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ABSTRACT. The main objective of this paper is to present a common fixed
point theorem for two pairs of single and set valued mappings via subsequential
continuity and - compatibility. To illustrate the validity of our results, an
example is provided and we give also an application for a system of integral
inclusions of Volterra type.

1. INTRODUCTION

Fixed point theory is one of the important tools in the study of several problems
in non linear analysis, physics, economics,.... Starting from Banach principle, some
results and generalizations were given in this way. A common fixed point theorem
generally involves conditions on commutativity, continuity and contractive condi-
tion of the given mappings, with completeness, or closedness of the underlying space
or subspaces, along with conditions on suitable containment amongst the ranges of
involved mappings. Sessa [20] has weakened the notion of commuting mappings to
weakly commuting, later Jungck |14] introduced the concept of compatibility for a
pair of self maps, which was extended to hybrid pair of mappings by Kaneko and
Sessa [16]. Afterwards Jungck et al. [15] have furnished an extension to compati-
ble mappings notion, called weak compatibility in the setting of single-valued and
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multi-valued mappings. Recently, Bouhadjera and Godet Tobie [7] introduced sub-
sequential continuity which is weaker than the reciprocal continuity introduced by
Pant [19]. In fact every non-vacuously pair of reciprocally continuous maps is nat-
urally subsequentially continuous. However subsequentially continuous mappings
are neither sequentially continuous nor reciprocally continuous. Quite recently, Be-
loul et al. [5] extended the notion of subsequential continuity to the context of set
value maps in order to establish a common fixed point by using Hausdorff distance,
while there is a function called §-distance which defined by Fisher [10], although
d-distance is not a metric like the Hausdorff distance, but shares most of the prop-
erties of a metric, some results on d-distance can be found in [1,/4)6]. Common fixed
point theorem commonly require commutativity, continuity, completeness together
with a suitable condition on containment of ranges of involved maps beside an ap-
propriate contraction condition. Thus, research in this field is aimed at weakening
one or more of these conditions.

In this paper we will utilize a #-contraction introduced by Jleli and Samet [12] and
d-distance to establish a strict coincidence and a strict common fixed point of a
d-compatible and subsequentially hybrid pair of mappings, without continuity or
reciprocal continuity, weak reciprocal continuity, completeness and containment of
ranges.

2. PRELIMINARIES

Let (X, d) be a metric space, B(X) is the set of all non-empty bounded subsets
of X. For all A, B € B(X) we define the two functions:D, ¢ : B(X) x B(X) — R4
such that

D(A, B) = inf{d(a,b);a € A,b € B},

0(A, B) = sup{d(a,b);a € A,b € B}.
If A consists of a single point a, we write §(A, B) = §(a, B) and D(A, B) = D(a, B),
also if B = {b} is a singleton we write

0(A,B) = D(A, B) = d(a,b).
Clearly that § satisfies the following properties:
0(A,B) =46(B,A) >0,
d(A,B) <§(A,C)+0(C,B),
0(A,A) = diam A,
d(A,B) =0 implies A= B = {a},

for all A, B,C € B(X).
Notice that for all a € A and b € B we have

D(A, B) < d(a,b) < 6(A, B),
where A, B € B(X).



A COMMON FIXED POINT THEOREM 1475

Definition 1. [20] Two mappings S : X — B(X) and f: X — X are to be weakly
commuting on X if fSx € B(X) and for allx € X:

0(Sfx, fSx) <max{d(fx,Sxz),diam(fSx)}.

Definition 2. [17] A hybrid pair of mappings (f,S) of a metric space (X,d) is
d-compatible if
lim §(Sfxn, fSx,) =0,

whenever {x,} is a sequence in X such that fSxz, € B(X),lim, o Sz, = {2},
and lim,_, fx, = z, for some z € X.

Definition 3. [19] The pair of self mappings (f,g) on a metric space(X, d) is said
to be reciprocally continuous if

lim fgx, = ft
n—oo
and
lim gfx, = gt,
n—oo
where limy, o fx, =lim, . gx, =t, for some t in X.

Later, Singh and Mishra [21] generalized the concept of reciprocal continuity to
the setting of single and set-valued maps as follows.

Definition 4. [21] Two maps f : X — X and S : X — B(X) are reciprocally
continuous on X (resp. att € X ) if and only if fSx € B(X) for each x € X (resp.
fSt e B(X)) and

lim fSz, = fM, %I_r}Sfccn = St,

n—oo
whenever {x,} is a sequence in X such thatlim,, o Sz, = M € B(X),lim, o fz,
te M

Definition 5. [7] Two self-mappings f and g on a metric space (X,d) are said to
be subcompatible if there exists a sequence {x} such that:

lim fz, = lim gz, =t and lim d(fgz,,g9fz,) =0,

n—oo n—oo n—oo

for somet € X.

Definition 6. [7] The pair (f,g) of self mappings is said to be subsequentially con-
tinuous if there exists a sequence {xy} in X such thatlim, o fa, = lim, oo g2, =
z, for some z € X and lim,, o fgx, = fz,lim, o gfz, = g2.

Definition 7. [5] Let f : X — X and S : X — CB(X) two single and set-valued
mappings respectively, the hybrid pair (f,S) is to be subsequentially continuous if
there exists a sequence {x,} such that

lim Sz, =M € CB(X) and lim fz,=2z¢€ M,

n—o0

for some z € X and lim,, . fSx, = fM,lim,, oo Sfz, = 5z.



1476 A. ALI, S. MAHIDEB, S. BELOUL

Notice that continuity or reciprocal continuity implies subsequential continuity,
but the converse may be not.

Example 8. Let X =[0,1] and d the euclidian metric, we define f,S by

xr €

1 1
1 §<l'§1

We consider a sequence {x,,} such that for each n > 1 we have: x, = 3 n%rl,
clearly that lim,, o fx, = % € [o, %] and lim,, ., Sz, = [0, %] € B(X), also we

’ 2
have:

. . 1 1 1 1
and
. . 11 1 1 1
Jim Sfan = Jim 2.5+ 21=10.51=5G),

then (f,S) is subsequentially continuous.
On the other hand, consider a sequence {y,} which defined for alln > 1 by: y, =
% + n%_l, we have

nh_)rrgo fxn = % €[0,1], and nh_)rr;o Sz, =10,1] € B(X),
however
Jim fSr, = T (114 1)) £ 7(0,1)),
then f and S are never reciprocally continuous.

Let © be the set of all functions 0 : (0, +00) — (1,400) be a function satisfying:

(01) : 6 is non decreasing,
(03) : for each sequence {t, } in (0, +00), lim,, o t,, = 1if and only if lim,, o t, =
0,

(03) : there exists r € (0,1) and I € (0, c0] such that lim; o+ 0(?,_1 =1.

Example 9. For alli € {1,2,3}, the following functions are elements of ©.
D 61(t) =et.  2)0s(t) =€ 3)05(t) =eVE.  4) O,(t) = eV,

Definition 10. [19] Let (X,d) be a metric space and T : X — X be a mapping.
For 6 € ©, we say T is 0-contraction, if there exists k € [0, 1] such that for x,y € X,
d(Tx, Ty) > 0 implies 0(d(Tz, Ty)) < [0(d(x,y))]~.

Theorem 11. [12] Let (X, d) be a complete metric space and let T : X — X be an
0-contraction. Then T has a unique fized point in X.
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3. MAIN RESULTS

In this section, we introduce a multivalued fs-contraction and prove a common
fixed point theorem for hybrid pair mappings with J-distance.

Definition 12. Let (X, d) be a metric space and T : X — B(X) be a mapping. For
0 € ©, we say T is O5-contraction, if there exists k € [0,1] such that for z,y € X,
§(Tz, Ty) > 0 implies 0(5(Tz, Ty)) < [0(d(z, y))]*.

Definition 13. Let f be a self mapping on a metric space (X,d) and let T : X —
B(X) be a multivalued mapping. Then T is called generalized multivalued (f,05-
contraction if for all x,y € X there exists k € [0,1] such that,

§(Tx,Ty) >0 implies 0(6(Tz,Ty)) < [0(R(z,y))]*,
where § € ©

R(z,y) = max{d(fz, fy), D(fx, Tx), D(fy,Ty), %[D(ffﬂy Ty) + D(fy, Tx)]}.

Now we extend the last definition for two pairs of hybrid pair, in order to establish
a common fixed point for set valued and single valued mapping in metric space,
without continuity and completeness of space, we use only subsequential continuity
with J-compatibility.

Theorem 14. Let f,g: X — X be single valued mappings and S,T : X — B(X)
be multi-valued mappings of metric space (X,d). If the two pairs (f,S) and (g,T)
are subsequentially continuous and §-compatible. Then the pair (f,S) as well as
(9,T) has a strict coincidence point. Moreover, f,g,S and T have a common strict
fized point provided that there exists k € (0,1) such that for all x,y in X we have:

§(Sz,Ty) >0 implies 0(5(Tx, Ty)) < [0(R(z,))]", (1)

where 8 € ©. and
R(z,y) = max{d(fz, fy), D(fz,Tz), D(gy, Ty), %[D(fw,Ty) + D(fy, Tz)]}.

Proof. Since (f,S) is subsequentially continuous, there exists a sequence {x,} in
X such that
lim Sz, =M € B(X), lim fz,=z¢€ M.
lim fSx, = fM, lim Sfx, =Sz,

n—oo n—oo
Also, the pair (f,.S) is d-compatible implies that

lim §(fSwy, Sfr,) = 0(fM,Sz) =0,
which gives that fM = Sz = {fz}, and so z is a coincidence point of f and S.
Similarly, for the pair (g,T") there exists a sequence {y,,} in X such that

lim Ty, =N € B(X) and lim gy,=t€ N
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and
hm gTy, = gN, lim Tgy, =Tt.
The pair (g,T) is 6—compat1ble, implies that
lim 5(9TynaTgyn) = 5(9Na Tt) =0.
Then gN = Tt and Tt is a singleton, i.e, Tt = {gt} and ¢ is a strict coincidence
point of g and T
Now, we claim fz = gt, if not so §(Sz,Tt) > 0, otherwise
d(fz,gt) < 6(5z,Tt) =0,
which is a contradiction. Then by using , we get:
0(3(S2,Tt)) < [0(R(z,1))]".
Since Sz = {fz} and Tt = {gt}, we get
D(fz,S5z) = D(gt,Tt) =0,
D(fz,Tt) = d(fz,gt)
and D(gt,Sz) =d(fz,gt). Hence
1
R(z,t) = max{d(fz,gt), D(fz,Sz), D(gt,Tt), §(D(fz7 Tt) + D(gt,Sz))}.
Subsisting in we get
0(d(fz, gt)) = 0(6(Sz, Tt)) < [0(d(f2, 9t))]* < 0(d(fz gt)),
which is a contradicts that 6(¢) > 1 for all ¢ > 0. Then fz = gt.

Now we claim z = fz, if not by taking z = z,, and y = ¢ in , 0(Szy, Tt) > 0,
otherwise letting n — oo, we get

d(z, fz) =d(z,gt) < 06(M,Tt) =

which contradicts that z # fz, and so we have
0(6(Sz,,Tt)) < [A(R(zn,t))]".
Letting n — oo, we get M (x,,t) — d(z, fz) and so we have:
0(d(z, f2)) < 6(8(M, Tt) < [0(d(=, f2))]* < 0(d(z, [2)),
which is a contradiction. Hence z is a fixed point for f and S.
We will show z = t, if not by taking « = z,, and y = y,, in (1)), 6(Sz,, Ty,) > 0, if
not letting n — oo, we get:
d(z,t) <d6(M,N) =0,

which is a contradiction, so we have:

016(S20, Tyn)] < O[R(2n, yn)]*
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Taking n — oo, we get:
0(d(z, 1)) < 6(6(M,N) < [8(d(=,1))]* < 8(d(=,1)),

which is a contradiction. Hence z = ¢ and consequently z is a common fixed point
for f, 9,5 and T. For the uniqueness, let w be another fixed point, by and using
@), 6(Sz,Tw) > 0, if not d(z,t) < 6(Sz,Tt) = 0, which is a contradiction. Then
we have:

0(d(z,w)) < 0(6(Sz, Tw)) < [0(d(z,w))]* < 0(d(z,w)),
which is a contradiction. Then z is unique. (Il

If f =g and S =T we obtain the following corollary:

Corollary 15. Let f : X — X be a single valued mapping and S : X — B(X)
be a multi-valued mapping of metric space (X,d). Suppose that the pair (f,S)
is subsequentially continuous, as well is d-compatible and there exist 0 € © and
k €10,1) such that for all x,y in X we have:

§(Sz,Sy) > 0 implies 0(5(Sxz, Sy)) < [H(M(x,y))]*,
where
R(z,y) = max{d(fz, fy), D(fz, Sz), D(fy,Sy), %[D(fx, Sy) + D(fy, Sz)]}-
Then f and S have a strict common fized point.
If S and T are single valued maps, we get the following corollary:

Corollary 16. Let (X,d) a metric space and let f,g9,S,T : X — X be self map-
pings, if the pair (f,S) is subsequentially continuous and compatible as well as
(9,T). Then f and S have a coincidence point as well as g and T. Moreover,
f,9,S and T have a common fized point provided that there exists k € [0,1) and
0 € © such that for all x,y in X we have:

d(Sz,Ty) > 0: implies: 0(d(Tz,Ty)) < [0(R(z,y))]*,
where
R(z,y) = max{d(f, ), (., Sz, d(gy, Ty), 3 d(fz, Ty) + dlgy, 52

Example 17. Let X =10,2], d(z,y) = |x — y| and f,g,S and T defined by

ol o<z <1 {1}, 0<z<l1
— — 2 — — _ _ 9 = =
fx_gx_{o, l<a<?2 Fx_Tm_{[i,m, l<z<2

Consider a sequence {x,} for alln > 1 such that ,, =1 — X, it is clear that
lim fz, =1¢€ {1}
n—oo

and
lim Tz, = {1},
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which implies that the pair (f,T) is subsequentially continuous. On other hand, we
have

lim 8(fTa,, Tfzn) = 6({1},{1}) = 0.

so (f,S) is 0-compatible.
For the inequality , by taking 0(t) = €' and k = 1—90, we discuss the following
cases:

(1) For z,y € [0,1], we have 6(Tz,Ty) = 0.

(2) Forxz €10,1] and y € (1,2], we have:

§(Tz,Ty)=1< = < %D(fy,Ty),

| W

which implies

AT TY) < (PUYTY) T < (RE)i5,

(3) Forx € (1,2] and y € [0,1], we have

Mol w
Sl

<
this yields
e&(Ta;,Ty) < (eD(f;t,Tw))l% < (eR(z,y))l%_
(4) For z,y € (1,2] we have
S(Tw, Ty) = 1< 5 < 2-D(fa, T),

then
eé(Tx,Ty) < (eD(fm,Tz))l% < (eR(gc,y))l%.

hence f and T satisfy , therefore 1 is the unique common strict fized point of
fand S.

4. APPLICATION TO INTEGRAL INCLUSIONS

In this section, we apply the obtained results to assert the existence of solution
for a system of integral inclusions.
Consider the following integral inclusions system’s.

zi(t) € g(t)+/o Ki(t, 5, 2i(s))ds,i = 1,2 @)

where ¢ is a continuous function on [0,1], i,e., f € C([0,1],R) and K; : [0,1] x
[0,1] x R — CB(R) are a set valued functions.

Clearly X = C([0,1]) with convergence uniform metric’s doo(z,y) = sup,¢ x |z(t) —
y(t)| is a complete metric space. Define two set valued mappings:

Szi(t) ={z € X,z(t) € f(t) —I—/O Ki(t,s,z1(s))ds},
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Tao(t) ={z€ X,z(t) € f(t) —|—/0 Ky(t,s,22(s))ds}.

Assume that;
A : The function K; : (¢, s) — K;(t, s,x;(s)) are continuous on [0, 1] x (0, 1] for
all z € C((0,1));
Ag: For all z; € X and k; € K; (i = 1,2), there exists a function ¢ : [0, 1] x
[0,1] — [0, +00) such that
|k1(t7 S ‘Tl(s)) - kQ(ta 5, :EQ(S)” < (p(tv 5)‘m1 - 1:2|;
As : There exists 7 > 0 such that
¢
sup / o(t,s)ds < e™7;
tel0,1] J0
Ay : There exist two sequences {z,}, {y,} and two elements z,y in X such that
lim Sz, = M € B(X),

n—oo

lim z, =2z M

n—oo
and
lim Ty, = N € B(X),

lim y, =y € N.
n—oo

Theorem 18. Under assumptions (A1) — (A4) the system of integral inclusions (9)
has a solution in C((0,1]) x C([0,1]).

Proof. The system has a solution if and only if S and 7" have a common fixed
point.

Denote Ix the identity operator on X.

From condition (4), the two pairs (Ix,S) and (Ix,T) are subsequentially continu-
ous as well as §-compatible.

For the contractive condition (), let 1,2z, € C([0,1]) and 21 € Sz1, then there
exists k1 € K7 such that

z1(t) = f(¢t) +/0 k1(t,s,21(s))ds.
Let 25 € f(t) + fot Ks(t,s,x2(t))ds, ie.,

1
25(t) = f() + / ka(t, 5, 22(s))ds,

for some kg € K5, so we have

t
121 — 2| g/ v (£, 5,21(5)) — Ka(t, 5, 32(5))|ds
0
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t
g/ |z1 — 22]p(t, s)ds.
0

Since K;,i = 1,2 are bounded, so we have

t
sup |z1 — 29| < |jz — xQHOO/ o(t, s)ds,
z;€X 0
which implies that

0(Sx1,Tas) < e "d(xy,x2)

1
< e Tmax{d(z1,x2),d(x1, Sz1),d(x2, T22), §(d(x1, Tx9) + d(z2,521))}.

Since 6 is non decreasing we get
L(z1.22)\ €
V(51 Te2) < (ef) ,

where L(z1, z2) = max{d(z1,22), d(21, Sz1), d(22, Tx2), 3(d(x1, Tx2)+d(w2, S21))}.
Hence all hypotheses of Theorem [14] are satisfied, with 6(t) = eVl k =e " and
f =g = Ix, therefore the system ([2)) has a solution. O

5. CONCLUSION

We have established common fixed point theorems for two hybrid pairs #-contrac-
tion using d-distance without exploiting the notion of continuity or reciprocal con-
tinuity, weak reciprocal continuity. Since f-contraction is a proper generalization
of ordinary contraction, our results generalize, extend and improve the results of
Jleli and Samet [12] and others existing in literature, without using completeness
of space or subspace, containment requirement of range space.
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