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SOME GENERAL INTEGRAL INEQUALITIES FOR
LIPSCHITZIAN FUNCTIONS VIA CONFORMABLE
FRACTIONAL INTEGRAL

IMDAT ISCAN, SERCAN TURHAN, AND SELIM NUMAN

ABSTRACT. In this paper, the author establishes some Hadamard-type and
Bullen-type inequalities for Lipschitzian functions via Riemann Liouville frac-
tional integral.

1. INTRODUCTION

Hermite-Hadamard Inequality. Let f : I C R — R be a convex function defined
on the interval I of real numbers and a,b € I with a < b. The following inequality

f(a+b>§ ! a/bﬂx)dxgw 1)

2 b—a 2

holds. This double inequality is known in the literature as Hermite-Hadamard
integral inequality for convex functions (see [7]). Note that some of the classical
inequalities for means can be derived from for appropriate particular selections
of the mapping f.

Ostrowski’s Inequality. Let f: I C R — R be a mapping differentiable in 7°, the
interior of I, and let a,b € I° with a < . If |f'(z)] < M, x € [a,b], then we the
following inequality holds

) - 1 /f(t)dt Sbf\_fa (wa)Q;r(bm)z

for all = € [a,b] (see [1]).
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Simpson’s Inequality. Let f : [a,b] — R be a four times continuously differen-
tiable mapping on (a,b) and Hf(‘l)’ o = sup |f(4)(x)‘ < 00. Then the following
z€(a,b)

inequality holds:

L [HOL0) o (520)] L f s < gl 0] -

(see [3, T1] and therein).
Bullen’s inequality. Suppose that f : [a,b] = R is a convex function on [a, b].
Then we have the inequalities:

biajﬂwwgé{ijb)+ﬂ®;f@}

(see [B] and [I6]). In what follows we recall the following definition.

Definition 1. A function f: 1 CR — R is called an M -Lipschitzian function on
the interval I of real numbers with M > 0, if

[f(@) = fy)l < M|z —y|
forall x,y € 1.

For some recent results are connected with Hermite-Hadamard type integral in-
equalities for Lipschitzian functions, see [4, 8 O] 17, [18]. In [I7], Tseng et al. estab-
lished some Hadamard-type and Bullen-type inequalities for Lipschitzian functions
as follows:

Theorem 2. Let I be an interval in R, a < A< B<binl, V=(1-a)a+ ab,
a € [0,1] and let f : I— R be an L -Lipschitzian function with L > 0. Then we
have the inequality

af(4)+ (1= ) f(B) ~ 5= [ flada] < o2 )

where

(A-—a)? —(A=V)+(B-V)’+ (b— B)®
a<V<A<B<Db,
(A-a)?+(V-A>+(B-V)*+(b-B)*,
a< A<V <B<b,

(A—a)’ +(V—A?+(b—B)*— (V- B)?,
a<A<B<V<)
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Theorem 3. Let I be an interval inR,a <A< B<C<binl, Vi =(1-a)atab,
Vo =va+ (a+8)b, a,8,7v € [0,1], a+8+~v=1, and let f : I - R be an L-
Lipschitzian function with L > 0. Then we have the inequality

af(4)+ 61(B) 411 ©) - 7= [ o)) < B22alB20)

a

where Vi, g is defined as in [I7, Section 3].

We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.

Definition 4. Let f € L{a,b]. The Riemann-Liouville fractional integrals J¢, f
and J;- f of order a > 0 are defined by

Joyp f(z) = ﬁ/( ) f@)dt, > a
and
b
Jo— f(z) = F(la)/(t — )" f)dt, z < b

respectively, where T'(c) is the Gamma function defined by I'(a) = [ e~ 't~ 1dt and
0
50,1 (@) = I f(@) = £(z) (sec )

In the case of « = 1, the fractional integral reduces to the classical integral. For
some recent results connected with fractional integral inequalities, see [2] [10] [14]
15, 19]. In [I5], Sarikaya et. al. represented Hermite-Hadamard’s inequalities in
fractional integral forms as follows:

Theorem 5. Let f : [a,b] — R be a positive function with 0 < a < b and
f € Lla,b). If f is a convex function on [a,b], then the following inequalities
for fractional integrals hold

P50 < gt s+ g sto) < L0 gy

with o > 0.

Definition 6. Let o € (n,n+ 1], n=10,1,2,... and set § = o —n. Then the left
conformable factional integral of any order o > 0 is defined by
1 [ . _
I @) = [0 (-0 s,

a
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and analogously, the right conformable fractional integral of any order v > 0 is
defined by

b
1 . _
(1) @ = o [ (6= 0= 0" s
Notice that, if « = n+ 1 then 8 = o —n = 1 and hence (I¢f) (z) = JI{ f(2)
and (bluf) () = J;‘jlf(x). Also, if n = 0 and o = 1 then 8 = 1 and hence

125) () = (*Lnf) (@) = | F(t)dt.

The Beta function defined as follows:

B(a,b) = m = /t“_l(l —t)°71dt, a,b> 0.
0

The Incomplete Beta function is defined by
B.(a,b) = /t“’l(l — )7 dt, x €[0,1],a,b > 0,
0
for x = 1, the incomplete beta function coincides with the complete beta function.

In [I2], Set et. al. represented Hermite-Hadamard’s inequalities for conformable
fractional integrals as follows:

Theorem 7. Let f : [a,b] — R be a function with 0 < a < b and f € L]a,b].
If f is a convex function on [a,b], then the following inequalities for conformable
fractional integrals hold:

a+b [(a+1) . fla) + £(b)
f( 2 ) =20-a) Ta—n) e

The aim of this paper is to indicate generalizations of some integral inequalities
for Lipschitzian functions via conformable fractional integral. The results are ob-
tained in this study is a generalization of the results which are obtained in Theorem
[2] and Theorem [3] by using conformable fractional integrals.

2. A GENERALIZATION OF HADAMARD AND OSTROWSKI TYPE INEQUALITIES
FOR LIPSCHITZIAN FUNCTIONS VIA FRACTIONAL INTEGRALS

Throughout this section, let I be an interval in R, a < x < y < b in I and
let f: I — R be an M-Lipschitzian function. In the next theorem, let A € [0, 1],
A=(1—-XNa+ X, and Ay g, @a>0,n=0,1,2, 8 =a—n, as follows:

(DIMfa< A<z <y<b, then

Aa,B,n(:I;a Y, A) = Ka,ﬁ,n(xa Y, A) + L;,B,n(xv Y, A)
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(2)Ifa<z<A<y<Db, then

Aa,ﬁ,n(IE, Y, A) = K;,ﬂ,n(xv Y, A) + Lz,ﬁ,n(xa Y, A)
B)Ifa<z<y<ALb, then

Aapn(x,y, A) = K 5,,(2,y, A) + La g n(z,y, A).

where
Kapn@yA) = (A-a)[(z—a)BBn+1)— (A—a) BB+ Ln+1)],
K pn(r,y,A) = (A—a) {(w —a) {23%(6771 +1)— B(B,n+ 1)])

+(A—a)[B(B—Fl,n—kl)—2Bﬁ(5+1,n+1)]},A7ﬁa,
Kipnlagia) = O
Logn(r,y,A) = (b=A)"[(A-y)Bn+1,8)+ (b~ A)B(n+2,0)],
Lipa@yd) = 6=A)"{y-4)[2Ba(n+1,0) - Bn+1,8))

+(b—4) [Bn+2,8) - 2By-a(n+2.8)|} A+,
LZ,B,n(mvyab) = 0.
Theorem 8. Let z,y,a, A\, A, Ay 5, and the function f be defined as above. Then
we have the inequality for fractional integrals

INa+1)
(b—a)*T(a—n)

A (@) + (1= N"Fy) -

INa+1)Aqgn(z,y, A)
n!(b— a)a (e —n) ’ (6)

(1) (4) + ("L f) (A)] \

Proof. Using the hypothesis of f, we have the following inequality

INa+1)
(b—a)*T(a—n)

X () + (1 - N F(y) — [(I5) (A) + (Lf) (A)] \

Fa+1)
n!(b—a)® T(a—mn)

A
[ 1@ - s -1 -0

a

b
+ / ) — FOL - A (b— 1) dt
A

A
M(a+1) B o )
A [/ F@) — SO A=) (6 — ) b

— nl(
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b
+/If(y)—f(t)l(t—A)"(b—t)B1dt]

A

A
< n! (br_(i)i;)(f_n) [/ o —t) (A= )" (t —a)® ' dt
b
+/|y—t| (t—A)" (b_t)ﬁ—1dt] . .
A

Now using simple calculations, we obtain the following identities

4 b
/ |z —t| (A—t)" (t —a)’ ' dt and / ly —t| (£ — A)" (b— )" dt.
@ A

1. Ifa<A<z<y<b, then
A

/ o=t (A — )" (t — a)* L dt

=(A-a)"[(z—a)B(B,n+1)—(A—-a) BB+ 1,n+1))]
= Kagn(z,y, A).
d

an

b
/ ly—t (t— A" (b— 1) at
A

= b= {(y—A) [2Bys(n+ 1,8~ B+ 1.8)))

+(b— A) [B(n+2,5) - QBH(TH-Q,,B)]}
= Lf;ﬁ’n(as,y,A).
2. Ifa<xz<A<y<b, then

A
/ lz—t{(A—t)" (t—a)’ ' dt

—(A-a)" {(z-0) 2Bsza (Bn+ 1) = BB+ 1))

+(A—a) {B(6+ Ln+1) —QBE(ﬂ—i-l,n—l—l)]}
= KZ,,B,n(xa Y, A)
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and
b

/ y— 1] (t— A" (b— )" dt

A
= -0 {w-4) [2B,s(n+1,8) - Bn+1,8))

+(b— A) [B(n+2,5)—2BH(n+2,g)H
= Lzﬁjn(x,y,A).
3. Ifa<z<y<A<LD, then

A
/ le —t|(A—t)" (t —a)’ " dt

- (A—a)a{(x—a) [23%(5m+1) —B(ﬁ,n+1)})
(A —a) [B(ﬁ+1,n+1)_23%(ﬁ+1,n+1)]}

= ;,ﬁ,n(xv Yy, A),
d

an

b
/ y—t (t— A" (b— 1) at
A

— (b= A" [(A—y) B(n+1,8) + (b— A)B(n +2,8)] = La gn(w,y, A).

Using the inequality and the above identities faA |z —t|(A—t)" (t—a)’ " dt
and fj ly —t| (t — A)™ (b— 1)’ dt, we derive the inequality ( |§I) This completes
the proof. O

Under the assumptions of Theorem [B] we have the following corollaries and
remarks as follows:

Remark 9. In Theorem [§, if we take o = 3 =1 and n = 0, then the inequality
(@ reduces the inequality (@ m Theorem under the appropriate symbols.

Corollary 10. In Theorem@ letd € [5,1], z=ba+(1-8)b andy = (1—6)a+b.
Then, we have the inequality
[A“f(da+ (1 =68)b) + (1 —=Nf((1 —d)a+ db)
r
- et AN A+ CLaf) (4]
I'(a+1)Aq g n(da+ (1 —0)b, (1 —0d)a+ 0b,A) g
= n (b—a)" T(a—n) : (8)
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Specially if we choose, if we take x = y = A, then we have Ostrowski-type inequality
as follows:

I'a+1)
(b—a)*T(a—n)

A"+ (A=) f(=z) -

INoa+1)Aspn(z,y, A)
nl(b—a)T(a—n)

(12D (A) + (Laf) (]| 9)

where
Aapm(z,y,A) = (z —a)* ™ (B(B,n+1) = B(B+1,n+ 1))+(b — )™ B(n+2, 8).

Remark 11. In the inequality (@, if we take o = n + 1, then the inequality (@
reduces the inequality (2.4) obtained via Riemann-Liouville fractional integrals in
[10, Corollary 2.1].

Corollary 12. We have the following weighted Hadamard-type inequalities for Lip-
schitzian functions via conformable fractional integrals as follows:
In the inequality (@, if we take 6 = 1, then we have

o « Mla+1) a
N0+ (=21 0) — e (1) (4)+ () ()
INa+1)Ay pn(a,b, A)

n!(b—a)*T(a—n)

M,

where

Aapm(a,b,4) = (A—a)*[B(B+1,n+1)—B(B,n+1)]

+(b— A [B(n+1,8) — B(n+2,8)],
in this inequality, specially if we choose A = =2 for x € [a,b], then
(=) fla) +(b—2)" f(b) ___ T(a+1)

(b—a)® (b—a)* (o —n)

Ia+1)Ay sn(a,b,z)
n!(b—a)*T(a—n) M,

Corollary 13. In the inequality @,
(i) if we choose X\ = %, then

()t on (5% een ()]

e T B I

= nl(b—a)*T(a— n)

Kmncw+cufﬂwﬂ

where
a+b a+b a—i—b)
2 7 27 2

Aa,pn(
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b—a\*™
=< 5 ) [B(B,n+1)—B(B+1,n+1)+ B(n+2,8)].

(ii) In the mequal@ty @ if we take A =

%an ngthen
iy 3a+b a+3b
2 4
20— 1F(a—|—1 {

T -0 T ) e (5]

2a 1F( )Aaﬁn(3a+b a-t—l3b’a-2i-b)M
n!'(b—a)” T(a—mn) ’

where
3a+b a+3b a+b
4 7 4 7 2

Aa,pn( )

h— a+1
— < > a) [31/2(5,n +1)+ B1/2(n +1,8) - 2B1/2(5 +1,n+1)

—2B15(n+2,8)+B(B+1,n+1)+B(n+2,8)—B(B,n+1)].

3. A GENERALIZATION OF BULLEN AND SIMPSON TYPE INEQUALITIES FOR
LIPSCHITZIAN FUNCTIONS VIA FRACTIONAL INTEGRALS

Throughout this section, let I be an interval in R, a <z <y <z <bin [ and
f: I — R be an M-lipschitzian function. In the next theorem, let A + 7+ p = 1,
Anpel0,1], A=(1—-Xa+ b, C=pa+ (A+n)b, and define I, » ., @ > 0, as
follows:

(1) HTA<C<z<y<zor A<z <C<y<z then

IaJ\JLM(x’ Y, Z) = Ma,)\7177ﬂ($7 Y, Z) + Na,>\7ﬂ7ﬂ(x) Y, Z) + OZ,)\,n,u(x’ Y, Z)
(2) A<z <y<C<z, then

IO‘M\JLM('T7 Y, Z) = Ma)\m,/t (LE, Y, Z) + N:z,)\,n,u(zv Y, Z) + OZ,)\,W,;J, (:Cv Y, Z)
(3) f A<z <y<z<C,then

Ia,)\,n,,u(xa Y, Z) = Ma,)\,n,u(xa Y, Z) + N;Q)\,n”u(xa Y, Z) + Oa,)\,n,,u‘(iv7 Y, Z)
(4) Tz <A<C<y<z, then

Ia,k,n,u(xa Y, Z) = M;,)\7177u($7 Y, Z) + Na,k,n,u(xa Y, Z) + OZ,)\,n,p,(xa Y, Z)
(5) fz<A<y<C<z, then

IO‘M\JLM('T7 Y, Z) = M;,)\,n,u(mv Y, Z) + N:z,)\,n,u(zv Y, Z) + OZ,)\J],;J, (:Cv Y, Z)
(6) If e <A<y <z<C, then

Ia,)\,n,,u(xa Y, Z) = M;,)\ynyﬂ(xa Y, Z) + N;Q)\,n”u(xa Y, Z) + Oa,)\,n,,u(w7 Y, Z)
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() Tz <y<A<C <z, then

IO‘JJHL(J;’ Y, Z) = M;,A,n,;t(xa Y, Z) - Na,%m#(l" Y, Z) + OZ,A,n,/L(xv Y, Z)
B fex<y<A<z<Coz<y<z<A<LC(C, then

Ia,/\,n,u(l’: Yy, z) = M;,A,n,u(xa Y, 2) — Na,k,n,u(l’» Yy, z) + Oa)\,n,u(xa Y, 2).

Where
Ma,)\,n,#(xayaz) = (A_a)a [(.’E—Q)B(ﬁ,n—l-].)—(A—(L)B(ﬁ—}—l’n_lr-]_)],
Nopmu(z,y,2) = (C—=A)*[(y—A)B(n+1,6) - (C—A)B(n+2,0)],
Oapnu(@y.z2) = (b-—C)"[(C—-2)B(n+1,8)+ (b—C)B(n+2,0)],

My @,y 2) = (A= @)* {(z = ) [2Bgea (B,n + 1) = B(8,n + 1))
+(A—a) [B(5+1,n+1)—23%(5“,%1)]}, A#a (or \#0),
M3 o5.u(7,y,2) =0,

Nin@9:2) = (€ = A" {(y = 4) [2B g (n +1,8) = B(n +1,8)))
+(C—A) [B+2,8)~2Bya (n+2,8)| }, A#£C (orn£0),
Noxo,u(®,:2) =0,

Onnm(@9:2) = (0= ) {(z = ©) [2Boog (0 +1,8) - B(n+1,8)))

(b= C) [B(n+2,8) ~2Bc(n+2.8)|}, C#b(or p#0),
OZ,)\,n,O(xayvz) =0.

Theorem 14. Let x,y, 2, A\, n, pb, A1, Az, Aaan,. and the function f be defined as
above. Then we have the inequality

A f(@) + 0% f(y) + nf(2)
IMNa+1) "
- (b—a)"T(a—n) [T (A) + (“Laf) (A) + ("af) (C)]‘
< F(a + 1)104,)\,77,#(1'7 Y, Z)
n!(b—a)*T(a—mn)
Proof. Using the hypothesis of f, we have the inequality

A" f (@) +n"fy) + p f(2)
I(a+1)

_ a C b
T D )+ CLs) () + (1) (©)

M. (10)

A
_ F(a+1) ) — _on\n _a,@—l
= BT / @)~ SOIA -0 (=) a




962 IMDAT ISCAN, SERCAN TURHAN, AND SELIM NUMAN

C b
+/[f(y)—f(t)} (t—A )7 1dt+/ ) (b—t)tadt
A C

a+1

n!

/ e 0 (-

C b
+/|f(y)—f(t)\(t—A)" (C—t)ﬁ’ldt+/|f(z)—f(t)l(t—C)" (b—t)"""dr
A C

< oo lad /\x—t\ )" (t—a)’ ' at (11)
/|y—t|t— )f’1dt+/|zft\(th)”(bft)ﬁ*dt.
c

Now using simple calculations, we obtain the following identities
A |x—t| — )" (t—a)?dt, [ |y —t](t—A)"(C—t)" " dt
and [ ]z —t|(t—C)" (b— )" at.

(1) IfA<C<x<y<zorA<x§C§y§z,thenwehave

/|x—t| — )" (t—a)’tdt

—(A—a> [(z—a)BBn+1) = (A=a) BB+ 1,n+1)]

- a)\n,u(xya )7

/|y —t(t—A — )t at

=(C—-A)"[(y-A)B(n+1,8)—(C—A) B(n+2,p5)
- Na,)\,n,#(may7z)a

and
b

/ lz—t|(t—C)" (b—t)" " at

c

= (b—C) {(sz) [23%(n+ 1,8) — B(n+ 1,5)})
+(b—0) [B(n+2,ﬁ) _23%(7”2,5)]}
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= OZ,/\7n7u(x,y,z).
(2) If A<z <y <C <z, then we have

Jle=t(A=0" (¢~ )"~ dt = Mo (o0 2)

C
/ ly— 1] (t— 4)" (C — )t
A

= (0= )" {(v~4) [2Bys (n+ 1,8) = Bn + 1,5)))
+(C — A) [B(n+2,5)_23%(n+2,5)}}

= ;,A,nﬂu(m7yvz)7

and

b
[lz=tlt =0y 6= de = 0s 5y 2).

(3) f A<z <y <z<C(C, then we have
A

/ & — £ (A —t)" (t — a)’ " dt = Mor (2,9, 2),

/ ly—t (= A" (C — )" dt = N7y, (2,9, 2),
A

and

b

/z—t| ) (b—t)’ tat

C
=b-O)'[(C-2)B(n+1,8) + (b—C)B(n+2,8)]

= Oa,)\,n,u(xvyaz)'
(4) fz < A< C <y<z then we have

[lo ==t =0~ dt = M2y (00 2)

[yt = 27" (€= "7 dt = Nuspl.2),
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and
b
[lz=tlt -0y 6= de = 045y w2).
C

(5) If x < A <y < C < z, then we have

A
[lo= =07 =0~ dt =3 (00 2)

C
Jlu=tlt =27 (€= 0"~ dt = Ny ),
A
and
b
[lz=tlt =0y 6= de= s 5y w2).
C

(6) If x < A<y <z<C, then we have

A
[lo ==t (=0~ dt = M2 (o0 2)

C
/ ly—t (£ — A" (C — )P dt = N2, (29, 2),
A
and
b
/ 2t/ (t = O)" (b— )" dt = Oupon(@, 9, 2).
C

() fz <y < A<C <z then we have

o —t| (A= )" (t —a)’ " dt = M}, (2,9, 2),

«

St~

C
/|y (= A (C = )P dt = —Noy (@1, 2)
A

and
b

/ z—t] (= O)" (b— )" dt = Oy u(,9: 2).
C
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B fer<y<A<z<Corz<y<z<A<C(C, then we have

A
[lo=tda-0" =0 dt =130, (00.2)

C
/‘y—tl t— (C—t)ﬂil dt = _Na,)\,n,u(xvyvz)a
A

and

/ 2= t|(t=C)" (b= 1)""" dt = O r (2,9, 2).

Using the inequality (11)) and the above identities fA |z —t| (A—t)" (t — )’ " dt,
[y =t (= A)" (C - )ﬁ Ydt and [z — ] (t— C)" (b— )" dt, we derive the
inequality (10| . This completes the proof. O

Under the assumptions of Theorem [14] we have the following corollaries and
remarks as follows:

Remark 15. In Theorem if we take o = B =1 and n = 0, then then the
inequality (@ reduces the inequality (@) m Theorem@ under the appropriate sym-
bols.

Corollary 16. In Theorem. let § € B, ], x=da+ (1—-06)Db, y= aT'H’ and
= (1—=40)a+ 6b . Then, we have the inequality

A F(Bat (1= 8)0) + 0 F(U30) i F((1 = B)a+ o)

Ila+1) a c b
- (b — a)(x F(O{ _ n) [(Iaf) (A) + ( Iozf) (A) + ( Iaf) (C)]
_ L(a+ 1) Laxmu(8a+ (1= 68)b, %L, (1= 6)a + 6b)
- n!(b—a)*T(a— n)
Corollary 17. In C'orollary if we take 6 = 1, A = pu = g andn =1-20

with 0 € [0,1], then we have the following weighted Bullen-type inequality for M-
Lipschitzian functions via fractional integrals

<§>a<f<a>+f<b>>+<l—9>“f <a;b)

- e U )+ (CLf) (4)+ (L) €]

P(a + 1)I ,3,179,3(‘17 aT—H)>b)

[e3%

nl(b—a)*T(a—n) M,

M.
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(5" BB+ 1Ln+1)+B(n+1,0) - B(n+25)
+(179)a+1 |: B(TL+2,6) — %B(n—&—l,ﬁ)—i—Bl/g(n—i—l,ﬁ) :|
_2B1/2 (TL + 2) /B)

Specially, in the inequality (@, if we taken =0 and o = 8 = 1, then the inequality
(@ reduces to the following general inequality for M -Lipschitzian functions

b

(g) (Fla) + F() +(1— ) f <‘“2Lb> - bia/f(t)dt

< %(b—a) 26>+ (1 - 0)?]. (13)

Remark 18. In the inequality (@, if we take oo = n + 1, then the inequality (@
reduces the inequality obtained via Riemann-Liouville fractional integrals in [10}
Corollary 3.2].

Remark 19. In the inequality , if we take 6 = %, then the inequality

reduces to the following Simpson-type inequality for M -Lipschitzian functions

s @ (U50) 4 s - bia/bfu)dt <X o-a).

Remark 20. In the inequality , if we take 6 = %, then the inequality
reduces to the following Bullen type inequality for M -Lipschitzian functions

| [H010) ()] L gl <2y,

2 2

Remark 21. In the inequality , if we take 8 = 0, then the inequality (
reduces to the following Midpoint type inequality for M -Lipschitzian functions

)

Remark 22. In the inequality , if we take 8 = 1, then the inequality (
reduces to the following Trapezoid type inequality for M -Lipschitzian functions

b
f(a);-f(b)_bia/f(t)dt g%(b—a).

a




(1]

[13]

14

[15]
[16]
17]
18]

[19]
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