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vector field. Thereafter, bounds are provided for both the squared norm of the (screen) shape
operator for non totally geodesic maximal null hypersurfaces and the scalar curvature of the
fiber. In terms of the scalar curvature of the fiber and the warping function, we establish
necessary and sufficient conditions for Null Convergence Condition (NCC) to be satisfied
in which case we prove that there are no non totally geodesic maximal null hypersurfaces.
A generic example consisting of graphs of functions defined on the fiber is given to support
our results. Finally, we provide lower bounds for the extrinsic scalar curvature and give a
characterization result for Willmore null hypersurfaces in generalized Robertson-Walker
spacetimes.

1. Introduction

The study of maximal spacelike hypersurfaces in Lorentzian manifolds is an important topic as evidenced by the considerable
amount of papers devoted to this purpose ([1]-[13], and references therein). The big amount of interest to these objects is due
to to the fact that they play a key role in the dynamic aspects of general relativity and are solutions of existence and uniqueness
Calabi-Berstein type problems [2, 6]. The reason for the terminology maximal (in contrast to the minimality in Riemannian
setting ) is that the vanishing of the mean curvature is equivalent to the fact that the hypersurface realizes a local maximum of
the area functional for compactly supported normal variation. Willmore hypersurfaces are generalization of the maximal ones.
They are critical point of the total squared mean curvature functional whose study was proposed by Willmore in 1965. Most of
the works done since then are on (nondegenerate) 2—dimensional surfaces in (semi-)Riemannian setting [14]-[17].

Null hypersurfaces are genuine objects in Lorentzian geometry in the sense that they have not Riemannian counterpart. They
are very interesting in general relativity and black hole horizons are one of the most remarkable examples, and recent works
show that there is an increasing interest on null hypersurfaces both from a physical and geometrical point of view [18]-[24].

In this paper we are interested in maximal and Willmore null hypersurfaces in generalized Robertson-Walker spacetimes. Our
main aim is to give existence and characterization results both for maximal and Willmore null hypersurfaces and bring out
some of their geometric properties.

The paper is organized as follows. In Section 2 we revise some facts about null hypersurfaces in Lorentzian manifolds with
special attention paid to their connection with Chen’s concircular vector field and symmetries of generalized Robertson-Walker
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spacetimes. Section 3, after some technical results (Proposition 3.1), presents a characterization of maximal null hypersurfaces
in terms of a constant mean curvature screen foliation induced by Chen’s vector field in the slices (Theorem 3.2). Also,
necessary and sufficient conditions to obey the Null Convergence Condition (NCC) are provided in terms of the scalar curvature
of the fiber and the warping function. In this case, we prove that there are no non totally geodesic maximal null hypersurfaces.
Upper and lower bounds are provided for both the squared norm of the (screen) shape operator of non totally geodesic maximal
null hypersurfaces and the scalar curvature of the fiber (Theorem 3.4). In Section 4 we support above results by a generic
example consisting of graphs of functions defined on the fiber and establish the maximality condition in terms of the Laplacian
of the involved functions (Theorem 4.1). Section 5 is concerned with providing a lower bound for the extrinsic scalar curvature
for maximal null hypersurfaces (Theorem 5.2). Finally we give in Section 6 a characterization of Willmore null hypersurfaces
in generalized Robertson-Walker spacetimes (Theorem 6.3).

2. Preliminaries
2.1. Some symmetries of generalized Robertson-Walker spacetimes

A Generalized Robertson-Walker spacetime (GRW in short) is the warped product M = —I x ¢ F, where I (the base) is an open
interval of the real line R, (F, gr) the fiber is a Riemannian manifold of dimension n— 1 and f > 0 is a smooth warping function
(or scale factor) defined on /. It is then endowed with the Lorentzian metric

g=—d’ + fA(t)gr

where ¢ stands for the natural (global) parameter on R. In particular, when the Riemannian fiber F has constant sectional
curvature, then —I X ¢ F is classically called a Robertson-Walker (RW) spacetime, and it is a spatially homogeneous spacetime.
Throughout, 7 (resp. mr) will denote projection on the base space I (resp. on the fiber F).

Observe that the existence of a globally defined timelike coordinate vector field d, makes a GRW time-orientable. The vector
field

= [0

is timelike, closed and conformal. If V denotes the Levi-Civita connection of M, it holds for vector fields V tangent to M,

Vvl = f(B)V.

The above definition of GRW spacetimes highlights the existence of a spacelike hypersurface foliation with leaves the slices
{t} X F ( spatial universes), (¢ € I).

A nice characterization theorem by Chen [25, Theorem 1] states that a Lorentzian manifold of dimension n > 3 is a GRW
spacetime if and only if it admits a timelike concircular vector field. Following Fialkow [26], a concircular vector field is a
vector field v which satisfies

%Xv =uX

for vector fields X tangent to M, where V denotes the Levi-Civita connection of M ancﬂt is a smooth function on M. A vector
field v as above is called Chen’s vector field. It is an eigenvector of the Ricci tensor of M with eigenvalue we denote by o~. The
Weyl tensor of M is

~—70g+—(Ric-3)0F

W = R+
2n(n—1)

where we use the following definition for the Ricci tensor : Ric(X,Y) = trace (Z — R(Z,X)Y ) being s the scalar curvature of

M. Tt can be shown ( [11]) that the components of the Ricci curvature are given by

= n_2 E_O— — <V7aj><v7ak> <V7aj><v7ak>
R, = —= . - . 2.1
jk <V,V> W(V,a/,v,ak)"‘ n_l (gjk <V,V> )+O— <V,V> ( )
Using warping coordinate frames, it holds
Rie.0) = ~w-nl-
Ric(0;,X) = 0
Ric(X.Y) = Ricg,(X.V)+[ff"+(n-2)f?|gr(X.Y) (2.2)

where X and Y are tangent to the fiber F'.
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2.2. Geometry of null hypersurfaces

Let M be a null hypersurface in a Lorentzian manifold (M”,g), i.e a hypersurface for which the induced metric tensor g =g,
is degenerate on it. A screen distribution on M"~' (n > 3), is a complementary bundle of TM* in T M. It is then a rank n —2
non-degenerate distribution over M. In fact, there are infinitely many possibilities of choices for such a distribution. Each
of them is canonically isomorphic to the factor vector bundle TM/T M*. From [20], it is known that for a null hypersurface
equipped with a screen distribution, there exists a unique rank 1 vector subbundle (T M) of TM over M, such that for any
non-zero section & of TM+* on a coordinate neighborhood % C M, there exists a unique section N of t#(T M) on % satisfying

gN.H =1, gN,N)=g(N.W)=0, ¥V WeS(N)z)

where .%(N) denotes the fixed screen distribution.

Then TM admits the splitting:
TMiy =TM&tr(TM) ={TM*®tr(TM)}&.7(N).

We call tr(T M) a (null) transverse vector bundle along M. Now, we need to clarify the (general) concept of rigging for null
hypersurfaces (see [23] for details).

Definition 2.1. Let M be a null hypersurface in a Lorentzian manifold. A rigging for M is a vector field { defined on some
open set containing M such that {,, ¢ T,M for each p € M.

Given a rigging ¢ in a neighborhood of M in (M, ) let a denote the 1-form g-metrically equivalent to Z, i.e. @ = (¢, .). Take
w =i*a, being i : M — M the canonical inclusion. Next, consider the tensors

g=g+a®a and g=i*g.

It is easy to show that g defines a Riemannian metric on the (whole) hypersurface M. The rigged vector field of { is the
g-metrically equivalent vector field to the 1-form w and it is denoted by &. In fact the rigged vector field ¢ is the unique lightlike
vector field in M such that g(£,&) = 1. Moreover, ¢ is g-unitary. To a rigging ¢ for M is associated the screen distribution .7 ({)
given by #(¢) = TM N {*. Tt is the g-orthogonal subspace to £ and the corresponding null transverse vector field on M is

1_
N={-58(0.0%.

A null hypersurface M equipped with a rigging { is said to be normalized and is denoted (M,¢) (the latter is called a
normalization of the null hypersurface). A normalization (M,{) is said to be closed (resp. conformal) if the rigging ¢ is
closed i.e the 1-form « is closed (resp. { is a conformal vector field, i.e there exists a function p on the domain of ¢ such that
L;g =2pg ). We say that { is a null rigging for M if the restriction of  to the null hypersurface M is a null vector field.

Let ¢ be a rigging for a null hypersurface of a Lorentzian manifold (M, g). The screen distribution .7 () = kerw is integrable
whenever w is closed, in particular if the rigging is closed. Throughout, the ambient Lorentzian metric g will also be denoted

P2

On a normalized null hypersurface (M, ), the Gauss and Weingarten formulas are given by

VxY  =VxY+BXY)N, (2.3)
VxN  =-AyX+T(X)N,
*
VxPY =VxPY+C(X,PY), (2.4)
*
Vxé  =-AX-1(X)E,

for any X, Y e I'(T M), where V denotes the Levi-Civita connection on (M, 2), V denotes the connection on M induced from v

*
through the projection along the null transverse vector field N and V denotes the connection on the screen distribution .(¢)
induced from V through the projection morphism P of I'(T M) onto I'(.(£)) with respect to the decomposition (2.4). Now the

*
(0,2) tensors B and C are the second fundamental forms on 7'M and .7 ({) respectively, Ay and A¢ are the shape operators on
T M with respect to the rigging £ and the rigged vector field £ respectively and 7 a 1-form on T M defined by

7(X) = g(VxN,&).
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For the second fundamental forms B and C the following hold

*
B(X,Y) =g(A:X,Y), C(X,PY)=g(ANX,Y) YX,Y e I(TM),

and
B(X,¢) =0, 2§§=0 and CX,Y)-CY,X)=(X,Y],N),

*
and the last equality shows that the screen structure .(¢) is integrable if and only if C is symmetric on it. In this case, V is the
Levi-Civita connection of the screen foliation from (M, g) and Equations (2.3) and (2.4) show that its second fundamental form
is
FX,Y)=CX,Y)é+BX,Y)N, X,Ye.ZQ).

Let denote by R and R the Riemannian curvature tensors of V and V, respectively. Then the following are the Gauss-Codazzi
equations [20, p. 93].

(VxB")(Y,Z) - (VyBV)(X.Z)
+V(X)BN(Y,2) - ()BY(X.2),
(R(X,V)Z, PW) + BY(X,Z)C" (Y, PW)
-BN(Y,2)CN (X, PW),

(RX.DEN) = CV (V. Ae X) - CV (X, Ag ¥)
—2d™V(X,Y), VX.Y,Z,W eT(TM|y).
((VxAN)Y,PZ) - ((VyAN)X. PZ)

(R(X,)Z,£)

(R(X,V)Z,PW)

(R(X.V)EN)

(R(X.Y)PZ.N)
+7V(V)(AyX, PZ) - TV (X)(ANY, PZ).
A null hypersurface M is said to be totally umbilic (resp. totally geodesic) if there exists a smooth function p on M such that at

each p € M and for all u,v € T,M, B(p)(u,v) = p(p)g(u,v) (resp. B vanishes identically on M). These are intrinsic notions
on any null hypersurface in the sense that they are independent of the normalization. Remark that M is fotally umbilic (resp.

* * *
totally geodesic) if and only if Ag = pP (resp. A¢ = 0). The trace of A¢ is the null (non normalized) mean curvature of M,
explicitly given by

n—1 N n—1
Hp = 2(Agen,e) = ). Bleiey),
i=2 i=2

being (es,...,e,-1) an orthonormal basis of .({) at p. Let V denote the Levi-Civita connection on the rigged Riemannian
structure (M, g). It holds [23],
(Leg)(X.Y) = -2B(X,Y), X.Ye€.Z().

In particular,
H = —div & (2.5)
Observe that if M is orientable compact without boundary it follows from (2.5) that f Hdg =0.
M

Now, we recall from [18], the following generalized Raychaudhury equation,
R *
Ric(§) = é(H) +1(©)H ~ 1 A¢ll”. (2.6)

3. Maximal null hypersurfaces in GRW spacetimes

Due to the causal character (0,7 —2) of a null hypersurface in any n—dimensional (n > 3) Lorentzian manifold, the normalization
problem in a GRW spacetime has the outstanding feature that the Chen’s closed timelike concircular vector field ¢ = fd; can
act as rigging vector field for each of them. Let & denote the corresponding rigged vector field. The associated null transverse
vector field is

1
N = fo,+ Efsz.
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By the Weingarten formula, it holds
—ANX+T(X)N = /(DX + = (X f )g+ —f ( ng - T(X)g:) for X € X(M). (3.1)
Hence, for X € .#(0),
1 5, * 1
(-AnX+ 5 AeX - f(OX)+ (Esz(X) —(X-f)fJE+TXON =0.
Then,
7(X)=0, X-f=0 and AyX= %fz AeX - F (DX

for all X € .7(0).
Now take X = ¢in (3.1) and get

Ané=0, 7&)=0 and ¢&-f= —f7. (3.2)
Then, we can state:
Proposition 3.1. Let M be a null hypersurface in a GRW spacetime normalized with the Chen’s vector field { = f0;. Then,

(i) the 1 form T vanishes identically on M and the rigged vector field & is geodesic.

(ii) ¢&-f = —7 and for all vector field X tangent to the screen structure . ({), it holds X - f = 0.
(iii) Forall X € X(M),

I 5> ,
ANX = S [* AeX7 = [/ (0X 7,
where X = PX with P the projection morphism of T(T M) onto T (.7 (()) with respect to the decomposition (2.4).

Since ¢ is closed, the screen structure .#’() induces a foliation on M. For p = (1, x) € M let .%, denote the leaf of ./({) through
p. Every X € X(M) splits as follows

X= —choz(X)[)t +xF

where X' is the lift of the projection of X onto the fiber F and « = g(/,-) = —fdt is the 1—form metrically equivalent to £
respect to g. It follows that X € X(M) is tangent to the screen structure if and only if X = X¥" € ¥(F). In other words, each leaf
F, is a hypersurface in the slice {m;(p)} X F. Furthermore, for X € ¥(M), it holds X = a(X)é + X which gives

XF =x7 +a(X)er,
where & = —%8, +&F. In particular g (X, £F) = 0. Then, since gp(¢F,&F) = % it follows that at each point p = (1, x) € M, the
vector f(1)&F is a unit normal in {t} X F to the leaf F, of () through p. Let AF FeF and HZ denote respectively the shape

operator and the mean curvature of .%, as a hypersurface of the slice {¢} x F which inherits the metric F()gr.

Theorem 3.2. Let I Xy F be a GRW spacetime. A null hypersurface M is maximal if and only if the screen foliation induced

by the Chen’s vector field { = 0, has constant mean curvature —% in each slice {t} X F.

Proof. Given X € X(M), we have

~heX = ixf - @(1— Fo+e)= 2L o= 20T
= o [T pol+ T
X-f. o1
= 2)(f—2f(9[ §2X— ;Q(X)Vazg +VxF§
= 25 4, — ]TZX 7 a(X)EF + Vyrel (3.3)

As Agf 0, we just need to compute (3.3) for X € .7(0) i.e X = X' = X for which X- f = 0 as seen from item (ii) in
Proposition 3.1 and a(X) = 0. Let V¥ denote the Levi-Civita connection of (F, gr). We have for all X € .7(0),

USSR N

* f —
AeX = FX—ngszTZ 7
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- Lx-[vise v ekl
thus for all X € (),
* 1
AeX = J]: X+ fAJ’fSF 34)

Let (0;, ffF ,€2,...,e,_1) be a frame field on M along M such that (ey,...,e,1) represents an orthonormal basis for .({). The
null mean curvature H), at p = (¢, x) is given by

H, = 2(256,',6,-):n_l[%(ei,ei)+%<A§§Fei,ei>]
= (n- 2)}{; 7 n"2ys
that is
Hy="" e 22w+ foH ] (3.5)
and the claim follows from (3.5). o

*
In the way of above proof, we have established (combining (3.4) and A¢& = 0) the following:

Proposition 3.3. Let I Xy F be a GRW spacetime. A null hypersurface M is totally umbilic if and only if the screen foliation
induced by the Chen’s vector field { = f0; is totally umbilic in the slices.

Theorem 3.4. Let I Xy F be a GRW spacetime and suppose M is a maximal null hypersurface normalized by the Chen’s vector
field £ = f0,.

(i) The squared norm of the screen shape operator has the following upper bound

1 Ael? < 2 We6.2.6)+ — |- Dn-2)1 1" - 5] (3.6)

f2 1)f4

with equality if and only if the scale factor f is constant, in particular the slices are minimal.
(ii) If the warping function f has a convex logarithm i.e (In f)"" > 0 (resp. a concave logarithm, i.e (In f)"" < 0) then

1Al > 22 W(§ £0.6)-

1
f2 n-fr

(resp. 11 AelP < "2 wiz..0,6) -

1
7 w7 )
with equality if and only if the warping function is given by
f(©) =kexp(At), keR}, A€eR.

(iii) If the Weyl tensor satisfies ig, W = 0, then the Null Convergence Condition (NCC) holds if and only if the scalar curvature
s of the fiber F has the following lower bound

sp2(n-D(n-2)fA(Inf)", (3.7)

in which case the GRW spacetime admits no non totally geodesic maximal null hypersurface. Otherwise, on the set of
non geodesic points it holds

* 1 17
Il Ael? < m[(n—l)(n—zw —sr] (3.8)
with

sp<(n—-1n-2)ff".
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Proof. From (2.1) and (2.2) it is easy to see that the eigenvalue o associated to the Chen’s vector { and the scalar curvature s
are given by

=(n- 1)f7"
and
17 72
5=2(n— 1)f7 +(n-1)n- 2)% + 172.

It follows from (2.1) that for all null vector U,

Ric(U) = -(n-2)W(8,,U,8,,U) — <‘9” Uy [( ~D(n=-2)Inf)" - 7 . (3.9)
In particular,

_— l 14

Ric(¢) = —m[(n— D(n—2)f*(n f)" - 5. (3.10)
It follows from (3.10) and (2.6) that for a maximal M,

* — n-2 1 ’”
Il A¢ll> = —Ric(¢) = WL+ m[“ ~D(n-2)f*Unf)" - sr]

which gives (3.6) with equality if and only if f’ = 0 in particular the slices (with mean curvature ff(( )) ) are minimal and (i) is

proved. For (ii), since n > 3, the hypothesis implies (n— 1)(n—2) f>(Inf)”" > 0 (resp. (n— 1)(n—2)f>(Inf)"” <0 ). The equality
case for both estimations is obtained for (In f)"” = 0 that is f(r) = kexp(1f), keRX¥, A€R.

Suppose the Weyl tensor satisfies ig, W = 0. Then, from (3.9) the null convergence condition holds if and only if the scalar

* —_
curvature sr of the fiber satisfies (3.7). In this case, using (2.6) for a maximal M leads to —|| A¢ II> = Ric(¢) > 01ie 25 =0and
M is totally geodesic. Otherwise (i.e if the null convergence condition failed), for the set of non geodesic points,

sk < (n=1n=2)2(nf)" = (n=1Dn=-2(ff" = f7) < (n=D)(n=2)f "
and (3.8) follows from (3.6) in which the first term vanishes. O
4. A generic example

Let I X7 F be a GRW spacetime and consider ¢ : F — [ a differentiable function with graph

M ={((x),x), xeF}.

This is a null hypersurface if and only if

ligrad“yllF = foy, 4.1)

that is ¢ is a generalized eikonal function. In this case, a rigging for it is

{=(foy)d;
with associated rigged vector field given by
E=- L g1 grad"y 4.2)
fou™ (foy) ' '

In particular &F = — grad”y. The screen structure is given by the level sets of y: for each p = (fo, x9) € M, Fp =

1
(foy)
{to} X z,b_l(to). Let us compute the second fundamental form and screen shape operator for {fo} X r z,//‘l(to) relative to {fo} X ¢ F.
Let

1
Uy = — WgradFl//.
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As per (4.1), uy is a unit normal vector to % ) in {t} X F and we have
1 1 1
= — 6 + Uy, = —(9 +uyl.
£= =7 g?  Gon™ = om0l
Then, for any X € X(M),
* — — 1
—AX = VxE=V_ iy 40s +Xp[m(—a,+uw)]
1 ’ 1 4 xF.
S LI AL P N AL SN (fof)at
foy foy fou foy . (foy)
I oF , F X" -(foy)
+fo_wvxpuw+(f oygr(X ,sz)at—Wuw~
But the left hand side belongs to the screen structure, which is orthogonal to £ = fd, so it holds
X (foy) F f oy
————= = —(f o)gr(X" ,uy) = ———— (0, X), 4.3)
(foy)? TR

that is

XE - (fow) = —(f ov)(1. X),

where in (4.3) we use (3;,X) = (XF,ul/,) =(fo 1,0)2gp(XF,u¢,) due to (X, &) = 0.

Then,
* L floy I floy p 1 Cp X (foy)
AX = (X0 xF - \% Tk 4
¢ <f, ’;fow Fou™ " Fowfou™ " Feu T Gopy
4.3) ° F F
= X v .
(Fowp "~ fou X
Replacing uy leads to
* 1 oy oy
AsX = ——VE gradl xF+2 X,0,)grad"y.
d oy X & G q X 2 gy X dvendy
In particular, for any X € .#(0),
* 1 [ oy
A X = vFarad” X.
¢ oy X V* oy
Hence, for X,Y € X(M),
BGY) = o Hess|(XE .Y+ (f o s (X YT)
f oy F
2X,0 (Y.
+2( t>(fo¢)2 YY"

Then the restriction B, FOFO of the second fundamental form reads for all X,Y € . (0),

B(X,Y)

1
= —Hess,(X,Y)+(f oy)gr(X.Y).

foy

Consider a quasi g—orthonormal frame field (9;, f£7, e,...,e,_1) on M with (¢;)2<j<n_1 tangent to .%. Then, (2£7, fea, ..., fen_1)
is an orthonormal frame field for gr. Therefore, the null mean curvature reads

H

n—1

1
" Tou

i=2

n—1
Z B(e;,e;)
i=2

n—1
F(VeF,-gradFlﬁ» ei) +(f"oy) Z gr(eie;)
i
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1 n—1

= ———— > gr(VE, grad’y. f
(fow>3;gF e )+

( f W ZgF<fe,,fe,>

1

n—1
i W [ Z g (Vi grad v fer) + r (V}:?fF grad"y, f sz)}
foy

(foy)?

3gF( Foergrady, f265) + (n-2)
fou

(fouy?
fzérpgraszﬁf ¢ )

(f )

= o w)3 My+-205s

“(fo w>3gF(

1
Let us compute the term (ch(Vf;ow)2 o grad?y, (f oy)2&F ) Note that from (4.2) (f oy)?&F = “Fou grad®y. So,
~(f ow)gr(Virgrad”y, grad"y)

(T

= —(fo lﬂ)f (f ¥)

= (fo w)”; " =(f oy)(foy).

8r(Vipoyypererad v (f ou)’e")

It follows that

1

AF 3)(f o ] 4.4
= Gogp | MY 0= e o) (44)

From (4.4) we can state the following:

Theorem 4.1. Let I Xy F be a GRW spacetime and consider  : F — I a differentiable function with graph

M ={(x),x), x€F} suchthat |grad“ylp=fou.

(i) M is a null hypersurface which is maximal if and only if
ATy = ~(n=3)(f oY)(f o)

(ii) If M is maximal then A¥y is constant on each leaf 7,, pe M.
(iii) The (Riemannian) mean curvature H of a leaf F, as a hypersurface in the slice {wj(p)} X F is given by

1
H? = =D ouR Ay —(f oy)(f o). 4.5)

It follows that leaves of the foliation .F has constant mean curvature if and only if ATy is constant leafwise. In particular
they are minimal if and only ifAFzﬁLg =(f" o)(fou).

Proof. The first claim (i) follows from (4.1) and (4.4). For (ii) just recall that i is constant on each leaf of the foliation .%.
Now, for (iii), use (3.5) and (4.4) to derive (4.5). O

5. The extrinsic scalar curvature estimates

In [19] we pointed out that there are no natural ways to induce a scalar curvature analogue on null hypersurfaces (or more
generally a null submanifolds) as usual. The drawback in considering this concept on null hypersurfaces is twofold: since
the induced connection is not a Levi-Civita connection (unless M be totally geodesic) the (0,2) induced Ricci tensor is not
symmetric in general. Also, as the induced metric is degenerate, its inverse does not exist and it is not possible to proceed in the
usual way by contracting the Ricci tensor to get a scalar quantity. A first attempt in this way was made in [27] which consists to
restrict the concept to a very limited class of null hypersurfaces: those admitting a “canonical screen distribution” that induces
a canonical transversal vector bundle and a symmetric induced Ricci tensor. Although the above two conditions are interesting
to compensate lacking due to the above quoted difficulties, to admit symmetric induced Ricci tensor in lightlike setting is
very restrictive. Also, the problem in contracting with respect to the noninvertible induced metric is still unsolved for the
general setting. However, when the null hypersurface is provided with a normalization (a rigging), thanks to the nondegenerate
associated rigged structure, we can drop above restrictions and construct an analog of this scalar quantity (see [19]) called
extrinsic scalar curvature, referring to the use of an extra structure ¢, the rigging.
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Our purpose in this section is to determine this scalar quantity for null hypersurfaces in GRW spacetimes, normalized by the
Chen’s vector field { = f0; and give some bounds for it in case the null hypersurface is maximal.

Let Ric denote the induced Ricci tensor on the normalized (M, (). We define the symmetrized (0,2)—Ricci tensor Ric*™ by
i 1
Rie™™(X.Y) = [Ric(X, Y) +Ric(Y, X)].

By direct computation ([19]), we see that

Ric™™(X,Y) = Ric(X,Y)+B(X,Y)tr(Ay)

1(,— — * *

—5[<R(§, X)Y,N)+(RE V)X N)+(AyX. Ae Y+ (AnY, A X) | (5.1)
Now, the extrinsic scalar curvature s, on (M, () is the ‘g—trace of Ric®™™, where g is the associated Riemannian rigged structure,
i.e

57 = g:“ﬂRic%" (5.2)

being (e; =&, e,...,e,—1) a g— orthonormal frame field on M with (e;)1<;<,—1 tangent to the screen structure. We compute the
components Ric;’/;m using (5.1), (3.2) and symmetries in (2.2).

Ricj)" = Ric™™(£,£) Ric(¢,€) = Ric( - chat +¢f, —%a, +&")

7/ 7/ -2 2
= _(n—1)~;—3+f—f +(;4 f

- %(ln £ +Rick (6 ,€F).

+Ric"(¢".£")

Rich" = Ric™".e) = Rieté. e~ 5(R.ehe.N)
= Ric" (£ e)

Ricgm =Ric™(ej,e)) = R_ic(ei,ej) + B(ej, ej)tr(An)
1 1 —

_§(<fat + zfzf,R(f, ej)€i>
1 —

+<f6, + 5fzé:,R(f, e,-)ej>)
* *

+<ANe,~,Age,~> + +<ANej,A§ €i>

Then, using the following relations of curvature tensor [28],

R@,0)d = R©O,0)X" =RXF, Y3, =0

RXF,0)9, = —fTXF, R0, XYY = £ £ gr(XF YV,
RXT,¥NHZ" = RUXTYNZ0) + 12 erx”, 20" - gr(Y", 25)X"|
we have
Ric™™(ej,ej) = Ric(eie;)+ Blei,e)tr(Ay)

1 1
_E(sz”gF(ei,ej) + §<RF(§F,€J‘)€I',§F>

1 12
+§<RF(§F,€:')€/',§F> - Zj}—ng(ei, e;)

+< ,ZfANe,-,e» + < ZgANej,ei>)
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Now, relation (iii) in Proposition 3.1 implies

* 1 *
<A§ANej,e,~> = §f2< Agzei»ej> — [ Blei, ej)
and
! :
tr(Ay) = 5 fPH=(n=2)f"

Then,

Ric™(eje)) = Ric(eie))+|(n—2)+ — |fgr(eie))

fZ]
3P H+ G- |Bese)

PR e )+ { Acerhees)]

Also, the components g% in the same frame field are the following:
~00 —0i _~i0 1 ij
g = 1’ = = O, .

Finally, after substitution in (5.2) and reducing we get the following expression for the extrinsic scalar curvature s; on the
normalized (M, ).

Proposition 5.1. Let I Xy F be a GRW spacetime and suppose M is a null hypersurface normalized by the Chen’s vector field

{ = f0;. Then the extrinsic scalar curvature on (M, () is given by

S = ]T4SF+
——[RicF@F §F>+f2||2§||2]

=gy + 5 I [(n 2)f +1|(nfy. (5.3)

f2H+ (3 —n)f’}H

fz
Theorem 5.2. Let [ X¢ F be a n—dimensional GRW spacetime (n > 3) and M a maximal null hypersurface normalized with
the Chen’s vector field { = f0,.
(i) If f is a convex decreasing warping function then s; has the following upper bound
< sp- 2RicT (),
s; < —sfp— =Ric
4 f4 F 2
(ii) Ifi;W =0 (a quasi-Einstein space), then on the set of non totally geodesic points of a maximal null hypersurface, it holds
1 12
N
S [ 2p=1)
3 1 2 12 /
5 - —((n—2)f+l)ff]. (5.4)

1
SF+ —ERicF@F,fF)

Proof. Ttem (i) is immediate using (5.3). Indeed, we have H = 0 (maximality), — 1 f2 I Z‘g II> <0 and as n >3 the hypothesis on
the warping function f leads to =2 (ln N+ 5 [(n 2)f + 1](ln f)’ <0. For (ii), the hypothesis implies from (3.8) that

- fIIA P> f2[(n D(n=2ff” = s |

Then relation (5.4) follows from (5.3). |
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6. Willmore null hypersurfaces

6.1. The Willmore functional

For a normalized null hypersurface (M, ) with compactly supported (non normalized) mean curvature H (in particular if M is
compact), the Willmore action is given by

WM, () = f H? dM
M

where dM is the volume element induced on M.

An obvious fact is that

2 T
H” < (n-2)|l A¢ll (6.1)
with equality if and only if M is totally umbilic.
Also,
— — —— — \2
div((divé)¢) = g(Vdivé, &) + (dive)
ie

—div(HE) = —&£(H) + H*. (6.2)
In [18] we established (2.6), that is R_ic(g) =&H)+T(6H || 2;: . Assume that there is a constant A such that (T(&)+)H <O0.
Then
H® > Ric(¢) + AH - div(H§). (6.3)
Combining (6.1) and (6.3), we get
s oreg 2 X2
Ric(¢) + AH — div(HE) < H* < (n=2)I| A¢|”.

The equality case in the upper bound (resp. in the lower bound) is attained if and only if M is totally umbilic (resp. M is
totally geodesic). Recall from (2.5) that H = —divé. Hence if M is compact without boundary and orientable, by the divergence
theorem it holds

fﬁ(g)dMsW(M,g)s(n—z)f||}§§||2dM.
M M

*
The equality case in the upper bound is equivalent to fM (H2 —(n=2)|l A¢ ||2) dM = 0 and by use of (6.1) this means that

*
H?=m-2) Ag || and M is totally umbilic. For the lower bound, the equality case reads

f (div(Hg) +1(©)H - | anz)dM: f (T©H — | A¢|P)dM =0 = f ~AHdM.
M M M

Hence,
*
f (@ + DH — | A¢IP)dM = 0.
M
*
As (1(§) + VH < 0 it follows that (7(£) + DH — || Zf II> =0 and || A¢|/> = 0 which means that M is totally geodesic. Thus, we
can state.

Theorem 6.1. Let (M,{) be a normalized orientable compact (without boundary) null hypersurface. Suppose there existe a
constant A such that (t(¢€) + A)H < 0. Then, the Willmore action has the following bounds:

fﬁ(g)dMsW(M,g)S(n—z)f||}§§||2dM.
M M

The equality case in the upper bound (resp. in the lower bound) is attained if and only if M is totally umbilic (resp. M is totally
geodesic).

Remark 6.2. Suppose M is a normalized orientable compact (without boundary) null hypersurface. If H is constant then it
vanishes identically. Indeed, from equality in (6.2), it holds by use of the divergence theorem,

0= f &H)dM = f H? dM  which shows that H = 0.
M M
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6.2. The Euler equation in GRW spacetimes

In a recent work [29], we pointed out the fact that in Lorentzian manifolds with a closed timelike vector field, there is no
compact simply connected null hypersurfaces. But GRW spacetimes do admit such vector fields, (the Chen’s ones). So,
considering the Willmore problem for null hypersurfaces in GRW spacetimes, we restrict to the family of normalized orientable
null hypersurfaces (M, ) for which the mean curvature H has compactly supported variations and for critical points of the
Willmore action (the Willmore null hypersurfaces) we apply standard techniques of the calculus of variations.

Let us consider on M the frame field (01,€,0,2,...,0,n-1) with (0,)2<i<n—1 tangent to the screen structure .7({), in which

-1 1L o 0
| (f) 10 0
7 0
2 00 d 2,=G : 2
gwﬂ ~ ) . an 8ab = = : f (t)gFi'
Lo A(0gr, !
0
0 0

Hence
_ 1 —
detg,z = — ]72 detg.p.

Let v be a null coordinate with £ = 9,. We have

dg = \[-detgp dit Adv Adi? - Adu"!

and
dM =idg = f() - detg,z dv Adu®--- Adu"
1 -~ 2 n—1
= f(» Fdetgab dvAdu®---Ndu
= +/detZu dvAdu®--- Adu"!
= dE
Hence

dM = d3.

It follows that
WM, () = f H? dM = f (div &)2dg.
M M

Let p = (t,x) € I X/ F be a generic point on the null hypersurface. We have x = x(u',...,u""") where (u',...,u""") denotes
coordinates on the fiber F. Then p = p(t, ul, o ut! ). Now consider a variation of the null hypersurface in the normal direction
& given by

— 1 n—1 _ 1 n—1

Ptu s U™ 8) = eXPiyt ) (s¢(t,u N7 )g—‘) (6.4)

where ¢ is a smooth real-valued function and s is real number in a neighborhood of 0. We denote by ¢ the operator

_9
B as |x=0 '

6fH2dM=0.
M

Willmore null hypersurfaces are those for which

The following ranges of indices are in use
a, B, ,...,=0,1, ..., n—1

a, b,c....=1, ..., n—1
i, yk...,=2, ...,n—1.

Without lost of generality, we may assume 0; := % € /(). Then at each p, span{d;|, , ou' Ip} = T,,Ml eRL.
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From (6.4), we have
op = ¢¢.
Then,
80 (a,-¢>f+¢V*aif
= (Bip)é—¢ AgOi.

ilp

(& ) +Vel
(&-9)¢  as & is geodesic.

64,

60y, (Oi)é + PV o,é

1 (0 O
(3t¢)f+¢(f2(t)at+ f(t)f )

_ 6,_¢ J0) HOAW
( ORMED )‘3‘ ¥ ((‘9’@ a0 )‘f

and

80,0, = @apE+Vs &

Now, we compute 6ggp.

() = {0+ 00 — 56 Ag0i,d;+ 5900 — 5 Acd))

_ o * 5 o * *
= gij+s[—¢g(6,‘,A§3j)—¢g(A§01,3j)]+S 0°8(As0i,As 0)).

Hence
08ij = —2¢B(9;,0)).
Also,

0g0i = 6gi0 = 0i¢ and Jgoo =2(¢-¢).

Using the relation Z?k'gk i= 63.,
k

Then,
. 6.5) .
Doy = - T~ 20B0k0))
k k
= 26 2'B@1,9).
]
It follows that
6g* =29 ) 77" B(01,0)).

lj

Next, put B;; := B(0;,8;). We compute 6B;;. First, we have

(V5,0,,06) = (V5,0,+ BijN.(€ - )¢) = (¢ - ¢)Bj.
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Also,

To91(5) 0+ 5(0;0)¢ - s Ac0))

v -
0i+5(0;p)é—spAL0;

= 66,- Oj+s V(0 iP)é — ﬁa,- (¢ Zg 0 j) + second order term in §

which gives

6Vs0; = Vidjp)é— %,-(fl’ I\g 3/')
= O00E+ O AcO) - (O19) A - 9(Vs, Acd)
—$B@; A )N +(0$)Ved,; — oV . éﬁ_é‘j ~ §B(A¢1.)).

It follows that
— * o * *
(6V5,0}.€) = —20B(9; A¢0,) = ~268( A¢ 01, A: ;).

From B;; = ﬁafa ;,&) it follows,

6Bij (695,01,€) +(Va,0,,0¢)

~20( Ac01.Ad;) + (- 9)B.

H=Z Ag@,,@ Zg Bij.
i

But

Then,
6H = ZO?J'BU + Z’gﬁaB,-j

Z(MZ ]mBzm)BU + Z 2¢§(Z§ ai,;\g@jH (§'¢)Bij.]

201l Ael2 =261l Ac I+ (& $)H
since 25 0; = gﬂmBima, and the first term at the right hand side is 2¢|| 25 |I%. Thus,
O0H = (¢£-¢)H.

Now, let Q = +/detg,, = +/detg;;. Then
4Q ~ ., 4G
20— = tarace(G_l . 8_)’

s s
i.e
1 —~ik 1
60 = EQtrace( 5‘,(]) = EQtrace ( 2¢Bk])
= —¢Q trace g¥Byj = —¢Qg" B;; = —pQH.
Finally,
5 f Hdg = f QHSHAT + f H%6%
M M M
- [ 2neomas | ot
M M
i.e

5 f H?dg = f H*|2(¢-¢) - Ho|dg
M M

Thus the condition that the integral is stationary for all smooth function ¢ is H = 0. Indeed, take ¢ = H. Then

0 = fH2[2(§~H)—H2]d§=f[2H2(§-H)—H4]d§
M M
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Ik :
T
Mml3 3Jm

Then we can state the following:

Theorem 6.3. In a generalized Robertson-Walker spacetime, the only Willmore normalized null hypersurfaces (M,{) where {
is the closed conformal timelike concircular vector field f0, are the maximal ones.
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