AB =
(

ac ad + bc
0 ac

)
=

(
ca da + cb′

0 ca

)
= BA′. Thus E is right nilpotent-duo. The proof

for the left case is similar.
(5) is an immediate consequence of (3, 4). �

As in Theorem 1.2(2), we have a partial argument for right duo rings to be right
nilpotent-duo. So we raise the following.

Questions. (1) Can we delete the condition “R\C(R) = N(R)" in Theorem 1.2(2)(i)?
(2) Let R be a right duo ring. Then N(R)a ⊆ aN(R) for a /∈ C(R)?

The condition “R is a reduced ring" in Theorem 1.2(5) is not superfluous by the example
below.

Example 1.3. There exists a non-reduced right duo ring R over which D2(R) is not
right nilpotent-duo. We refer to the construction and argument of Courter in [6, Example
3.4]. Let K be a field and E be the row finite infinite matrix ring over K. Let S be the
K-subspace of E generated by the matrices {a0, a1, . . . , aj , . . .}, where

a0 = E12, a1 = E13, a2 = E14 + E32, . . . , aj = E1(j+2) + E(j+1)2 for j ≥ 2.

Next let I be the identity matrix in E and R = KI ⊕ S, i.e., R is the K-subspace of E
with a basis {I, a0, a1, . . . , aj , . . .}. Then R is a right duo ring by [6, Example 3.4], but
non-reduced as can be seen by E2

12 = 0. Every element in R is expressed by kI +
∑m

i=0 ciai

with m ≥ 1 and k, c0, . . . , cm ∈ K. Moreover Sa0 = 0 = a0S, aiai+1 = a0 for i ≥ 1,
and aiS = Ka0. So R is a local ring such that J(R) = N(R) = N∗(R) = N∗(R) = S,
J(R)2 = Ka0, and J(R)3 = 0.

Moreover a1 ∈ N(R) and a1a2 − a2a1 = a0 /∈ a2
2R = 0, it immediately follows from

Theorem 1.2(1) that D2(R) is neither right nilpotent-duo nor right duo. But R is right
duo and local with J(R) = N(R), and so R is right nilpotent-duo by Theorem 1.2(2). This
also shows that D2(R) over a right nilpotent-duo ring R need not be right nilpotent-duo.

Considering Theorem 1.2(5), it is natural to argue about the nilpotent-duo property of
Dn(R) for the case of n ≥ 3, where R is a reduced ring. But we have a negative result as
follows.

Example 1.4. Let R be any reduced ring and consider E = Dn(R) for n ≥ 3. Then
N(E) = {(aij) ∈ E | a11 = · · · = ann = 0}.

Consider the subset E12N(E) = RE13 + · · ·+RE1n. But N(E)E12 = 0 and so E12N(E)
cannot be contained in N(E)E12. Thus E is not left nilpotent-duo.

Next consider the subset N(E)E(n−1)n = RE1n + · · ·+RE(n−1)n. But E(n−1)nN(E) = 0
and so N(E)E(n−1)n cannot be contained in E(n−1)nN(E). Thus E is not right nilpotent-
duo.
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Note that the right nilpotent-duo ring R in Example 1.3 is not left nilpotent-duo because
a2 ∈ N(R) and a1a2 = a0 /∈ Ra1. We see an application of Theorem 1.2(5) in the following
which also shows that the nilpotent-duo property is not left-right symmetric.

Example 1.5. (1) There is a left nilpotent-duo ring that is not right nilpotent-duo.
We apply the argument in [5, Lemma 1.3(3)]. Let S = F (t) be the quotient field of
the polynomial ring F [t] with an indeterminate t over a field F , and σ : S → S be a
monomorphism defined by σ

(
f(t)
g(t)

)
= f(t2)

g(t2) . Consider the skew power series ring R =
S[[x; σ]] in which every element is of the form

∑∞
i=0 aix

i, only subject to xa = σ(a)x for
a ∈ S. Let E = D2(R). Then

U(E) =
{(

f(x) r(x)
0 f(x)

)
∈ E | the constant term of f(x) is nonzero and r(x) ∈ R

}
and

N(E) =
{(

0 s(x)
0 0

)
∈ E | s(x) ∈ R

}
.

Let 0 ̸= f(x) ∈ R. Then we can write f(x) = a0xk + a1xk+1 + · · · ∈ R with a0 ̸= 0
and k ≥ 0. Write h(x) =

∑∞
i=0 aix

i. Then f(x) = h(x)xk and h(x) ∈ U(R). Let
g(x) = t2l+1 +

∑∞
j=1 bjxj ∈ R with l ≥ 0. Then there cannot exist k(x) ∈ R such that

g(x)f(x) = f(x)k(x) by the argument in [5, Lemma 1.3(3)].

Let A =
(

f(x) f1(x)
0 f(x)

)
with f1(x) ∈ R and B =

(
0 g(x)
0 0

)
. Assume that E is right

nilpotent duo. Hence there exists C ∈ N(E) such that BA = AC. Then we can write

C =
(

0 k(x)
0 0

)
with k(x) ∈ R such that(

0 g(x)
0 0

) (
f(x) f1(x)

0 f(x)

)
=

(
0 g(x)f(x)
0 0

)
= BA = AC =

(
0 f(x)k(x)
0 0

)
.

This entails g(x)f(x) = f(x)k(x), contrary to the argument above. Thus E is not right
nilpotent-duo. So R is not right duo by Theorem 1.2(4), since every nilpotent of R is
central.

Next we claim that E is left nilpotent-duo. Consider AB and apply the argument in
[5, Lemma 1.3(3)], where g(x) =

∑∞
j=0 bjxj is assumed to be any power series in R. Then

f(x)g(x) = h(x)xkg(x) = h(x)g1(x)xk = h(x)g1(x)h(x)−1h(x)xk = h(x)g1(x)h(x)−1f(x),
where xkg(x) = g1(x)xk and g1(x) =

∑∞
j=0 σk(bj)xj . This yields

AB =
(

f(x) f1(x)
0 f(x)

) (
0 g(x)
0 0

)
=

(
0 f(x)g(x)
0 0

)
=

(
0 h(x)g1(x)h(x)−1f(x)
0 0

)
.

Here let m(x) = h(x)g1(x)h(x)−1. Then
(

0 m(x)
0 0

)
∈ N(E), C say. These arguments

give us AB = CA, and thus E is left nilpotent-duo. So R is left duo by Theorem 1.2(3).
(2) The ring R in Example 1.3 is right nilpotent-duo. But since a2 ∈ N(R) and a1a2 =

a0 /∈ Ra1 = Ka1, R is not left nilpotent-duo. The opposite construction, in the column
finite infinite matrix ring over K, provides a left nilpotent-duo ring but not right nilpotent-
duo.

The monomorphism σ in Example 1.5(1) is not surjective. But if σ is surjective, then
the ring D2(R) is nilpotent-duo as we see in the following.

Proposition 1.6. Let K be a field and σ be a monomorphism of K. Consider the skew
power series ring R = K[[x; σ]] by σ with an indeterminate x over K, where every element
is of R is of the form

∑∞
i=0 aix

i, only subject to xa = σ(a)x for all a ∈ K. If σ is bijective,
then D2(R) is a nilpotent-duo ring.
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Proof. R = K[[x; σ]] is clearly reduced since R is a domain and σ is injective. Moreover
if σ is bijective, then R is duo by applying the method in [16, Example 1]. Hence D2(R)
is nilpotent-duo by Theorem 1.2(5). �

The following example shows that nilpotent-duo rings need not be one-sided duo.

Example 1.7. (1) Any reduced ring, which is not one-sided duo, is such a ring as desired.
(i) Let R be a right (resp., left) primitive domain that is not a division ring (e.g., the

first Weyl algebra over a field of characteristic zero). It is well-known that every right
(resp., left) primitive factor ring of a right (resp., left) duo ring is a division ring. So R
cannot be right (resp., left) duo, but R is clearly nilpotent-duo.

(ii) D[x] over a noncommutative division ring D is neither right nor left duo by [20,
Theorem 1].

(2) Let K be a field of characteristic zero and K⟨x, y⟩ be the free algebra with non-
commuting indeterminates x, y over K. The factor ring R0 = K⟨x, y⟩/(yx − xy − 1) is
isomorphic to the first Weyl algebra over K, where (yx − xy − 1) is the ideal of K⟨x, y⟩
generated by yx − xy − 1. Refer to [21, Theorem 1.3.5, Corollary 2.1.14, and Theorem
2.1.15] for more details. Let R1 be the division ring of right quotients of R0. Define

R =
{(

a b
0 a

)
| a ∈ R0 and b ∈ R1

}
.

Let M1 =
(

x̄ 0
0 x̄

)
, M2 =

(
ȳ 0
0 ȳ

)
∈ R. Then RM1 (resp., M1R) is not a right ideal (resp.,

not a left ideal) of R because M1M2 /∈ RM1 (resp., M2M1 /∈ M1R), noting x̄ȳ /∈ R0x̄
(resp., ȳx̄ /∈ x̄R0). So R is neither left nor right duo.

We next claim that R is nilpotent-duo. Note that N(R) =
(

0 R1
0 0

)
. Since R1b =

R1 = bR1 for all 0 ̸= b ∈ R1, we have N(R)M = MN(R) for all M ∈ R, noting
that N(R)M = N(R) = MN(R) when M /∈ N(R) and N(R)M = 0 = MN(R) when
M ∈ N(R). Thus R is nilpotent-duo.

The following contains basic facts about right nilpotent-duo rings with identity.

Lemma 1.8. (1) Right (left) nilpotent-duo rings are abelian.
(2) Every right Artinian, right (left) nilpotent-duo simple ring is a division ring.
(3) Let R be a local ring such that J(R)2 = 0. Then R is nilpotent-duo.
(4) Let I be a nil ideal of a ring R. If R is a right (resp., left) nilpotent-duo ring, then

R/I is a right (resp., left) nilpotent-duo ring.

Proof. (1) Let R be a right nilpotent-duo ring and assume on the contrary that there
exist r, e2 = e ∈ R with er(1 − e) ̸= 0. Then er(1 − e) ∈ N(R). Set x = er(1 − e). Since
R is right nilpotent-duo, x(1 − e) = (1 − e)y for some y ∈ N(R). But

0 ̸= x = e(er(1 − e))(1 − e) = ex(1 − e) = e(1 − e)y = 0,

a contradiction. Thus R is abelian. The proof of the left case is similar.
(2) It is an immediate consequence of (1).
(3) First note J(R) = N(R) because J(R) is nilpotent, and so N(R)2 = 0. Let a ∈ R

and b ∈ N(R). If a ∈ N(R) then ab = 0 = ba. Let a /∈ N(R). Then a ∈ U(R)
because R/N(R) is a division ring. So we have ba = aa−1ba and ab = aba−1a. But
a−1ba, aba−1 ∈ N(R). Thus R is nilpotent-duo.

(4) Let I be a nil ideal of R. Then N(R/I) = {a + I | a ∈ N(R)}. Suppose that R is
right nilpotent-duo. For any n + I ∈ N(R/I) and a + I ∈ R/I, (n + I)(a + I) = na + I =
ac+I ∈ (a+I)N(R/I) for some c ∈ N(R) because R is right nilpotent-duo and n ∈ N(R).
Thus R/I is right nilpotent-duo. The proof for the left case is similar. �
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Remarks. (1) Matn(R) and Tn(R) for all n ≥ 2 over any ring R are not abelian,
and hence they are neither left nor right nilpotent-duo by Lemma 1.8(1). So the concept
of right (left) nilpotent-duo ring is not Morita invariant. Moreover, N(Tn(Z2)) forms a
subring of Tn(Z2) for all n ≥ 2 by help of [15, Proposition 4.1(1)]; hence this fact entails
that the converse of Theorem 1.1(1) need not hold.

(2) Example 1.5(1) also shows that the converse of Lemma 1.8(1) need not be true.
Indeed, the ring R in Example 1.5(1) is a domain, and hence E = D2(R) is abelian by
[13, Lemma 2].

(3) Related to Lemma 1.8(1), there exists a right nilpotent-duo ring without identity as

well as a right duo ring which is not abelian. Let R =
(
Z2 Z2
0 0

)
. Then N(R) =

(
0 Z2
0 0

)
,

N(R)2 = 0, and N(R)a = 0 for all a ∈ R. Thus R is a right nilpotent-duo ring without
identity. But R is not left nilpotent-duo because N(R)E11 = 0 cannot contain E11N(R) =
N(R).

Note that all right ideals of R are
(

0 0
0 0

)
, R,

(
0 Z2
0 0

)
; all left ideals are

(
0 0
0 0

)
, R,(

Z2 0
0 0

)
,

(
0 Z2
0 0

)
,

{(
0 0
0 0

)
,

(
1 1
0 0

)}
; and all ideals are

(
0 0
0 0

)
, R,

(
0 Z2
0 0

)
. Therefore

R is a right duo ring without identity, but not left duo by the existence of the left ideal(
Z2 0
0 0

)
that is not two-sided, recalling that right duo rings are abelian.

(4) Notice that if a ring R is right (resp., left) nilpotent-duo then R/N∗(R) is right
(resp., left) nilpotent-duo by Lemma 1.8(4).

The class of (one-sided) nilpotent-duo rings is not closed under subrings and homomor-
phic images as we see in the following.

Example 1.9. (1) The class of right (left) nilpotent-duo rings is not closed under subrings:
(i) The ring R in Example 1.3 is right nilpotent-duo. It is easy to see that T =

KI + Ka0 + Ka1 + Ka2 is a subring of R (T is just the subalgebra generated by a1 and
a2), a1 ∈ N(T ) and a1a2 = a0 /∈ a2T = Ka2. Hence T is not right nilpotent-duo.

(ii) We take the ring S = F (t) with the monomorphism σ that is constructed in Example
1.5(1). Consider the skew polynomial ring R0 = S[x; σ] in which every element is of the
form

∑n
i=0 aix

i, only subject to xa = σ(a)x for a ∈ S. Then R0 is a principal left ideal
domain by the left-handed version of [21, Theorem 1.2.9(i, ii)]. So R0 is a left Noetherian
domain and hence R0 has a left quotient ring which is a division ring by [21, Theorem
2.1.14], Q(R0) say.

Next consider R1 = D2(Q(R0)). Then R1 is nilpotent-duo by Lemma 1.8(3). To show
that there exists a subring of R1 which is not right nilpotent-duo, set R = D2(R0). Then

clearly N(R) =
(

0 R0
0 0

)
. Let

A =
(

x 0
0 x

)
∈ R and B =

(
0 t + x
0 0

)
∈ N(R).

Then BA =
(

0 tx + x2

0 0

)
. Assume on the contrary that there exists C ∈ N(R) such

that BA = AC. Then C =
(

0 c(x)
0 0

)
for some c(x) ∈ R0. AC =

(
0 xc(x)
0 0

)
and

tx+x2 = xc(x) follows. Since R0 is a domain, c(x) = a0 +a1x for some nonzero a0, a1 ∈ S.
It then follows that

tx + x2 = x(a0 + a1x) = σ(a0)x + σ(a1)x2,



One-sided duo property on nilpotents 1981

entailing t = σ(a0). But this equality is impossible because σ(a0) is of the form f(t2k)
g(t2k) .

Therefore the subring R of R1 is not right nilpotent-duo.
(2) The class of right (left) nilpotent-duo rings is not closed under homomorphic images:
(i) Let R be the ring of quaternions with integer coefficients. Then R is a domain

and so nilpotent-duo. However for any odd prime integer q, the ring R/qR is isomorphic
to Mat2(Zq) by the argument in [10, Exercise 2A]. But Mat2(Zq) is not right (left)
nilpotent-duo by Remarks(1), and thus R/qR is not right (left) nilpotent-duo.

(ii) Let F be a field and A = F ⟨x, y⟩ be the free algebra with noncommuting indeter-
minates x, y over F . Then A is a domain and so nilpotent-duo. Consider R = A/I with
I the ideal of A generated by x2. Then R is neither left nor right nilpotent-duo as can
be seen by xy /∈ yN(R) and yx /∈ N(R)y, noting x ∈ N(R). In fact, both xy and yx are
nonzero; and letting xy = yz (resp., yx = z′y) with z ∈ N(R) (resp., z′ ∈ N(R)), we get
0 = xxy = xyz ̸= 0 (resp., 0 = yxx = z′yx ̸= 0); hence any case is impossible.

The following contains basic properties of one-sided nilpotent-duo rings.

Proposition 1.10. (1) Let Rγ (γ ∈ Γ) be rings. Then Rγ is a right (resp., left) nilpotent-
duo ring for each γ ∈ Γ if and only if the direct sum R =

⊕
γ∈Γ Rγ of rings Rγ is a right

(resp., left) nilpotent-duo ring.
(2) A ring R is a right (resp., left) nilpotent-duo if and only if both eR and (1 − e)R

are right (resp., left) nilpotent-duo for any central idempotent e in R.

Proof. (1) Note that N(R) =
⊕

γ∈Γ N(Rγ). Suppose that Rγ is a right nilpotent-duo
ring for γ ∈ Γ and let a = (aγ)γ∈Γ ∈ N(R). Then

N(R)a =
⊕
γ∈Γ

[N(Rγ)aγ ] ⊆
⊕
γ∈Γ

[aγN(Rγ)] = aN(R),

by hypothesis. Hence the direct sum of rings Rλ is right nilpotent-duo.
Conversely, suppose that R =

⊕
γ∈Γ Rγ is right nilpotent-duo and let a ∈ Rγ , where

γ ∈ Γ. Take α = (xγ)γ∈Γ such that xλ = a and xγ = 0 for all γ ̸= λ and a = (aγ)γ∈Γ
such that aλ ∈ N(Rλ) and aγ = 0 for all γ ̸= λ. Then aα ∈ N(R)α ⊆ αN(R), noting
that R is right nilpotent-duo. This implies that N(Rλ)a ⊆ aN(Rλ). Therefore Rγ is right
nilpotent-duo for each γ ∈ Γ. The proof for the left case is similar.

(2) Assume that R is right nilpotent-duo. By Lemma 1.8(1), R is abelian. So we have
N(eR) = eN(R) and N((1 − e)R) = (1 − e)N(R). Using these facts, we can easily prove
that both eR and (1 − e)R are right nilpotent-duo.

The converse comes from (1), since R ∼= eR ⊕ (1 − e)R. The proof for the left case is
similar. �

As an application of Proposition 1.10(1), we show that the converse of Lemma 1.8(4)
need not be true. In fact, consider the ring T2(R) over a right-nilpotent-duo ring R. Then

T2(R) is not right nilpotent-duo by Remarks(1). For a nil ideal I =
(

0 R
0 0

)
of T2(R),

T2(R)/I ∼= R ⊕ R is a right nilpotent-duo by Proposition 1.10(1).
Let A be an algebra over a commutative ring S. Due to Dorroh [7], the Dorroh extension

of A by S is the Abelian group A × S with multiplication given by
(r1, s1)(r2, s2) = (r1r2 + s1r2 + s2r1, s1s2)

for ri ∈ A and si ∈ S. We use A ⊕dor S to denote the Dorroh extension of A by S.

Proposition 1.11. Let R be a unitary algebra over a commutative reduced ring S. Then
R is right (resp., left) nilpotent-duo if and only if the Dorroh extension R ⊕dor S is right
(resp., left) nilpotent-duo.
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Proof. Let D = R ⊕dor S. First note that s ∈ S is identified with s1 ∈ R and so
R = {r + s | (r, s) ∈ D}, and that N(D) = (N(R), 0) since S is a commutative reduced
ring.

Suppose that R is right nilpotent-duo. Let (r, s) ∈ D and (n, 0) ∈ N(D). Then
(n, 0)(r, s) = (nr+sn, 0) = (n(r+s), 0) ∈ (N(R)(r+s), 0) ⊆ ((r+s)N(R), 0) by hypothesis.
There exists n′ ∈ N(R) such that n(r + s) = (r + s)n′, entailing that (n, 0)(r, s) =
(r, s)(n′, 0) ∈ (r, s)N(D). Thus D is right nilpotent-duo.

Conversely, suppose that D is right nilpotent-duo. Let a ∈ R and n ∈ N(R). Then
(na, 0) = (n, 0)(a, 0) ∈ N(D)(a, 0) ⊆ (a, 0)N(D) by hypothesis. So there exists n′ ∈ N(R)
such that (na, 0) = (n, 0)(a, 0) = (a, 0)(n′, 0) = (an′, 0) and thus na = an′, showing that
N(R)a ⊆ aN(R). Therefore R is right nilpotent-duo. The left case is similarly proved. �

2. Structure related to various sorts of rings
In this section, we investigate structures of various kinds of rings in relation with

nilpotent-duo property. We first observe some conditions under which the nilpotent-duo
property can be left-right symmetric.

Proposition 2.1. (1) Let R be a ring with an involution ∗. Then R is left nilpotent-duo
if and only if it is right nilpotent-duo.

(2) Let K be a commutative ring and G be a group. Then the group ring KG is one-sided
nilpotent-duo if and only if KG is nilpotent-duo.

Proof. (1) Let a ∈ N(R) and b ∈ R. Since (ak)∗ = (a∗)k for k ≥ 1 and 0∗ = 0, we have
a∗ ∈ N(R). If R is left nilpotent-duo, then b∗a∗ = cb∗ for some c ∈ N(R). This yields

ab = ((ab)∗)∗ = (b∗a∗)∗ = (cb∗)∗ = bc∗,

noting that c∗ ∈ N(R). This leads us to conclude that R is right nilpotent-duo. The proof
of the converse is analogous.

(2) Consider the standard involution ∗ on KG, defined by (
∑

aigi)∗ =
∑

aig
−1
i for all

ai ∈ R and gi ∈ G. Then KG is left nilpotent-duo if and only if KG is right nilpotent-duo,
if and only if KG is nilpotent-duo by (1). �

If G is an Abelian group and K is a field then the group ring KG is commutative,
and hence is both duo and nilpotent-duo. In the next proposition we consider the case of
non-Abelian groups.

Proposition 2.2. Let K be a field of characteristic zero and R be the group ring KQ8,
where Q8 is the quaternion group. Then the following conditions are equivalent: (1) R is
reduced; (2) R is nilpotent-duo; (3) R is right (left) nilpotent-duo; (4) R is abelian; (5) R
is IFP; (6) R is right (left) duo; (7) R is duo.

Proof. The proof is almost similar to ones of [2, Theorem 2.1] and [5, Proposition 1.7].
One-sided nilpotent-duo rings are abelian by Lemma 1.8(1), and reduced rings are clearly
nilpotent-duo. Recall that the class of IFP rings contains one-sided duo rings and reduced
rings, and that IFP rings are abelian. So it suffices to prove (4) ⇒ (1) and (4) ⇒ (7).

Note that R is isomorphic to K ⊕ K ⊕ K ⊕ K ⊕ H(K) such that H(K) is either a
division ring D or Mat2(K), by [24, Theorem 7.4.6 and Lemma 7.4.9]. Suppose that R
is abelian then R is isomorphic to K ⊕ K ⊕ K ⊕ K ⊕ D. So R is both duo and reduced,
finishing the proof. �

Following [9], a ring R is said to be von Neumann regular if for each a ∈ R there exists
b ∈ R such that a = aba. We have the following proposition by Lemma 1.8(1), [9, Theorem
3.2], and the definition of a nilpotent-duo ring.
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Proposition 2.3. For a von Neumann regular ring R, the following conditions are equiv-
alent:

(1) R is reduced; (2) R is nilpotent-duo; (3) R is right (left) nilpotent-duo; (4) R is
abelian; (5) R is IFP; (6) R is right (left) duo; (7) R is duo.

Due to Nicholson [22], a ring is called an I-ring if every non-nil right ideal contains a
nonzero idempotent. It is straightforward that the Jacobson radical of an I-ring is nil.
Following Nicholson [23], a ring R is said to be potent if idempotents can be lifted modulo
J(R) and every right (equivalently left) ideal not contained in J(R) contains a nonzero
idempotent. Note that I-rings are clearly potent, and potent rings with nil Jacobson
radical are I-rings.

Proposition 2.4. (1) Let R be a potent ring. Then we have the following results.
(i) If R is abelian, then N(R) ⊆ J(R) and R/J(R) is reduced.
(ii) If R is right (left) nilpotent-duo, then N(R) ⊆ J(R) and R/J(R) is reduced.

(2) Let R be an I-ring. If R is right (left) nilpotent-duo, then N(R) = N∗(R) = J(R).

Proof. (1) (i) Suppose that R is abelian. Let a ∈ N(R) with an = 0, and assume that
aR * J(R). Since R is potent, there exists 0 ̸= e2 = e ∈ R with e ∈ aR, e = ab say. Since
e is central,

e = en = (ab)n = (ab)n−2abab = (ab)n−2a(ab)b = (ab)n−3aaabbb = · · · = anbn = 0,

a contradiction. Thus aR ⊆ J(R) and N(R) ⊆ J(R) follows.
Assume on the contrary that c2 ∈ J(R) for some c /∈ J(R). Since R is potent, there

exists 0 ̸= f2 = f ∈ cR, f = cd say. Since f is central, f = f2 = (cd)2 = ccdd ∈ J(R), a
contradiction. Therefore R/J(R) is reduced.

(ii) It follows from (1) and Lemma 1.8(1).
(2) Since R is an I-ring, J(R) is nil and J(R) = N∗(R) follows. Moreover I-rings are

potent, and so we get N(R) = N∗(R) = J(R) by (1). �

Corollary 2.5 ([18, Lemma 3.1]). If R a potent ring with J(R) = 0, then R is abelian if
and only if R is reduced.

The following elaborates on Proposition 2.4.

Example 2.6. There exists a potent and nilpotent-duo ring R such that N(R) ( J(R).
Let R0 = K[[x]] be the power series ring with an indeterminant x over a field K. Next
set R = D2(R0). Then R is nilpotent-duo by Theorem 1.2(5) because R0 is commutative.
Note that

J(R) =
{(

f g
0 f

)
| f ∈ K[[x]]x and g ∈ R0

}
,

entailing that R/J(R) ∼= K. It follows from this fact that idempotents can be lifted
modulo J(R). Thus R is potent. But J(R) is non-nil, and so R is not an I-ring.

Following Marks [19], a ring R is called NI if N(R) = N∗(R). Note that a ring R is NI
if and only if N(R) forms an ideal of R if and only if R/N∗(R) is reduced. Notice that
right nilpotent-duo rings are NI by Proposition 2.4(2) if they are I-rings. We consider
other conditions under which right nilpotent-duo rings are NI.

Proposition 2.7. Let R be a right (left) nilpotent-duo ring. Then we have the following.
(1) If N(R) is nilpotent, then R is NI.
(2) If R is right Goldie, then R is NI.
(3) If R satisfies the ascending chain conditions on left and right annihilators, then R

is NI.
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Proof. (1) Assume that N(R) is nilpotent. Say N(R)k = 0 for some k ≥ 1. Let a ∈ N(R)
and r ∈ R. We use the right nilpotent-duo property of R freely to prove ar ∈ N(R).
Consider (ar)k. Then ar = ra1 for some a1 ∈ N(R). By the same argument as in the
proof of Theorem 1.1(1), we obtain air = rai+1 with ai ∈ N(R) for all i ≥ 1, and so
(ar)k = rkakak−1 · · · a2a1 = 0, from the fact of N(R)k = 0. This implies aR is nil, and
aR ⊆ N∗(R) follows because Köthe’s conjecture holds for R by Theorem 1.1(2). Therefore
R is NI.

(2) Since R is right nilpotent-duo, N(R) is a nil subring of R by Theorem 1.1(1). If R
is right Goldie, then N(R) is nilpotent by [17]. Thus the proof is completed by (1).

(3) Suppose that R satisfies the ascending chain conditions on left and right annihilators.
Then any nil subring of R is nilpotent by [11, Theorem 1]. So (1) and Theorem 1.1(1) can
be applied to this case. �

By the argument prior to [12, Theorem 2], there exist nil rings, satisfying the ascending
chain condition on left annihilators, which are not nilpotent. Next we observe the property
of annihilators in N(R) of a right (left) nilpotent-duo ring R.

Let R be a ring and S ⊆ R. The left (resp., right) annihilator of S in R is denoted by
lR(S) (resp., rR(S)).

Proposition 2.8. (1) Let R be a one-sided nilpotent-duo ring which satisfies the ascending
chain condition on left (resp., right) annihilators. Then rN(R)(N(R)) (resp., lN(R)(N(R)))
is nonzero when N(R) ̸= 0.

(2) Let R be a one-sided nilpotent-duo ring with an involution, which satisfies the as-
cending chain condition on left or right annihilators. Then N(R) is nilpotent and R is
NI.

Proof. (1) Note that N(R) is a nil subring of R by Theorem 1.1(1). By hypothesis, N(R)
also satisfies the ascending chain condition on left annihilators, and so rN(R)(N(R)) ̸= 0
by [11, Lemma 2]. For the proof of the case that R satisfies the ascending chain condition
on right annihilators, we refer to [4, Remarks(2), page 33].

(2) By Proposition 2.1(1), one-sided nilpotent-duo rings are nilpotent-duo because R
has an involution. So N(R)a = aN(R) for all a ∈ R; hence N(R)a = 0 implies aN(R) = 0
and vice versa. Thus every left annihilator of N(R) in R (hence in N(R)) is also right
annihilator, and vice versa.

Assume that R satisfies the ascending chain condition on left annihilators. Then N(R)
satisfies the ascending chain condition on left annihilators. So by the preceding argument,
N(R) also satisfies the ascending chain condition on right annihilators. The proof, with
the assumption that R satisfies the ascending chain condition on right annihilators, is
similar. This finishes the proof by help of Proposition 2.7(3). �

Following Yao [26], a ring R is called weakly right (resp., left) duo if for each a ∈ R
there exists n ≥ 1, depending on a, such that anR (resp., Ran) is two-sided. Weakly right
duo rings are abelian by [26, Lemma 4]. Right duo rings are obviously weakly right duo,
but the converse does not hold in general by considering E = Dn(R) over a division ring
R for n ≥ 3. Indeed, every matrix in E is either a unit or a nilpotent, but E23E is not
two-sided.

Recall that a ring is called locally finite [14] if every finite subset generates a finite
multiplicative semigroup. Finite rings are clearly locally finite, and there exist locally
finite rings but not finite (e.g., algebraic closures of finite fields). Note that E = Dn(R),
over a locally finite abelian ring R for n ≥ 3, is weakly right duo by [13, Lemma 2] and
the proof of [14, Proposition 16]. However E is not right nilpotent-duo by Example 1.4.
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Proposition 2.9. Let R be a right (resp., left) nilpotent-duo ring. Then we have the
following.

(1) If R is a weakly right (resp., left) duo ring then R is NI.
(2) If R is a locally finite ring then R is NI.

Proof. (1) Suppose that R is a weakly right duo ring. Then for any a ∈ N(R), aR is
nil by [26, Lemma 2]. Moreover aR is contained in N∗(R) by Theorem 1.1(2). Thus
N(R) = N∗(R). The proof for the left case is similar.

(2) Note first that R is abelian by Lemma 1.8(1) because R is right nilpotent-duo. Let
R be a locally finite ring. Then R is weakly right duo by [16, Proposition 15]. So R is NI
by (1). The left case is similarly proved. �

Notice that ‘aR is contained in N∗(R)’ in the second part of the proof of Proposi-
tion 2.9(1) is true if N(R) ⊆ Z(R), where Z(R) denotes the center of a ring R. But
there exists a right nilpotent-duo ring R such that N(R) * Z(R), for example, the ring

R in the proof of Theorem 2.10(2) to follow. Indeed, N(R) =
(

0 D
0 0

)
and Z(R) ={(

c d
0 c

)
| c, d ∈ Z(D)

}
, so that N(R) * Z(R) because Z(D) ( D.

Next we show that the right nilpotent-duo property does not go up to polynomial rings

Theorem 2.10. (1) Let R be a ring with N(R) ̸= 0. Suppose that the polynomial ring
R[x] is right (resp., left) nilpotent-duo. Then ab = ba for all a ∈ R and b ∈ N(R).
Moreover R is nilpotent-duo, N(R) is a commutative ring, and R[x] is an NI ring.

(2) There exists a right (resp., left) nilpotent-duo ring over which the polynomial ring
is not right (resp., left) nilpotent-duo.

Proof. (1) Suppose that R[x] is right nilpotent-duo. Let a ∈ R and b ∈ N(R). Then
b(a + x) = (a + x)(b0 + b1x + · · · + bnxn) for some b0 + b1x + · · · + bnxn ∈ N(R[x]) because
R[x] is right nilpotent-duo. But, checking the degrees of both sides of the equality, n must
be zero, i.e., b0 + b1x + · · · + bnxn = b0. It then follows that b0 ∈ N(R), ba = ab0, and
b = b0. Thus ba = ab. This implies that R is nilpotent-duo, and N(R) is a commutative
ring by help of Theorem 1.1(1).

Next we show that R[x] is an NI ring. Note first that N(R)[x] is a commutative nil ring.
Let r ∈ R and a ∈ N(R). Then ar, ra ∈ N(R) because ar = ra by the argument above.
This implies N(R) = N∗(R) (i.e., R is an NI ring). It then follows that N(R[x]) ⊆ N(R)[x]
via the fact that R[x]/N(R)[x] ∼= (R/N(R))[x] and R/N(R) is a reduced ring. This entails
N(R[x]) = N(R)[x] because N(R)[x] is nil. Let f(x) ∈ R[x] and g(x) ∈ N(R[x]). Then
g(x) ∈ N(R)[x], and f(x)g(x) = g(x)f(x) follows because ab = ba for all a ∈ R and
b ∈ N(R). This yields that N(R[x]) is an ideal of R[x], and R[x] is NI. The left case is
similarly proved.

(2) Let R = D2(D) where D is a noncommutative reduced right duo ring (e.g., direct
products of noncommutative division rings). Then R is right nilpotent-duo by Theorem
1.2(5). Assume that ab ̸= ba for some a, b ∈ D. Consider two matrices

A =
(

a 0
0 a

)
∈ R and B =

(
0 b
0 0

)
∈ N(R).

Then AB =
(

0 ab
0 0

)
̸=

(
0 ba
0 0

)
= BA. So R[x] is not right nilpotent-duo by (1). The

proof for the left case is similar. �
From Theorem 1.2(4) and Theorem 2.10, we obtain the following.
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Corollary 2.11. For a ring R, the following conditions are equivalent:
(1) D2(R)[x] is right (resp., left) nilpotent-duo;
(2) R is commutative;
(3) D2(R) is commutative;
(4) D2(R)[x] is commutative.

Proof. It suffices to prove (1) implying (2). Suppose that D2(R)[x] is right nilpotent-

duo, and let a, b ∈ R. Consider A =
(

a 0
0 a

)
∈ D2(R) and B =

(
0 b
0 0

)
∈ N(D2(R)). By

Theorem 2.10(1),
(

0 ab
0 0

)
= AB = BA =

(
0 ba
0 0

)
and ab = ba follows. The left case is

similarly proved. �
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